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PREFACE. 


I HAVE endeavoured, In tlie following Treatise, to convey 
as complete an account of the present state of knowledge on 
the subject of Differential Equations, as was consistent with 
the idea of a work intended, primarily, for elementary instruc¬ 
tion. It was my object, first of all, to meet the wants of those 
who had no previous acquaintance with the subject, but I also 
desired not quite to disappoint others who might seek for more 
advanced information. These distinct, but not inconsistent 
aims determined the plan of composition. The earlier sections 
of each chapter contain that kind of matter which has usually 
been thought suitable for the beginner, while the latter ones 
are devoted either to an account of recent discovery, or to the 
discussion of such deeper questions of principle as are likely to 
present themselves to the reflective student in connexion with 
the methods and processes of his previous course. An appen¬ 
dix to the table of contents will shew what portions of the 
work are regarded as sufficient for the less complete, but still 
not unconnected study of the subject. 

Tlie principles which I have kept in view in carrying out 
the above design, are the following: 

1st, In the exposition of methods I have adhered as closely 
as possible to the historical order of their development. 

I presume that few who have paid any attention to the 
history of the Mathematical Analysis, will doubt that it has 
been developed in a certain order, or that that order has been, 
to a great extent, necessary—being determined, either by steps 
of logical deduction, or by tlie successive introduction of new 
ideas and conceptions, when the time for their evolution had 
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arrived. And these are causes which operate in perfect har¬ 
mony. Each new scientific conception gives occasion to new 
applications of deductive reasoning; hut those applications 
may he only possible through the methods and the processes 
which belong to an earlier stage. 

Tlitis, to take an illustration from the subject of the follow¬ 
ing work,—the solution of ordinary simultaneous differential 
equations properly precedes that of linear partial differential 
equations of the first order ; and this, again, properly precedes 
that of partial differential equations of the first order which are 
not linear. And in this natural order were the theories of 
these subjects developed. Again, there exist large and very 
important classes of differential equations the solution of which 
depends on some process of successive reduction. Now such 
reduction seems to have been effected at first by a repeated 
change of variables ; afterwards, and with greater generality, 
by a combination of such transformations with others involv¬ 
ing differentiation ; last of all, and with greatest generality, by 
symbolical methods. I think it necessary to direct attention 
to instances like these, because the indications which they 
afford appear to me to have been, in some works of great 
ability, overlooked, and because I wish to explain my motives 
for departing from the precedent thus set. 

Now there is this reason for grounding the order of expo¬ 
sition upon the historical sequence of discovery, that by so 
doing we are most likely to present each new form of truth to 
the mind, precisely at that stage at which the mind is most 
fitted to receive it, or even, like that of the discoverer, to go 
forth to meet it. Of the many forms of false culture, a pre¬ 
mature converse with abstractions is perhaps the most likely 
to prove fatal to the growth of a masculine vigour of intellect. 

In accordance with the above principles I have reserved 
the exposition, and, with one unimportant exception, the ap¬ 
plication of symbolical methods to the end of the work. The 
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propriety of this course appears to me to be confirmed by an 
examination of the actual processes to which, symbolical 
methods, as applied to differential equations, lead. Generally 
speaking, these methods present the solution of the proposed 
equation as dependent upon the performance of certain inverse 
operations. I have endeavoured to shew in Chap, xvr., that 
the expressions by which these inverse operations are sym¬ 
bolized are in reality a species of interrogations, admitting of 
answers, legitimate, but differing in species and character ac¬ 
cording to the nature of the transformations to which the 
expressions from which they are derived have been subjected. 
The solutions thus obtained may be particular or general,— 
they may he defective, wholly or partially, or complete or 
redundant, in those elements of a solution which are termed 
arbitrary. If defective, the question arises how the defect 
is to be supplied; if redundant, the more difficult question 
whether the redundancy is real or apparent, and in either 
case how it is to he dealt with, must bo considered. And 
here the necessity of some prior acquaintance with the tilings 
themselves, rattier than with the symbolic forms of their ex¬ 
pression, must become apparent. The most accomplished in 
the use of symbols must sometimes throw aside his abstrac¬ 
tions and resort to homelier methods for trial and verification 
—not doubting, in so doing, the truth which lies at the bottom 
of his symbolism, but distrusting his own powers. 

The question of the true value and proper place of sym¬ 
bolical methods is undoubtedly of great importance. Their 
convenient simplicity—their condensed power—must ever 
constitute their first claim upon attention. I believe how¬ 
ever that, in order to form a just estimate, we must consider 
them in another aspect, viz. as in some sort the visible mani¬ 
festation of truths relating to the intimate and vital con¬ 
nexion of language with thought—truths of which it may be 
presumed that we do not yot sec the entire scheme and con- 
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nexion. But, while this consideration vindicates to them a 
high position, it seems to me clearly to define that position. 
As discussions about words can never remove the difficulties 
that exist in things, so no skill in the use of those aids to 
thought which language furnishes can relieve us from the 
necessity of a prior and more direct study of the things which 
are the subjects of our reasonings. And the more exact, 
and the more complete, that study of things has been, the 
more likely shall we be to employ with advantage all instru¬ 
mental aids and appliances. 

But although I have, for the reasons above mentioned, 
treated of symbolical methods only in the latter chapters of 
the work, I trust that the exposition of them which is there 
given will repay the attention of the student. I have endea¬ 
voured to supply what appeared to me to be serious defects in 
their logic, and I have collected under them a large number 
of equations, nearly all of which are important,—from their 
connexion with physical science or for other reasons. 

2ndly, I have endeavoured, more perhaps than it has been 
usual to do, to found the methods of solution of differential 
equations upon the study of the modes of their formation. In 
principle, this course is justified by a consideration of the real 
nature of inverse processes, the laws of which must be ulti¬ 
mately derived from those of the direct processes to which 
they stand related; in point of expediency it is recommended 
by the greater simplicity, and even in some instances by the 
greater generality, of the demonstrations to which it leads. 
I would refer particularly to the demonstration of Monge’s 
method for the solution of partial differential equations of 
the second order given in Chap. xv. 

With respect to the sources from which information has 
been drawn, it is proper to mention that, on questions re¬ 
lating to the theory of differential equations, my obligations 
are greatest to Lagrange, Jacobi, Cauchy, and, of living 



PREFACE. 


IX 


writers, to Professor De Morgan. For methods and exam¬ 
ples, a very large number of memoirs English and foreign 
have been consulted: these are, for the most part, acknow¬ 
ledged. At the same time it is right to add that, in almost 
every part of the work, I found it necessary to engage more 
or less in original investigation, and especially in those parts 
which relate to Riccati’s equation, to integrating factors, to 
singular solutions, to the inverse problems of Geometry and 
Optics, to partial differential equations both of the first and 
second order, and, as has already been intimated, to symboli¬ 
cal methods. The demonstrations scattered through the work 
are also many of them new, at least in form. 

In recent years much light has been thrown on certain 
classes of differential equations hy the researches of Jacobi 
on the Calculus of Variations, and of the same great analyst, 
with Sir W. R. Hamilton and others, on Theoretical Dyna¬ 
mics. I have thought it more accordant with the design 
of an elementary treatise to endeavour to prepare the way 
for this order of inquiries than to enter systematically upon 
them. This object has been kept in view in the writing of 
various portions of the following work, and more particularly 
of that which relates to partial differential equations of the 
first order. 


GEORGE BOOLE 


Queen’s College, Cork, 
February , 1859 
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In composing his Treatise on Differential Equations Pro¬ 
fessor Boole found himself deeply interested in the subject 
to which his first labours as an original investigator had 
been devoted. In consequence he determined soon after the 
publication of the volume to continue his studies and re¬ 
searches with the design of ultimately reconstructing the 
Treatise on a more extensive scale. During the last six 
years of his life he worked steadily at this object; and he 
was about to send the first sheets of the new edition to the 
press when he was attacked by the illness which terminated 
in his sudden and lamented death. 

His manuscripts were entrusted to me early in the present 
year. After careful consideration it seemed to me that the 
best plan to pursue was to reprint the original volume, and 
to collect into a supplementary volume the additional matter 
which had been prepared for enlarging the work. The pro¬ 
priety, I might almost say the necessity, of this course will 
he shewn more conveniently in the preface to the supple¬ 
mentary volume, which will soon he published. 

The present volume then is a reprint of the original 
Treatise with changes and corrections, some of which were 
indicated in Professor Boole’s interleaved copy, and some 
of which have been made on my own authority. The 
sheets have been carefully read by the Itev. J. Sephton, 
Fellow of St John's College, as well as by myself; and I 
trust that few misprints or errors will now be found in the 
volume. 

I. TODHUNTEll. 

St John’s College, Cambridge, 

October , 1865. 
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The present volume contains all that Professor Boole 
wrote for the purpose of enlarging his Treatise on Differential 
Equations. Had he lived to publish the second edition he 
would doubtless have incorporated his more recent investi¬ 
gations with the original work, and it is therefore necessary 
to explain why another plan has been adopted. 

In some cases Professor Boole had indicated that certain 
portions of the original work were to be omitted and their 
places supplied from the manuscripts; hut on examination 
it appeared that in subsequent passages of the work there 
were references and allusions to the portions thus marked to 
he omitted which would not apply to the substituted matter. 
Thus in attempting to carry out the directions it would 
have been necessary to accept the responsibility of making 
many alterations, and consequently to incur the risk of fail¬ 
ing in the attempt to improve the original form. 

Moreover the Treatise had been for some time out of 
print, and the long delay which must have been caused by 
the labour of reconstruction would have produced serious 
inconvenience to students at Cambridge and elsewhere. Pro¬ 
fessor Boole himself was always especially anxious to consult 
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the advantage of students, and those who had the charge 
of his manuscripts were naturally inclined to adopt a course 
of which they believed he would himself have approved. 

The design of reconstructing the Treatise was therefore 
abandoned; and it was resolved that the original volume 
should be reprinted, and that the manuscripts should be 
collected and published separately. This plan has the ob¬ 
vious recommendation of enabling those who are already 
familiar with the original work to turn their attention 
readily to the new investigations. It will be seen that 
many of the Chapters of the present volume may be re¬ 
garded as independent essays or memoirs which lose nothing 
by being separated from the other volume; and indeed no 
indications had been left by Professor Boole of the place 
which such Chapters were to occupy in the enlarged edition. 

I have printed all the unpublished matter relating to 
Differential Equations which I found among Professor Boole’s 
papers. In a few cases it will be seen that an investigation 
is incomplete; such investigations have however been in¬ 
cluded in the volume, because I was unwilling that anything 
should be lost which so great a mathematician had written 
on a subject he had long and carefully studied. 

I trust that no serious error will be found in the volume, 
and that any faults which may be detected will he excused 
on account of the nature and difficulty of the task that had 
to be performed. Many of the manuscripts had not been 
finally revised; some of them were very obscure and had 
to be carefully and laboriously copied for the press. In 
general the equations were not numbered, and thus only 
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blanks occurred in place of references; this circumstance 
often caused great trouble and perplexity: I hope however 
that a satisfactory result has been finally attained. 

1 may state for the benefit of those who are conversant 
with the first edition of the original work that the theo¬ 
rem which in the present volume is cited as contained in 
Chap. II. Ait. 1 will be found in Chap. IV. Art. 2 of 
the first edition: the change was made by the direction of 
Professor Boole’s interleaved copy. It was judged conve¬ 
nient to number the Chapters in the present volume in con¬ 
tinuation of those in the original work. 

All additions of my own are enclosed within square 

brackets. The sheets have been read by the Bev. J. Sephton, 
Follow of St John’s College, as well as by myself, and the 
volume is much indebted to his care and accuracy. Obvious 
mistakes in the manuscripts were of course corrected; thus, 
for example, the table at the end of the volume was calcu¬ 
lated by Mr Sephton, because the table in the manuscript 
was rendered erroneous by the use of a wrong sign in a 
formula. 


St John’s College, 
November, 1865 . 


I. TODIIUNTER. 
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DIFFERENTIAL EQUATIONS. 


CHAPTER I. 


OF THE NATURE AND ORIGIN OF DIFFERENTIAL EQUATIONS. 


1. What is meant by a differential equation? 

To answer this question we must revert to the fundamental 
conceptions of the Differential Calculus. 

The Differential Calculus contemplates quantity as subject 
to variation; and variation as capable of being measured. In 
comparing any two variable quantities x and y connected by 
a known relation, e.g. the ordinate and abscissa of a gi ven 
curve, it defines the rate of variation of the one,?/, as referred 
to that of the other, x , by means of the fundamental con¬ 
ception of a limit; it expresses that ratio by a differential 

coefficient -'J ; and of that differential coefficient it shews how 
to determine the varying magnitude or value. Or, again, con¬ 
sidering as a new variable, it seeks to determine the rate 
d.c 

of its variation as referred to the same fixed standard, the 
variation of x, by means of a second differential coellicient 
d 2 // 

■j'it and so on. But in all its applications, as well as in its 

( lilt 

theory and its processes, the primitive relation between t he 
variables a: and y is supposed to be known. 

In the Integral (dalculus, on the other hand, it is Iho rela- 
tion among the primitive; variables, .r, y, iCc. which is souyht. 
In that branch of the Integral Calculus with which the vstudent 


1 
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is supposed to be already familiar, tlie differential coefficient 

~ being given in terms of the independent variable x, it is 

proposed to determine the most general relation between y 
and x. Expressing the given relation in the form 




■Ci). 


the relation sought is exhibited in the form 


V 


5 J 4> 00 


dx +■ c. 


In (1) we have a particular example of an equation in the 
expression of which a differential coefficient is involved. But 

Cd'?/ 

instead of having as in that example expressed in terms of 

x, we might have that differential coefficient expressed in 
terms of y, or in terms of x and y. Or we might have an 
equation in which differential coefficients of a higher order, 
d' 2 i/ cZ 3 ?/ 

cZa?’ dx*’ were i nv(> l vet ^ with or without the primitive 

variables. All these including (1) are examples of differential 
equations. The essential character consists in the presence of 
differential coefficients. 


The equations 


fU2^ = 0 

aaf dx 


d*~ 


_2 V 
dx J 


x~ % 4- a? ;A. + V 


dy 

dx 


.( 2 ), 

sin x .(3), 


are seen to be differential equations, the latter of which con¬ 
tains, while the former does not contain, the primitive vari¬ 
ables. 

And thus we are led to tlie following definition. 

Def. A di fferential equation is an expressed relation in¬ 
volving differential coefficients, with or without the primitive 
variables f rom which those differential coefficients are derived. 
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That which gives to the study of differential equations its 
peculiar value, is the circumstance that many of the most im¬ 
portant conceptions of Geometry and Mechanics can only he 
realized in thought by means of the fundamental conception 
of the limit. When such is the case, the only adequate ex¬ 
pression of those conceptions in language is through the me¬ 
dium of differential coefficients,—the only adequate expression 
of the truths and relations of which they are the subjects is 
in the form of differential equations. 


Species, Order and Degree. 


2. The species of differential equations are determined 
either by the mode in which differential coefficients enter into 
their composition, or by the nature of the differential coeffi¬ 
cients themselves. We may thus distinguish two great pri¬ 
mary classes of differential equations, viz.: 

1st. Ordinary differential equations, or those in which all 
the differential coefficients involved have reference to a single 
independent variable. 


2ndly. Partial differential equations, characterized by the 
presence of partial differential coefficients, and therefore in¬ 
dicating the existence of two or more independent variables 
with respect to which those differential coefficients have been 
formed. 


Thus an equation such as (2) or (3), involving no other 

differential coefficients than , &c. is an ordinary dif- 

(tx u.r" 

ferential equation, in which .r is the independent, y the de- 

d.z dz 

pendent variable. An equation involving ^ and would, 

on the contrary, he a partial differential equation, having s 
for its dependent, ,r and g for its independent variables. The 

equation x , U . — ^ is a partial differential equation. 

1 dx dg 


The pr 
sideration 


('sent chapter will be ehietly devoted to the con- 
of that class of ordinary differential equations iu 
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which there exists a single independent variable cc, a single 
dependent variable y, and one or more of the differential 
coefficients of y taken with respect to x ; the presence of the 
last element only, viz. the differential coefficient, being essen¬ 
tial (Art. 1). 

The two following equations, in addition to those already 
given, will exemplify some of the chief varieties of the species 
under consideration: 



In (4) the independent variable x, the dependent variable 
y, and the differential coefficient ^ are all involved ; but, 

while in the previous examples appears only in the first 

degree, in the present one it appears in the second degree 
and under a radical sign. In (5) we meet with the second 

dh 

differential coefficient in addition to the first differential 

dx 

coefficient ^ and the independent variable oc. 

The typical or general form of a differential equation of the 
species just described is 


f ( x v it d y dn y 

J \ ’ y ' dx’ dx 2 ’ •" dx" 


•(«). 


with the condition, already referred to, that one at least of the 
differential coefficients must explicitly present itself. All the 
above equations may at once be referred to the typical form 
by transposition of their second member. 
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3. Differential Equations are ranked in order and degree 
according to tlie following principles. 

1st. The order of a differential equation is the same as 
the order of the highest differential coefficient which it con¬ 
tains. 

2ndly. The degree of a differential equation is the same 
as the degree to which the differential coefficient which marks 
its order is raised, that coefficient being supposed to enter into 
the equation in a rational form. 

Thus the equation 



is of the first order and of the second degree. 
The equation 

dru da . „ 

< 5 , 


+ 4^ -+* hr/* 


dx 


' dx 


is of the second order and of the first degree. 
The equation 

£- 70 - 4 '). 

reduced to the rational form 


( 7 ), 



0 ... 



is seen to be of the first order and second degree. 

The ground of the preference which is to be given to 
rational, forms in tire expression and in the classification of 
differential equations is, that a rational form is at the same 
time the most general form of which an equation is sus¬ 
ceptible. Thus (S) includes both the equations which would 
he formed by giving different signs to the radical in (7). 

The typical form of an ordinary differential equation of the 
first order is evidently 
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4. When a differential equation is capable of being ex¬ 
pressed in the form 


, t- d ' , v S d n Sj 
dx 


4 . X -_ * 4- X 3 . ^ + X v = X 

+ 1 da ;" -1 + da .'" -2 •” + «y 


( 10 ), 


in which the coefficients X t , X 2 ,... X n and the second member 
X are either constant quantities or functions of the indepen¬ 
dent variable x only, the equation is said to be linear. Equa¬ 
tions (1), (2) and (3) are thus seen to be linear, but (4) and (5) 
are not linear. If we refer (3), after dividing both members 
by a; 2 , to the general form (10), we have 

f) *xr 1 -rr - 1 -rr S1T1 00 
7 % -A i 9 A 0 *2 j ■—* " ■“ b • 

W IV 


When the coefficients X 1? X a , &c. in the first member of a 
linear differential equation referred to the above general type 
are constant quantities, the equation is defined as a linear 
differential equation with constant coefficients. When those 
coefficients are not all constant it is defined as a linear dif¬ 
ferential equation with variable coefficients. The distinction 
is illustrated in the following examples : 

d y _ 9 d 2 y _u r, dy 

da? " da? 


+ 5 — 8?y = sin x, 

dx 


(i 




x 


<r>j 

doc 8 


d V 

dx 


x + 4 y 


cos x , 


the former of which is a linear differential equation with 
constant coefficients, while the latter would be described as 
a linear differential equation with variable coefficients. 


Meaning of the terms ‘general solution* complete primitive* 

5. In all differential equations there is, as has been seen, 
an implied reference to some relation among variable quantities 
dependent and independent; such reference being established 
through the medium of differential coefficients. Now the chief 
object of the study of differential equations is to enable us to 
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determine whenever it is possible, and in the most general 
manner which is possible, such implied relation among the 
primitive variables. That relation, when discovered, is, by 
the adoption of a term primarily applicable to the mode or 
process of its discovery, called the solution of the equation. 


Thus if the given equation be 


x 



■f y = cos x 


(ii). 


the following process of solution may be adopted. Multiply¬ 
ing by dx, we have 

xdy + ydx = cos xdx, 

and integrating, since each member is an exact differential, 

xy — sin# + c .(12). 

The result is termed the solution, or, still more definitely, the 
general solution of the equation. It involves an arbitrary 
constant, c, by giving particular values to which a series of 
particular solutions is obtained. The equations 

xy = sin x, 

xy — sin# + 1, 

are particular solutions of the given differential equation. 


The term solution is still employed, even when the inte¬ 
gration necessary in order to obtain in a finite and explicit 
form the relation between the variables cannot be effected. 
Thus if we had the differential equation, 

Jg-y- x <? = Q .( 13 ), 

we should thence derive in succession 
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and the last result is called the solution of the given equation, 
although it involves an integration which cannot be performed 
in finite terms. 

The relation among the variables which constitutes the 
general solution of a differential equation, as above described, 
is also termed its complete primitive. The relation (14s) in¬ 
volving the arbitrary constant c is virtually the complete 
primitive of the differential equation (13). It will he observed 
that the terms * general solution’ and ‘ complete primitive,’ 
though applied to a common object, have relation to distinct 
processes and to a distinct order of thought. In the strict 
application of the former term we contemplate the differential 
equation as prior in the order of thought, and the explicit 
relation among the variables as thence deduced by a process 
of solution; while in the strict use of the latter term the 
order both of thought and of process is reversed. 


Genesis of Differential Equations . 


6. The theory of the genesis of differential equations from 
their primitives is to a certain extent explained in treatises 
on the Differential Calculus, but there are some points of great 
importance relating to the connexion of differential equations 
thus derived, not only with their primitive, hut with each 
other, which need a distinct elucidation. 


Suppose that the complete primitive expresses a relation 
between x, y and an arbitrary constant c. Differentiating on 
the supposition that x is the independent variable, we obtain a 


new equation which must involve ^ , and which may involve 

any or all of the quantities x, y and c. If it do not involve 
c, it will constitute the differential equation of the first order 
corresponding to the given primitive. If it involve c, then 
the elimination of c between it and the primitive will lead to 
the differential equation in question. 


Thus if the complete primitive he 


y — cx 


(1), 
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we have on differentiation, 

dx 

and, eliminating tlie constant c, 


dx 


( 2 ). 

( 3 ), 


the differential equation of the first order of which (1) is the 
complete primitive. 

That primitive might have been so prepared as to lead to 
the same final equation by mere differentiation. Thus, re¬ 
ducing the primitive to the form 


V 

x 


= c. 


we have on differentiating and clearing the result of fractions. 



7 / = 0 , 


which agrees with (3). And generally, if a primitive involving 
an arbitrary constant c be reduced to the form <j h (x, y) — c, 
the corresponding differential equation will be obtained by 
mere differentiation and removal of irrelevant factors, i.e. of 

dy 

factors which do not contain , , and do not therefore affect 

dx 

(j f/ 

the relation in which stands to x and y. For it is in that 

(ho 

relation, as already intimated, Art. 2, that the essential 
character of the differential equation consists. 


It is to be observed that when the differentiation of a primi¬ 
tive involving an arbitrary constant c does not of itself cause 
that constant to disappear, the result to which it leads is still 
a differential equation, only not that differential equation of 
which the equation given constitutes the complete primitive. 
Thus, while the complete primitive of (3) is (1), that of (2) is 
y—cx- He', c being now the arbitrary constant,—arbitrary 
as being independent of anything contained in the differential 
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equation. Indeed when we consider ^ = cas the differential 
equation, the constant c, as entering into its complete primitive. 


y — cx 4- c', 

is not arbitrary, the value which it bears in the primitive 
being determined by that which it bears in the differential 
equation. 

As another illustration of the same theory, the equation 
y = cs ax as complete primitive gives rise to the differential 
equation of the first order 


dy 

dx 



while the equation immediately derived from it by differ- 

entiation, viz. jg = cue has for its complete primitive 

y = ce ax 4- d. To the last mentioned differential equation, 
y = ce ax stands in the relation of a particular primitive. 


Second and Higher Orders. 

7. It is shewn in the previous section that from an equa¬ 
tion containing x and y with an arbitrary constant c, we can 
by differentiation, and elimination (if necessary) of that con¬ 
stant, obtain the differential equation of the first order, of which, 
the given equation constitutes the complete primitive. 

In like manner an equation connecting x, y, and two 
arbitrary constants being given, if we differentiate twice, and 
eliminate, should they not have already disappeared, the 
arbitrary constants, we shall arrive at a differential equation 
of the second order free from both the constants in question, 
and of which the given equation constitutes the complete 
primitive. 

Thus, if we take as the primitive equation 

y = ax 2 + bx 


(*), 
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we find on differentiation 

“ — 2 ax -f b 
dx 


and, eliminating h between these equations. 


y = x 


dy 

dx 


ax 2 


( 6 ), 


a differential equation of the first order free from the constant 
b. Differentiating this equation we have 



2 ax. 


and, eliminating a between the last two equations, 


* rfx 2 dx + y 


0 . 



a differential equation of the second order free from botli 
a and b. 

In the above example the constant b was eliminated after 
the first differentiation, and the constant a after the second. 
But the same final result would have been arrived at if the 
order of the eliminations had been reversed. Thus, if a he 
eliminated between (4) and (5), we shall have 

x -h bx — 2^ = 0, 

(iuX 


a differential equation of the first order, different in form from 
(6), and involving b instead of a. But on differentiating this 
equation and eliminating b y we shall arrive at the same final 
equation of the second order (7). 

And generally the order in which the constants are eliminated 
does not affect the form of the final differential equation. 


Now a little consideration will show that this is necessarily 
the case. We are to remember that the generali ty which the 
primitive derives from the presence of its arbitrary constants 
consists only in this, that it is thus made to stand as the 
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representative of an infinite number of particular equations, in 
each of which these constants receive particular and definite 
values. If in anyone of the equations thus particularized we 
further give to x a definite value, definite values will also 
d%t 

result for y, ~ , , &c. Thus to a given abscissa of a 

given curve, i.e. of a curve determined as to its species by the 
form of its equation, and as to its elements by the values of the 
constants in that equation, correspond only definite values of the 
ordinate y determining the corresponding points of the curve, 

definite values of ^ determining the inclination of the tan- 

ax 

gents at such points to the axis of x , and definite values of 

determining, in conjunction with the former, the measure of 

curvature at the same points. In other words, the species of the 

curve as defined by an equation of the form cf> (x, y, a , b) — 0 

« dy d 2 v 

being fixed, the values of y, ^ have a fixed dependence 

on those of a , b and x. 


And hence the equation cf> ( x , y, a, b) — 0 being given, any 
processes of differentiation, elimination, &c. applied thereto can 
only serve, either 1st, to bring out or manifest the dependence 
above referred to, or 2ndly, to modify the accidental form of its 
expression; but in no sense to create such dependence or affect 

its real nature. Now this dependence of y, ^upon a, h , 

and x, involves the existence of three equations among six 

quantities. Therefore the elimination which thus becomes 

possible of two of those quantities, a, b, must leave a single 

* dsi / d?v 

final relation between the remaining four, x, y, ^ . 

And this is the differential equation in question. 


As another example, let us eliminate the arbitrary constants 
c and c' from the equation 


y = ce ax + c'e * 8 


(8). 




ART. 7.] SECOND AND HIGHER ORDERS. 

Differentiating we have 


13 


dy 

dx 


ace ax + he'd 


Px 


( 9 ). 


To eliminate c subtract from this equation the primitive 
(8) multiplied by a ; we have 


dy 


lx — ~ (P ~~ a ) c e 

Again, differentiating 


J>X 


( 10 ). 


<-y 

dx* 


Jl = b{l-a)ce' i:c , 


dx 


and (to eliminate c) subtracting from this the previous equa¬ 
tion multiplied by b, we have 


( 11 ), 


d 2 y dy 7 „ 

dx*~^ a + V) dx + aly=1 0. 

the differential equation of the second order required. 

If we had first eliminated d we should in the place of (10) 
have obtained the equation 


dy 

dx 


by — (a — b) ce nx .(12). 


Differentiating this and eliminating c we again obtain the 
same final result (11). 

That result is a differential equation of the second order, and 
(8), involving both the arbitrary constants c and c, is its com¬ 
plete primitive. The intermediate equations (I 0) and (12),each 
of which contains one of the arbitrary constants, and from 
each of which, by the elimination of that constant, the final 
differential equation may be derived, are it&Jimt integrals. As 
the term primitive has reference to the direct processes of 
differentiation, di.e. by which a. differential equation is formed, 
the term integral has reference to the inverse process of 
integration by which we reasecnd from a differential equation 
to its primitive. Considered with reference to these processes 
the primitive is sometimes termed the jhud utlcyral. 
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It has been shewn that the order of succession in which 
arbitrary constants are eliminated is indifferent. It may be 
added, and upon the same ground, that the elimination may 
be simultaneous. If we write the primitive (8) in the form 

y - ce ax - cV* = 0, 
and differentiate it twice, we have 

^ - ace™ - bc'e™ = 0 , 

doc 

^ - aV* - We “ = 0, 

dx l 

and, from the above system of three equations eliminating the 
constants c and d by the method of cross-multiplication, we 
again arrive at the final differential equation of the second 
order (11). 


8. The above examples prepare us for the general state¬ 
ment of the theory of the genesis of differential equations. 
Let F(oc,y, c x , c 2 ,...cj = 0 be a primitive equation between 
x and y involving n arbitrary constants c v c 2 ,...c m . Differen¬ 
tiating with respect to x, and regarding y as a function of x, 
we obtain directly, or by elimination of c 1 , an equation of the 
first order of the form 

4*1 > C 2J C 3>* • • c n ) — 0* 


Differentiating this equation with respect to x, and regarding 
dij 

y and as functions of that quantity, we obtain directly, or 

by elimination of c 2 , an equation of the second order of the 
general form 

4>* C 3> C 4>‘ ’ -O = 0. 


Continuing the process, we arrive at a final result of the 
form 
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Now this is the type of an ordinary differential equation of 
the w th order, (6), Art. 2. 

As, in the above process of differentiation and elimination, 
we might have begun by eliminating any other of the con¬ 
stants instead of c x , it follows that to a primitive containing 
n arbitrary constants there belong n differential equations of 
the first order, each involving n — 1 arbitrary constants. But 
as those differential equations are all formed by mere pro¬ 
cesses of elimination from two equations, viz. from the primi¬ 
tive and its first derived equation, two only of them are 
independent. Again, as the differential equations of the 
second order are formed by eliminating two of the constants 


n 


2 


combinations 


c x ,c n , ... c n , and as from n constants, n 
of two constants can be selected, it is seen that there will 


exist n 


n 


- differential equations of the second order, each 

jU 

containing n — 2 arbitrary constants. Of these equations 
three only will however be independent, the whole system 
being derived actually or virtually from the primitive and its 
first and second derived equations;—actually if we differen¬ 
tiate twice before eliminating; virtually if each differentiation 
is followed by the elimination of a constant. 

This process of deduction continued leads to the following 
general theorems, viz.: 

1st. To a given primitive involving .r, y, and n arbitrary 

, , n (n — 1) (n — 2) ... (n — r 4- 1) ,. /r . . 

constants belong - - =—^ — —— — d%jj eventual 

equations of the r" 1 order (r being any whole number less than 
n\ each in volving n — r arbitrary constants, but of those equa¬ 
tions r 4- 1 only will be independent. 

2nd. There will exist one differential equation of the n tu 
order free from arb itr ary constants. 

The converse of the latter truth, viz. that a differential 
equation of tin 1 ! n th order implies the existence ot a complete 
primitive involving n arbitrary constants, will be established 
in a future page. [Sec 1 page 187.] 
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Criterion of derivation from a common primitive. 


9. It is established in Art. 7, 1st, that from a primitive 
equation involving two arbitrary constants arise two differen¬ 
tial equations of the first order, each involving one of those 
constants; 2ndly, that each of these differential equations of 
the first order gives rise to the same differential equation of 
the second order, of which the original equation constitutes 
the complete primitive or final integral. 


The second of the properties above noted constitutes a 
criterion by which it may be determined whether two dif¬ 
ferential equations of the first order, each involving an arbi¬ 
trary constant, originate from the same primitive. We must 
differentiate each equation, and then eliminate its arbitrary 
constant. If the two results agree as differential equations of 

df 2 ?/ 

the second order, i.e. if they give the same value of ^ 

as a function of x y y, and ^, the differential equations of the 

first order must have originated in the same primitive. Fur- 

dy 

thermore, that primitive will be obtained by eliminating ^ 
between the two differential equations given. 


Ex. The differential equations of the first order 


V 



0 




-ocy 


dj/ 

dx 


= Z> 



are both derived from the same primitive. Each of them 
leads on differentiation and elimination of its arbitrary con¬ 
stant to the differential equation of the second order. 


d*y , 



y 


dy 

dx 


= 0 
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The primitive, found 


by eliminating 


dy 

dx 


from the given 


equations, is 




a and h being arbitrary constants. 


10. The differential equations of the first order which 
constitute the first integrals (Art. 7) of a differential equation 
of the second order (as, in the above example, (1) and (2) 
are first integrals of (3)), may by algebraic solution be reduced 
to the forms 



Now a function of the arbitrary const ants a and h, as <!> (a, b), 
is itself an arbitrary constant, and may be represented by c. 
Hence any equation of the form 



would, equally with (5) and ((>), constitute a first integral of 
the supposed equation of the second order. It is evident that 
(7) is the general type of all such first integrals. 


Thus the type of the first integrals of (3) would he 





- Co 


But any two first integrals included under this type and in¬ 
dependent of each other would lead us, as is obvious, to the 
same final integral (4), either under its actual or under an 
equivalent form. 


While therefore, viewed as an independent system, the first 
integrals of a differential equation of the second order are but 
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two, it is formally more correct to regard them as infinite in 
number, but as so related that any two of them which are 
independent contain by implication all the rest. 

Such considerations are easily extended to differential 
equations of the higher orders. 


Geometrical illustrations. 


11. Geometry, by its peculiar conceptions of direction, 
tangency, and curvature, all developed out of the primary 
conception of the limit. Art. 1, throws much light on the 
nature of differential equations. 

As the simplest illustration let the equation of a straight 
line 

y — aoc-^b .(1) 

be taken as the complete primitive, a and b being arbitrary 
constants. 

Differentiating, we have 


<hi =a 

dx 

.(2). 

Ehminating a, we find 


dy 7 

y — x~ ~b . 

J dx 

.(3), 

and again differentiating 


dx* U . 

.O). 


Of these equations, (4), which is free from arbitrary con¬ 
stants, is the general differential equation of the second order 
of a straight line; and (2) and (3), each of which conta ins one 
of the original arbitrary constants, are the two differential 
equations of the first order. Moreover, each of these dif¬ 
ferential equations expresses some general property of the 
straight line-—(2), that its inclination to the axis is uniform ; 
(3), that any intercept, parallel to the axis of y, between the 
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straight line and a parallel to it through the origin will he of 
constant length; (4), that a straight line is nowhere either 
convex or concave;—and this property, which does not in¬ 
volve, in the same definite manner as the others do, the con¬ 
siderations of distance and of angular magnitude, is evidently 
the most absolute of the three. 


The equation of the circle is 

(x— af 4- (y — bf = r % .....(5), 

and if we regard a and b as arbitrary constants the corre¬ 
sponding differential equation of the second order will be 



dx z 


expressing the property that the radius of curvature is in¬ 
variable and equal to r. 


If we proceed to another differentiation, we find 

Ji _ *1# _ a 

( J dos' dx \<l.c/ 



which is the general differential equation of a circle free from 
arbitrary constants. And the geometrical property which this 
equation also expresses is the invariability of the radius of 
curvature, but the expression is of a more absolute character 
than that of the previous equation (6). For in that equation 
we may attribute to r a definite value, and then it ceases to 
be the differential equation of all circles, and pertains to that 
particular circle only whose radius is r. The equation (7) 
admits of no such limitation. 


Mongo has deduced the general differential equation of 
lines of the second order expressed by the algebraic equation 


ax* + bxy 4 cy 2 4- ex +fy — 1. 
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It is 


9 


^Y^-45^^^ + 40 

dx 1 ) da? da? da? dx 4 ^ 



But here our powers of geometrical interpretation fail, and 
results such as this can scarcely be otherwise useful than as 
a registry of integrable forms. 

From the above examples it will he evident that the 
higher the order of the differential equation obtained by eli¬ 
mination of the determining constants from the equation of 
a curve, the higher and more absolute is the property which 
that differential equation expresses. 


We reserve to a future Chapter the consideration of the 
genesis of partial differential equations as well as of ordinary 
differential equations involving more than two variables. 


EXERCISES. 

1. Distinguish the following differential equations accord - 
ing to species, order, and degree, and take account of any 
peculiarities dependent upon their coefficients. 


(1) 

dy 2 5 

-£-xy = a x. 

( 2 ) 

+ ? dy _ . _ 0 
da? x dx ^ 

(3) 

dy fdy\* 
y=x + x-f- + [-f) . 

(4) 

dz dz a? 

X dx ^ dy y * 

(S) 

d~u d~u d 2 u 
dad dy 2 ^ ds? 
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2. Explain the term 'complete primitive/ and form the 
differential equations of the first order of which the following 
are the complete primitives, c being regarded as the arbitrary 
constant, viz.: 


(1) 

y—cx + \/(l 4- c 2 ). 

(2) 

y = (x 4- c) e aa \ 

(3) 

-tan- 1 # , , _t 

y — ce 4- tan x 

(4) 

y = (cx + log x 4- l)” 1 . 

(5) 

2 / 2 — 2 cx — c 2 = 0. 

(6) 

y = cx -p <p (c). 


3. Form the differential equations of the second order of 
which the following are the complete primitives, c and c being 
regarded as arbitrary constants. 


(1) 

y 

= c cos ?nx + c sin mx. 

(2) 

y 

= c cos (fnx + c). 

( 3 ) 

y 

, G 4 - CX 

= x log-. 

X 

(4) 

y 

X 

— c sm nx 4- c cos nx + - 


x sm mx 


£>„ 


111 


4. State the criterion by which it may be determined 
whether differential equations are derived from a common 
primitive. 


5. Shew that the differential equations 


dy 

y a: 


ax = 0, 


v 


y 



b, 


are not derived from a common primitive involving a and h 
as arb i t ra ry co n s ta n ts. 

0. Shew that ouch of the following pairs of equations, in 
which p stands for is derived from a common primitive, 
and determine the primitive : 
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w a,+ v(iT?j = “' 

(2) y - xp = a (yf+ p), and y - =i (1 + afy). 

7. How many first, second, third, &c. integrals belong 
to the general differential equation of lines of the second 
order given in Art. 11, and how many of each order are inde¬ 
pendent? 

8. From the equation (y - l'f= 4*m (x - a) assumed as the 
primitive, deduce 1st the differential equations of the first 
order involving a and b as their respective arbitrary constants; 
2dly the general functional expression for all differential equa¬ 
tions of the first order derivable from the same primitive. 

9. Of what primitive involving two arbitrary constants 
would the functional equation 

<1> (y - 2 px, p*x) = c 

represent all possible differential equations of the first order ? 

10. How many independent differential equations of all 
orders are derivable from a given primitive involving x, y, 
and n arbitrary constants? 



CHAPTER II. 


ON DIFFERENTIAL EQUATIONS OF THE FIRST ORDER AND 
DEGREE BETWEEN TWO VARIABLES. 

1. The differential equations of which we shall treat in 
this Chapter may be represented under the general form 

M+N^=0, 

ax 

M and N being functions of the variables x and y. 

In this mode of representation x is regarded as the inde¬ 
pendent variable and y as the dependent variable. 

We may, however, regard y as the independent and x as 
the dependent variable, oil which supposition the form of the 
typical equation will be 

M ' +W=0. 

dy 

For as any primitive equation between x and y enables ns 
theoretically to determine, either y as a function of x } or x as 
a function of y, it is indifferent which of the two variables 
we suppose independent. 

It is usual to treat this equation under the form 

Mdx + Ndy = 0, 

not however from any preference for the theory of infinitesi¬ 
mals, but for the sake of symmetry. 

The order of this Chapter will he the following. As the 
solution of the equation, if such exist, must be in the form of 
a relation connecting x and ?/, I shall first establish a prelimi¬ 
nary proposition expressing the condition of mutual depend¬ 


ed 
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ence of functions of two variables ; I shall then inquire what 
kind of relation between, x and y is necessarily implied by the 
existence of a differential equation of the form 

M + N^ = 0-, 

ax 

I shall discuss certain cases in which the equation admits 
readily of finite solution; and I shall lastly deduce its general 
solution in a series. 


Prop. 1 . Let V and v be explicit functions of the two vari¬ 
ables x and y. Then , if V be expressible as a function of v, 
the condition 

dV dy _ dVdv __ ^ ^ 

dx dy dy dx 

will be identically satisfied. Conversely , if this condition be 
identically satisfied, V will be expressible as a function of v. 

1st. For suppose V — <j> (y). Then 

dV^ dfi_(v) dv 
dx dv dx 9 


d V _ dfi ( v ) dv 
dy dv dy * 


Multiplying the first equation hy 
and subtracting, we have 


dv 

dy’ 


the second 



dv 
dx 9 


dVdv__dVdx_ 
dx dy dy dx 


And this is satisfied identically ; since by the process of 
elimination the second member vanishes independently both 
of the form of v as a function of x and y , and of the form of 
V as a function of v . 


2ndly. Also if the above condition he satisfied identically, 
V will be expressible as a function of v. For whatever func¬ 
tions V and v may be of x and y 9 it will he possible by elimi- 
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nating one of the variables x and y to express F as a function 
of the other variable and of v. Suppose for instance the 
expression for F thus obtained to be 


Then 


F = <j£> (x, v). 

dV_ d<f> (x, v) ^ d<f> (x, v) dv 
dx dx dv dx 5 


dV 

dy 


d<f> (x, v) dv 
dv dy' 


dV* d V 

Substituting these values of and in the equation (1) 
we have as the result 

d<j> (x, v) dv 

dx dy . 

But, v being by hypothesis an explicit function of both 

dj\) 

variables x and y, is not identically 0. Hence, from (2), 


d<f> (x, v) 
dx 


0 


identically. Therefore <j b (as, v), which represents F, does not 
contain x in its expression ; and V reduces simply to a func¬ 
tion of v. 


We. have, supposed each of the functions F and v to con¬ 
tain both the variables x and y. But, whether this be or be 
not the case, the identical satisfying of (1) is the necessary 
and suHieient condition of the functional dependence of F 
and v. 


For suppose either F or v, and for distinction wo shall 
choose v, to be a function of one of the variables only, as x, 
and F to be a function of v. Then is F also a function of x, 

and as and vanish identically the condition (1) is satis¬ 
fy dy 
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Conversely, supposing v to be a function of x only, and (1) 
to be identically satisfied, that equation reduces to 

dy U> 

whence V is expressible as a function of v. 

2. The equation M-\-N ^ — 0 always involves the existence 

of a primitive relation between x and y of the form 

f(x, y) = c, 

in which c is an arbitrary constant . 

Let us first consider what is the immediate signification of 
the equation 


M+N 


dx 


a). 


We know that if Ax represent any finite increment of x, and 
Ay the corresponding finite increment of y, ^ will represent 

the limit to which the ratio approaches as Ax approaches 

to 0. 

Let us then first examine the interpretation of the equation 

. ( 2 ). 


M+N^= 0 

A# 


We have 


% 

Ax 


M 


. The second member of this equation 

being a function of x and y, since M and N are functions of 
those variables, we may write 

ii) .P). 

the form of ( x , ?/) being known when M and N are given. 

Now if we assign to x any series of values, it is possible 
to assign a corresponding series of values of ?/, any one of 
which being fixed arbitrarily all the others will be determined 
by (3). 
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Thus let x 0 , x 1} av** the series of arbitrary values of x, 
and y 0 an arbitrary value of y corresponding to x 0 as the 
value of x, then, representing by Acc 0 the increment of x G> 
i.e. the value which being added to x Q converts it into x v 
we have by (3) 

Ay 0 = <£ (£B 0 , y 0 ) Ax 0 ; 

therefore y B + A y 0 = y 0 + < j> (as 0 , Ax 0 . 

But as Ay„ represents the increment of y 0 corresponding to 
Ax 0 as the increment of x 0 it is evident that y 0 + A y 0 will be 
the value of y corresponding to x Q + Aa; 0 as the value of x . 
Representing then this value of y by y x we shall have 


#i = 2/o+ <£(*». 

- Vo + (®» > So) (*\ - x «) .'.( 4 )- 

In like manner we shall find 

2/ s = Vi + 4> (*1. Vi) (*, - *i).(3). 


hut, 2 / t being already determined by (4), y 2 is determined, and 
continuing the operation, a series of values of y will be deter¬ 
mined, only one of which is arbitrary, while all the others are 
assigned in terms of that arbitrary value and of the known 
values of x. 

If, for example, wo have the particular equation 

Ay = (x + y) A#, 

and assign to x tho series of values 0, 1, 2, 3, 4, &c., and 
at the same time assume that when x is equal to 0, y is equal 
to 1, we shall have the two following corresponding series of 
values, viz. 


£5 

O 

11 

o 

Si 

a\ = l, 

_ Q 

x a =3, x 4 — 4, &c* 

o 

11 

SJ 

s* 

= 2 > ih 

= 5, 

Vn =12, y 4 = 27, &c. 

By assigning 

a differcut 

val u 

e to y {) , or by assuming arbi- 

trarily the val 

uc of some o 

ther 

term of the series y {) , y t , ?/ 2 , <Stc. 


we should find another set of values of those quantities cor¬ 
responding to the given values of x. But, in every such set, 
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the values of all the terms but one will be determined by 
a law. 

Now if the intervals between the successive values of x are 
diminished, while the number is proportionately increased, 
each of the corresponding sets of values of x and y will more 
and more approach to the state of continuous magnitude. 
And, in the limit, to every conceivable value of x will corre¬ 
spond a value of y, determined in subjection to a continuous 
law—to a law however which permits us to assign one of the 
values of y arbitrarily. The analytical expression of that 
law will be the solution of the differential equation given. 

3. To illustrate the same doctrine geometrically, if x and 
y represent rectangular co-ordinates, any system such as the 
above would represent a series of points of which the abscissae 
having been assumed arbitrarily, the corresponding values of 
y, except one, are determined by a continuous law. In the 
limit, that series of points would approximate to a curve the 
species of which as dependent upon the form of its equation 
would he determined by a law, but an element of which, re¬ 
presented by a constant in that equation, would be left arbi¬ 
trary, so as to permit us to draw the curve through a given 
point. 

The form of the analytical solution thus indicated is 

/(*> y) -c .(<;)■ 

The genesis of differential equations of the first order and 
degree from equations of this description has already been 
explained in Chap. I. Art. 6. It is evident that, as c is arbi¬ 
trary, such a value may be assigned to it as to make a given 
value of y correspond to a given value of x. If those corre¬ 
sponding values are x Q , y 0 , we have only to assume 

f ( x o> 2lo) — C.(7), 

whence c is determined. But c being once determined, all tho 
values of y depend upon those of x , in obedience to the law- 
expressed by (6). 
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Lastly it may "be shewn that two distinct complete primi¬ 
tives of Mdx + JTdy = 0 cannot exist. 

For suppose that there are two such primitives 

v = c ; 

dv . dv dy _ _ 

" + ~ cfr/ afcc ’ 

dv die dv 
da: chy dy dx ~~ * 

which, shews, by Prop, r, that v is a function of u. The 
second equation is then equivalent to 

/ (u) = c\ 

and this is resolvable by solution into equations of the form 


then by differentiating each 

0 , 
dy 


dxi du dy 
dx dy dx 


whence, eliminating 


dx 


u = c, 

each of which is therefore only a repetition of the first sup¬ 
posed complete primitive. 


Certain cases in which the equation Mdx^Ndy — 0 admits 

of finite solution. 

4. The equation Mdx -f-]M<ly = 0 can always lie solved when 
the variables in M and 1ST admit of being separated; i.e. when, 
the equation can be reduced to the form 

Xdx + Ydy =0.(8), 

in which X is a function of x alone, and Y a function of y 
alone . 

To solve the equation in its reduced form (8), it is only 
necessary to integrate the two terms separately, and to equate 
the result to an arbitrary constant. Thus the solution will ho 
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On differentiating this result the arbitrary constant c dis¬ 
appears, and (8) is reproduced. 

Thus the solution of the equation 

xdx + ydy = 0 


will be 


or + if 


2 


= c. 


or, since c is arbitrary, 

0C? + if — Co 

The solution of the equation 


dx + Jy. , o 


1+03 1 +?/ 


will in like manner be 


log (1 + X) + log (1 + y) = C; 

a result which may he simplified in the following manner. 
We have 

log (1 + x) (1 + y) = c ; 
therefore (1 + x) (1 + y) = € c . 

But a function of an arbitrary constant is itself an arbitrary 
constant. Hence we may write as the solution 

(1 + as) (1 + y) = G. 

Indeed it frequently happens that solutions which present 
themselves in a transcendental form admit of being reduced 
to an algebraic form. 

Thus also the solution of the equation 

dx dy 

V (1 - *0 + VO-?) . ( Ul) 

being 


sin 1 x + sin -1 y = c, 

we shall have, on taking the sine of both members of the 
equation and replacing sin c by (7, 

*v(i -?) +^v(i-» 2 ) = c 

which is algebraic. 


(in 
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5. Different modes of integration will also give rise to 
solutions which at first sight appear to be discordant. The 
discordance however will be only apparent. Thus if we ex¬ 
press the equation last solved in the form 

- dx ^ a 

V(l - ^ a ) V(l“2/ 2 ) 5 

and integrate by means of the formula 

fj sy* 

-—=■ = cos -1 x + const., 

— X ) 



we shall have 

cos -1 x 4- cos 1 y = C t 
and, taking the cosine of both members, 


xy 


V 1(1 - *?) (1 “ f)} = cos C 1 


(12). 


The last result may however be reduced to the form 

x V (1 — 2/ 2 ) + V V C 1 “ = sin 6*.(13), 

which, as sin C x is arbitrary, agrees with the previous re¬ 
sult, (11). 

The constants G and are seen to be connected by a 
relation G— sin G x , which is independent of the variables x 

and y. 

And in general the test of the accordance of two solutions 
of a differential equation, each involving an arbitrary constant, 
is, that on eliminating one of the variables , the other variable 
will disappear also , and a relation between the arbitrary con¬ 
stants alone result. 


Or expressing the solutions in the foim 

V= o, v = c, 

wo may cliroctly apply tlio test of o<piiv£tlciicc 

d Vdv _dVdo = 
dx dy dy dx 

resulting from the proposition in Art. 1. 
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6. It sometimes happens that the variables niay be sepa¬ 
rated by multiplying or dividing the equation by a factor. 
Thus the equation 

xdx _ ydy. _ o 

l + y 1 + a? 


becomes on multiplying by (1 + x) (1 + 2/), 

x (1 + oc) dx — y (1 + y) dy “ 0> 

in which, the variables are separated. Integration then gives 


a? 

2 + 3 2 3 


c. 


The most general form of equations in which the variables 
can be separated by the process above mentioned is 

X x Y x dx+■ X,Y 2 dy ~ 0.(14), 

in which X, and X are functions of x only, and Y x and l r 2 
functions of y only. On dividing the above equation by 
FjXj,, or, which amounts to the same thing, multiplying it by 


the factor 


Y x X % 


, we have 


^ dx + ^dy = 0 


(15), 


in which the variables are separated. 


Ex. The equation x sj(l + y 2 ) dx + y V(I + &*) ( ty ~ 0 * s 
thus reduced to 

xdx ydy __ 0 

v/(l + x ! ) + V(l+2/ 5 ) 

and has for its complete integral 

\/(l + cc 2 ) + V(l + y 2 ) ”^ 


7. Sometimes too the variables in the equation 

Mdx + Xdy = 0 

admit of being separated after a preliminary transformation. 
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Ex. 1 . If in the equation (x — if) dx 4 %xydy = 0 , we 
assume y = a/ (ccs), we find 

, sdb? -f* xdz 

d ^~2^r 

Substituting these expressions for y and dy in the given 
equation, we have 

— +dz = 0. 

SC 

Therefore integrating and replacing z by its value ~ , 

00 


)g X 4' 


Ex. 2 . (y — x) (1 4 - x' 2 ) * dy — n (1 4 ?/ 2 )~ dx = 0. 
Assume x = tan 6, y = tan <£. We find 
(tan <p — tan 0) sec 0 sec 2 cpdfi — n sec 3 <£ sec 2 0 <20 = 0 , 
which reduces to 

sin (<£ — 9) dcj> — ndO = 0 . 

Now let <f» — 0 = -p, then 


therefore 

whence 


sin pd<fi — ndcf>— ndp, 

y , ndp 
d<f> = ? ; 

n — smp 

, _ [ nd-jr , „. 


n — sin p 


4 c: 


the integral in the second member is a known form. 


It will be remarked that the transformations employed 
in the above examples are not very obvious ones. They 
would scarcely bo suggested by the forms of the differ¬ 
ential equations themselves. And in the present state of 
analysis, it would be impossible to lay down any general di¬ 
rection on the subject. There are however certain classes of 
differential .equations in which the nature of the required trans¬ 
formation can he determined. Among them a foremost place 
is due to homogeneous equations. 
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Homogeneous Equations. 

8. The differential equation Mdx 4 * Efdy = 0 is said to be 
homogeneous when M and N are homogeneous functions of 
x and «/, and are of the same degree. 

Thus the equation 

{y 4- s/{a? 4- y 2 ’')} dx — xdy = 0 

is a homogeneous equation, M and N being here of the first 
degree. 

To integrate a homogeneous equation it suffices to assume 
y = vx. In the transformed equation the variables x and v 
will then admit of separation. 

Thus in the above example we should find 

[vx 4- x V(1 4-f 2 )} dx —x (vdx 4~ xdv) — 0, 

whence dividing by x 

V(1 4 -v 2 ) dx— xdv = 0, 

from which result 

dx dv 

T ~ V(iT^) = 0; 

log X — log {y 4- V(1 d- w 2 )} = c. 

Replacing v by ~, we have 

log C - log {JL±^±lQl = c, 
for the complete primitive. 

As in Art. 5, the above solution admits of a simpler ex¬ 
pression. Freed from transcendents and radicals, it gives 

x 2 = 2Cy 4- 0*, 

C being an arbitrary constant. 

To demonstrate the above method generally, let us suppose 
that M and JV are homogeneous functions of x and y of the 
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Ti 4 * degree. We may then, in accordance with the known type 
of homogeneous functions, write 

iVW^g), 

so that the equation Mdx 4- Ndy = 0 becomes on substitution 
and division by the common factor of 1 , 

$(|) &e+*(|) <Zy=0.(16). 

Now assuming y — vx, we have 

V = v, dy — yc&r 4- 

£C 


and the above equation becomes 

</> (?;) cfo; 4- (v) (vdx 4- xdu) = -0. 

Or, {</) (y) 4- vyjr (y)] 4- ^ (y) x<Zy = 0. 

Therefore 

fZ,y ^ ^fr (•??) d>y _ ^ 

”«/> (y) 4- y^ (y) 


(17), 


whence on integrating 


log x 4- 


/. 


'v//' (y) cfy 
</> (y) 4- v-xjr (y) 


= c. 


(18). 


It is obvious from the symmetry of the relation between x 

cc 

and y that we might equally employ the transformation - = v 

and regard v and y as the new variables. What is essential 
in the method is the substitution, in place of the original vari¬ 
ables x and y, of a now system of variables, consisting of one 
variable of the old system, and of the ratio which is borne 
to it by the other variable of that system. 

Ex. It is required to integrate the equation 

{x - \/{xy) — y) dx 4- V(xy) dy = 0, 
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by the direct application of (18). Here, n— 1, 

M — ai — \/{xy) — y = x{l — *J(y) - v}> 
JV — *J(oey) = x VCO* 


Thus we have 


and (18) gives 


<f> (y) = 1 — — v, 

(y) — 


log X ■+• 



v 2 dv 

~7 » 

XT - D <yU 



To effect the integration in the second term, let v = f. 

f v^dv f 2 felt 

Then - t-. = ^-t—72—7 

J 1 _ v * _ y 4 . v -* J 1 — t — r 4 t 

— ---+ f log (1 — t) 4- o log (1 4* t) 

— j —j. 4-log (1 — 0+ 4 1°£ (1 ” r )* 


Hence finally, replacing t by 


4 ’ 

x 


X 




+ log 


X 


J.. 

y*) + 


4 log (as 


as' 


y 



9. The equation 

(aa? -1- by + c) 4- (a'a: 4 //y + c) dy — 0.(19) 

may be rendered homogeneous, either first by assuming 

x = x — cl, y =y — 

and properly determining a and 0 : or secondly by assuming 
ax + by 4- 0 = a/, a7 4 b'y + c — y. 
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The first transformation gives 
(jxff! 4- by — ckx — 5/3 4b c) dx 4- (cix -\-by 
whence if a and j3 be determined by 


a! cl — b'j3 4- c) dy = 0, 
conditions 


aa 4- 5/S = c, 
a a + b'/3 — c , 

we shall have the homogeneous equation 

(ax + by) dx 4- (tix + b'y) dy 

Making then y — vx we find 

( a ' -+- b'v) dv 


0 . 


dx 
- + 


0 


( 20 ), 


of tt> “h (b a } v + h 
which is directly integrable. 

The second transformation gives 

adx 4- bdy — dx , adx 4- Udy — d >j\ 

whence determining dx and dy, the proposed equation 
assumes the homogeneous form 

(If x — ay') dx — (J)x' — ay) dy — 0. 

Both these transformations fail if ah' — a h =• (). But in this 
case, since V = a , the proposed equation may be expressed 
in the form 

(cix 4~ by 4* c) dx 4- ^ax 4- by 4~ ^ ^ dy — 0, 

and the variables will l>e separated if we assume ax 4- by ~ 
and then adopt either z and x or .s and y as the new variables. 


These transformations are linear, and by one of the two 
the proposed equation is usually solved. 

[For another method see the tiujyplcnieuLary I ultimo „ Chap¬ 
ter XIX, Arts. 1 and 2.] 
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10. The linear differential equation of the first order and 
degree 

= Q.(2i). 

P and Q being functions of oe, admits of being solved. When 
Q = 0 the solution is obtained by separating the variables; 
and 'when Q is not equal to 0, a solution may be founded 
upon that of the previous and simpler case. 

It must "be observed that the linear equation (21), when 
reduced to the form 

(Py — Q) dx 4- dy — 0, 

falls under the general type, Mdx 4- Ndy — 0. 

1st, When Q— 0, we have 



Dividing by y, in order to separate the variables, 

^ = - Pdx. 

V 

Therefore, log y = — J Pdx + c, which gives 

y — q -ffdx+c 

=CeS .(22), 

C being an arbitrary constant substituted for e c . It has been 
already observed that a function of an arbitrary constant is 
itself an arbitrary constant; see Art. 4. 

2ndly, To solve the linear equation (21) when Q is not equal 
to 0, let us assign to the solution the general form (22) above 
obtained, but suppose C to be no longer a constant but a new 
variable quantity—an unknown function of cc, which must he 
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determined in accordance with the new conditions to which 
the solution must be subject. 

Substituting then the above expression for y in (21), and 
observing that, since G is now variable, we have 

-■! = P = d [ J e~S pd * - CPeS™, 

ax doo ax 


there results 


Hence 


Therefore 

c being an arbitrary constant. Substituting this generalized, 
value of O in (22), we have finally 

y — €~f rdx eS rd * Qdxcj ...(23), 

the solution required. 

It will be observed that if Q = 0, the above solution is 
reduced to the form (22) before obtained. 

The method of generalizing a solution above exemplified is 
called the method of the variation of 'parameters, the term 
arameter, by an extension of its use in the conic sections, 
eing applied to denote the arbitrary constants of the solution 
of a differential equation. It is only, however, in certain 
cases that this method is successful. It is always legitimate 
to endeavour to adapt a solution to wider conditions by a 
transformation, which, like the above, only introduces a new 
variable instead of an old one, or a new and adequate system 
of variables in the room of a former system. But it is not 
always that the equations thus obtained are, as in the above 
example, easier of solution than those of which they take the 
place. 





40 


LINEAR DIFFERENTIAL EQUATIONS 


[CH. II. 


Ex. 1. Given = (x + 1) 3 . 


Here P = ——~j , Q = (x 4-1) 3 . 

<33 —p x 

Hence J. Pdx = — 2 log (x 4-1), ef pdx = (a; 4- 1)' 
j e f*d* Qdx = J(x 4-1) dx = — 4- c. 

Therefore y = (x 4- 1) 2 1 — -~ ■ — 4 - c|*. 


4- c>. 


Ex. 2. Given & -^ = e* (*? 4 1)". 

dx x 4-1 

Here we find J.Pdx — — n log (x 4-1), 

€S Pdx = (x+ Vf n , 


feS™ Qdx = I "edx = e”. 


Therefore 2 / = {x -f l) n (e* 4 c). 

11. Equations of the form 

^+Py«<kr, 

P and G being functions of rr, are reducible to a linear form. 
For, dividing by y n , we have 

y" di + nr n = Q- 


Now let y 1- " = z, then 


whence 


^ y dx dec ’ 

dy _ 1 

^ dx 1 — ndx’ 


so that the equation becomes 
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1 dz 


1 — n dx 


+ Pz = Q 




01 5 ® + C 1 ” U) Pz= (. 1 ~ n ) Q> 


which is linear. 


Ex. Givea d j ! + 

dx x 4-1 


- (x 4- 1)Y 


Here, dividing by y 3 , we have 

-a, y~* 

y 3 -v* -i- - 


dx 33 + 1 
and, assuming y~ 2 = z, 

-»&+ • 




or 


dz 

dx 


x+1 


(x 4 -1 y 

y 


_ Or 4-l) 3 

s> ? 

juJ 

(33 4 - l) 3 . 


The solution of this equation, which is identical in form with 
that of Ex. 1, is 


2 


4- c (x 4" l) 2 . 


whence 


y 


'(x 4-1)“ f - yj] ^ 

-_-P Q (j£ 4- 1) r 


General solution by development. 

12. In the earlier portion of this ( lha.ptor it was esta¬ 
blished, by considerations lounded upon the nature and inter¬ 
pretation of the equation 

JMdx 4- -A r dy — 0, 

that it implied the existence of a primit ive, equation between 
x, y , and an arbitrary constant. The examples of finite solu¬ 
tion which have been given above, illustrate this truth. l$ut 




42 


GENERAL SOLUTION BT DEVELOPMENT. [CH. II. 

a further and more complete illustration, is afforded by the 
presence of an arbitrary constant in the general integral of 
the equation, as developed in the form of a series by Taylor’s 
theorem. This mode of solution we now proceed to exhibit. 

From the given equation we have 

dx N' 

the second member of which, being a function of cc and y, 
may be represented by f x (cc, y). Thus we may write 

%. =/• (*> y) .(24). 


And differentiating this equation 

<Py __ 4/, fa y) , <C/i ( pn, y ) dy 

dx 2 dx dy dx 


the second member of which, being a function of x and y, 
may be represented by ( x , y). Thus we have, as a conse¬ 
quence of (24), 


£\ 

dad 


=/> («. y) 



Repeating on this equation the above process of differentia- 
tion and substitution, we have 


wherein 


=/ s (*. v ) 


( 20 ), 




And, continuing thus to repeat tlie same operation, we obtain 
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a series of equations determining the successive differential 
coefficients of y, in the form 


d n y 


dx 


n 


--A (*> y) .(27), 


the dependence of f n (x, y) upon f (pc, y), and hence ulti¬ 
mately upon f x (x, y), being determined by the general equa¬ 
tion 

/.<*, ,): . <»). 

Hence M and N being given, the expressions for 

dy d*y 
dx' dcd' 

are implicitly given also. 

cIaj C$^?f * , 

Now , ' ’{ , &c. determine the coefficients of the several 

dx dxt 

terms after the first in the development of y in ascending 
powers of x, by Taylor’s theorem, or more generally in as¬ 
cending powers of x —x 0 , where x 0 is a particular value of as. 
Leaving that first term arbitrary, the development is thus 
seen to be possible, and the result, while constituting the 
general integral of the given differential equation, shews that 
that integral involves an arbitrary constant. 

Actually to obtain the development, let </>(.'*:) represent the 
general value of ?/, and let y 0 be the particular value of y 
corresponding to some particular and definite value, x 0 , of 
the variable x. Then, writing < p(x) in the form 

<j> O 0 +-x-x 0 \ 

we have, by Taylor’s theorem, 
y = <(, (*„) + <£'(■%■„) (*-*,)+£"(; f-T", / +&o. ... (20). 

But <fi (a? 0 ) is what y becomes when x = x 0 . Hence <f> (x Q ) = y {) . 
Again, <p'(x^ is wliat -, I.e. fp, becomes when x — x () . 

udy (til* 

Hence <f>( x o) — fi > .Vo) by (24). In like manner <£"(;r 0 ) is 
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what becomes when x = x Q , and is therefore equal to 
dx 

f Oo, %)■ Determining thus the successive coefficients of 
(29), we have finally 

y = y 0 (® Q ,y 0 ) —O ( x o> y 0 ) + 

which is the general integral. 

If we assume x 0 = 0, and represent the corresponding value 
of y by c, we have 

y = c +/, (0, c) a +/ 2 (0, ©) + &c..(31). 

Should however any of the coefficients in this development 
become infinite we must revert to the previous form, arid give 
to x 0 such a value as will render the coefficients finite, and 
therefore j ustify the application of Taylor’s theorem. 

Virtually the integral (30) involves like (31) only one arbi¬ 
trary constant. For in applying it we are supposed to give 
to x Q a definite value, and this being done the corresponding 
arbitrary value of y 0 constitutes the single arbitrary constant 
of the solution. 

[See the Supplementary Volume, Chapter xix, Arts. 4 
and 5.] 


EXERCISES. 

1. Integrate the differential equations: 

(1) (1 4- x) ydx + (I — y) xdy = 0. 

(2) (y 2 + xy 2 ) dx 4- (x 2 — yx 2 ) dy — 0. 

(3) xy (1 4- x 2 ) dy — (1 4- y 2 ) dx = 0. 

(4) (1 4- y 2 ) dx-{y-\- \/(l 4-y 2 )] (1 4- x 2 ) 2 <iy = 0. 

(5) sin x cos ydx — cos x sin ydy — 0. 

(6) sec 2 x tan ydx 4- sec 2 y tan xdy = 0. 
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2. Different processes of solution present the primitive of 
a differential equation under the following different forms, viz. 

tan" 1 (x 4- y) + tan -1 (x — y) = c, 

y*-x*+-l = 2Cx. 

Are these results accordant? 

3. Integrate the homogeneous equations : 

(1) (y — x) dy -f ydx = 0. 

(2) {2 \/(xy) - x] dy 4- ydx = 0. 

(3) xdy — ydx — \f(x 2 4~ y' 2 ) dx = 0. 

(4) — y cos (7a* + a; cos ^ rZy = 0. 

(5) (8?/ 4- 1 (hr) dx 4- (5 y 4- 7 x) dy =0. 

4. Integrate the equations: 

(1) (2 x — y 4- 1) dx 4- (2// — x — 1) dy — 0. 

(2) (3 y - 7x 4- 7) dx 4- (7 y- Zx 4- 3) dy - 0; 

the former as an exact. differential equation, the latter by re¬ 
duction to a homogeneous form. 

5. Explain what is meant. l>y varia t ion nf parameters, and, 
having integrated the equation x ^ — ay = (), deduce; by that 


d>! 


method the solution of the equation x \ J - — atj ~ x 4 I. 

1 dx 

6. Integrate, by the direct application of f23), the linear 


(1) 

dy 

-t- 

dx 

:r 

i + y 

(2) 

x (1 - 

dx 

(3) 

dx 

V 

(1 


<■) 


1 

'■(*-»■ x) 


x 4- \'( I - .d) 

(1 - -O'" 
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[CH. II, 


(4) 

(0 


4- y cos x 


dy sin 2x 

da 5 

(1 + a? 2 ) ^ +y = tan" 1 


7. Shew that the solution of the general linear equation 
^ 4 - Py = Q may he expressed in the form 


y 


Q 

P 


,-fPdx (■ 0 + S e f*<ix cl 



S. Shew that, <j> (x) being any function of x, the solution 
of the linear equation 

will he y = c — </> (a?) — 1* 

9. Shew that if in the linear equation ^ 4- P?/ = Q we 

represent ^ by p, and then, differentiating and eliminating 

y, form a differential equation between p and x, that equation 
will also he linear. 


10. Integrate the differential equations : 

dz 


( 1 ) 

( 2 ) 

(3) 

(4) 

(5) 


dz 


xz — uxz. 


Bz 

dz 

dx 

dz 

dx 


dx 


az — x + 1. 


4- 2xz = 2 ax 3 z*, 

4- z cos x = z n sin 2x. 


x is + y =y2 log 




CHAPTER III 


EXACT DIFFERENTIAL EQUATIONS OF THE FIRST DEGREE. 


1. As the cases considered in the previous Chapter under 
which the equation Mdx +• Ndy = 0 is integrable by the sepa¬ 
ration of the variables, are but a small number of the cases 
in which a solution expressible in finite terms exists, Analysts 
have engaged in a more fundamental inquiry of which the 
following are the objects, viz. 


1st, To ascertain under what conditions the equation 

Mdx + Ndy = 0 

is derived by immediate differentiation from a primitive of 
the form /(a?, y)=c, and how, when those conditions are 
satisfied, the primitive may be found. 

2ndly, To ascertain whether, when those conditions are not 
satisfied, it is possible to discover a factor by which the equa¬ 
tion Mdx + Ndy — 0 being multiplied, its first member will 
become an exact differential. 


These inquiries will form the subject of this and the follow¬ 
ing Chapter. 


Prop. r. The one 'necessary a ml sufficient condition under 
which the first member of the equation Mdx -h Ndy = 0 is an 
exact differential is 


dM_ dN 

dij dx 


Let it he considered in the first place what is meant by the 
supposition that Mdx -f Ndy is an exact differential. It is 
that M and N are partial differential coefficients with respect 
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to x and y, —that there exists some function V, such that 

dV 


= M. 


= JV... 


■( 2 ), 

.( 3 ). 


dx 

dV 

dij 

Any relation between M and JST which we can derive inde¬ 
pendently of the form of V from the above equations will be 
a necessary condition of Mdx -\-Hdy being an exact differential. 
And conversely, any relation between M and N which suffices 
to enable us to discover a function V actually satisfying the 
above equations (2), (3), will be a sufficient condition of 
Mdx+Ndy being an exact differential. And if the same 
condition should present itself in both cases, it will be both 
necessary and sufficient. 

Differentiating (2) with respect to y> and (3) with respect 
to x, we have 


pv 

dydx 


dM 


d*V dN 


(4). 


dy dxdy dx 

But the first members of these equations being, by a known 
ihoororn of the Thffbrnntial Calculus, eoual. we have 


- ft. 

theorem of the Differential Calculus, equal, we have 

dW 


dy dx 


(5). 


This, therefore, is a necessary condition of Mdx +• JSTdy being 
an exact differential. It is also, as will next be shewn, a 
sufficient condition. 

In the first place the function V, if such exist, must satisfy 
the equation (2). 

Integrating this equation relatively to x alone (since the 

dV . 

differentiation in is relative to x alone), we have 


V = [Mdx + G 








ART. 1.] 


OF THE FIRST DEGREE. 


C being a quantity which is constant relati vely to .r, ho that 

d£ G 

—^ = 0. Hence, though G does not vary with a% it may vary 

with y, and there is nothing to limit the manner of its varia¬ 
tion. It is therefore an arbitrary function of y, and we may 

write 

.«(T). 



This is the most general form of Has a function of a and //, 
which satisfies the equation (2). 

In the second place V must satisfy the equation (R). Suh- 
stituting in that equation the value of V given in (7), we 

have 

dfMda: d<f> (//) __ AT 

d U + dll 


Therefore 


*4> (y)_ Ar _<lfM,lv 
dy dy ' 


Whence <f> (y) = f '(w_ V™*) dy+C . (s), 

G being simply an arbitrary constant, since, as the cm taut 
of integration with respect to y it cannot, contain //, and a:; 
part of the expression for </> (y) "it cannot, contain a. ' ’ 

Now the integration in the second member is thoorH ieally 
possible (though its expression in Unite ti-nn.i may a<»t 1»»* 

possible) if the coefficient of dy, viz. X — q,. a j,, n 

dy 

of y only, i.c. it its differential coefficient. with resj n*ct to x 
is 0. Expressing this condition, we have 


0 


But 


d iV __ d d i Mi lx 

dx dx dy 

d ,/JMd.r ^ d d\Mdx 
dx dy dy </x 

dM 


/ * 
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‘CEL III. 


Thus the condition (9) becomes 


dN 

dx 




This then is a sufficient, as it has before been shewn to 
be a necessary condition of Mdx 4- Ndy being an exact diffe¬ 
rential. 


The substitution in (7) of the value of <p> (y) found in (8) 
gives 

F =fMdx + j(N- dy + C .(11). 

Finally, supposing still the condition (10) satisfied, the 
solution of the equation Mdx + Ndy — 0 will be 

fjfd* + O .(12). 


2. The practical rule to which the above investigation 
leads is the following. 

To solve the equation Mdx •+ Ndy — 0 when its first mem¬ 
ber is an exact differential, integrate Mdx with respect to oc, 
regarding y as constant, and adding, instead of an arbitrary 
constant, an arbitrary function of y, which must afterwards be 
determined by the condition that the differential coefficient of 
the sum with respect to y shall be equal to N. Then that 
sum equated to an arbitrary constant will he the solution 
required. 

Ex. 1. Given {od — 4 xy — 2y 2 ) dx 4- (ffi — 4xy — 2a; 2 ) dy = 0. 

Here M— od — 4 ccy — 2y 2 and N = y 2 — 4 xy — 2x* } whence 

dM dN 

dy dx~ 4ty ’ 

and the first member of the given equation is an exact diffe¬ 
rential. 






ART. 2 .] 
Now 
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(1), 


/ 


Mdx 


a? 

¥ 


2 x*y — 2y 2 jc + <£ ( 2 /) 


the arbitrary function (y) occupying, according to the rule, 
the place of the constant of integration. To determine <f> (y), 
we have 

2y 2 x+ (y)j = f -4ry - 2x\ 

Whence = y 2 , 


c/y 

«£ (2/) 


y 

'3 


Substituting this value in the second member of (1), and 
equating the result to an arbitrary constant, we have 


™ — 2 x z y — %/x + = ( 7 , 

the solution required. 

V0* 2 +y 

i 


Ex. 2. Given 


n + 1 1 


£C 


)J 2/ 


Here M = - . . ,, 

VO* +2/) 

Hence we find 

dM 


2\ > 




y 

i » 


o. 


y yV(«*+y)' 


?/ _ 


diV 


dy (^4- y 5 )^ da’ * 

To obtain the complete integral we will on this occasion 
employ directly the general form of solution (12). We have 


Lwdx = log {* +V (a? + y*)}, 

* f 

dyj 


Mdx 


y y V (x* + y 2 ) * 

Hence If- ™Jilfdx = 0, so that (12) gives simply 


log [x 4- V (pd + y 2 )} = o. 
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Substituting log C for c, and then freeing the equation from 
logarithmic signs and from radicals, we have 

y 2 =G 2 -2Cx. 

3. ¥e may in many cases either dispense with the appli¬ 
cation of the criterion (1), or greatly simplify its application, 
by attending to the two following principles, viz. 

1st, If Mdx + JSfdy can be divided into two portions, one 
of which is manifestly an exact differential, it suffices to ascer¬ 
tain whether the other is such. 


2ndly, If Mdx 4- Ndy, or that portion of it which, according 
to the above principle, it may suffice to examine, can be re¬ 
solved into two factors, one of which is manifestly the exact 
differential of a function of x and y, which we will represent 
by u, then when the other factor is expressible as a function 
of u, we shall have an expression of the form f (u) du which is 
necessarily an exact differential. 


Ex. Given -j- 


s/kf — z? 


)} dx + { v ~ dy = 0 


This equation may be expressed in the form 


ccdx + ydy + = 0 . 

y\/Qy -O 

Now, xdx + ydy being an exact differential, it suffices to ex- 

t , t ,-1 , ydx — xthj 

amine whether the term —- 


2/V - a?) 


is such also. 


This term may be expressed in the form of the product 

y ydx—xdy 


the second factor of which is the differential of —. If we 

du y 

make —u the product assumes the form ~ T ,-, which is 

}J . V(i-w) 

the differential of sin x u. 
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The complete primitive is therefore 


o c 2 4- y 2 

— 


4- sin 1 - = c. 

y 


4. ^ The converse form of the property last noticed is of 
sufficient importance to be stated as a distinct proposition, 
namely, 

Prop. ii. If U and u be functions of x and y, and UdiL be 
an exact differential, then U will he a function of u. 


For 


Udu= dx + U~dy. 

ax ay * 


Hence the second member being an exact differential we 


have by Prop. I. 


(jj du\ j jdu 

dy \ dx) dx V dy 

dUdu dUdw^ 

dy dx dx dy ~~ 


therefore 


Therefore, by the proposition in the first Article of the second 
Chapter, U will be a function of u. 


EXERCISES. 

( x 3 4- 3a?y 2 ) dx + (y 3 4- Sx 2 y) dy = 0. 

( J + y J) dx ~ 2 f <7 = °- 

2xdx /I Sx 2 \ , ^ 

xdx +ydy = 0. 

(1 +- e") dx + e* ^1 — dy = 0. 


6 . 


e* ( x 3 4- y 2 4- Zx) dx 4- 2 ye x dy = 0. 
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[cel iil 


7. [n cos {nx 4- my) — m sin (ma; 4- ny)} dx 

4- {m cos [nx 4- my) — n sin (mx 4- ny)] dy = 0. 

8. Shew, without applying the criterion, that the follow¬ 
ing are exact differentials, viz. 


1st, ■ - - -- - . 

(1+0* + ^)* «* + jf 


2ndly, 


xdx 4- ydy 


4 


f 1 


e 

4-i 


(rf+y 1 )* (1—ic 2 —y 2 )^ W(2/-0 2/' 


ydx-xdy). 


9. Integrate the above equations. 


10. Integrate the equation — 4 x a l dx = 0, 

distinguishing between the different cases which present them¬ 
selves according, 1st, as 1 and c are of the same or of opposite 
signs; 2ndly, as a is equal to, or not equal to, 0. 

11. Shew by the criterion that the expression 


(x 


x 


<P (~) + f [ z ) dy 




y> 


x< p(^j + yf 


X 

yjf- 


is generally an exact differential, and exhibit the functional 

. .. , <Uf , dN 

forms which - 7 ■ and assume. 
dy ax 



CHAPTER IV. 


ON THE INTEGRATING FACTORS OF THE DIFFERENTIAL 

EQUATION Mdx + Ndy = 0. 


1. The first member of the equation Mdx -f Ndy = 0 not 
being necessarily an exact differential, analysts have sought 
to render it such by multiplying the equation by a properly 
determined factor. 


Thus the first member of the equation 

(1 +- f) dx + xy dy = 0 

is not an exact differential, since it does not satisfy the con- 
dM dN 

dition , - = —, but it becomes an exact differential if the 
ay ax 

equation be multiplied by 2.r, and its integration, which then 
becomes possible, leads to the primitive equation 

a* 2 (1 + 'if) = c. 

The multiplier 2x is termed an integrating factor. 

We propose in this Chapter to demonstrate that integrating 
factors of the equation Mdx -f Ndy — 0 always exist, to in¬ 
vestigate some of their properties and relations, and to shew 
how in certain cases integrating factors may be discovered. 
To complete this subject we shall, in the next following 
Chapter, investigate a partial differential equation, upon the 
solution of which their general determination depends, and 
shall examine seme of the conditions under which the solu¬ 
tion of that equation is possible. 
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[CH. IV. 


2. To every differential equation of the form 

Mdx + Ndy = 0, 

pertains an infinite number of integrating factors, all of which 
are included under a single functional expression. 


t It has been shewn, Chap. II. Art. 2, that the above equa¬ 
tion always involves the existence of a complete primitive of 
the form 

'k (*, y) = o .(i). 

Differentiating the last equation, we have 


djr(x, y ) d^r (x, y) dy 
dx dy dx 

dy 


( 2 ). 


The value of ^ determined as a function of x and y from 

this equation must be the same as the value of furnished by 

dx J 

the given differential equation expressed in the form 


M + N <J y = 0. 

dx 


Hence eliminating 

O 



between these equations we have 


dty(pCyji) 

dx 

M 


chj r (,r, y) 

dy 

N 



Let y be the value of each of these ratios, then 


dty (x, y) 
dx 


= fxM, 


d^ (x, y) __ 
dy -***' 


As jxM and yN are therefore the partial differential co¬ 
efficients with respect to x and y of the same function ^ {x y y), 
the expression yMdx + yuNdy will be an exact differential’ 
JL hus Mdx 4- Ndy is always susceptible of beiim made an 
exact differential by a factor y. 
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3. The form of the complete primitive is however without 
gain or loss of generality susceptible of variation. Thus the 
primitive x* (1 4- y*) = c, Art. 1, might, without becoming more 
or less general, be presented in the forms 

sin [x 2 (1 4-y 2 )] = c x , log {x* (1 4- y*)) = c 2 , 

or in the functional form f{od(X 4- y 2 )} = c, where c, c lf c 2 are 
arbitrary constants. And generally a complete primitive ex¬ 
pressed in the form V=c may be expressed also in the form 
f(V) = c,f(V) denoting any function of V. These variations 
in the form of the complete primitive imply corresponding 
variations in the form of the integrating factor, a special deter¬ 
mination of which has already been given, Art. 1. 

To investigate the general form under which all such 
special determinations are included, let us suppose p to 
be a particular integrating factor of Mdx -f Ndy, and let 
puMdx 4- yuNdy he the exact differential of a function ^ (x, y). 
Then representing for the present ^ (x, y) by v, we have 

pMdx 4* pNdy — dv. 

Multiply this equation by f (v), an arbitrary function of v; such 
being, by Art. 4, Chap, ill., the general form of a factor 
which will render the second member an exact differential. 
We have 

fifty) (Mdx + J\ T dy) = f(v) dv. 

Now the second member of this equation being an exact dif¬ 
ferential the first is so also. As moreover the first member of 
tlie above equation can only become an exact differential 
simultaneously with the second, the factor fifty) is the 
general form of a factor which renders Mdx 4- Ndy an exact 
differential. 

We may express the ahove result in the following theorem. 

If file an integrating factor of the equation Mdx + JIdy = 0, 
and if v — c be the complete primitive obtained by multiplying 
the equation by that factor and integrating , then pf (v) will be 
the typical form of all the integrating factors of the equation. 

Furthermore, f(y) being an arbitrary function of v 3 the num¬ 
ber of such factors is infinite. 
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[CH. IV. 


Ex. The equation 

(x s y — 2y 4 ) dx + (y z x — 2x*) dy = 0, 


becomes integrable on multiplying it by the factor 
actual solution thus obtained being 



the 


f + af 


Hence the general form of the integrating factor of the equa 
tion is 

1 f (& , V_ 

x z y z ^ Vy 2 



4. From the typical form of the integrating factor of the 
equation Mdx + Ndy = 0, it follows that if we know two par¬ 
ticular integrating factors of the equation, the solution may be 
inferred without integration. 

For y, being one of the factors given, the other must be of 
the form yf(v). If we determine their ratio by division and 
equate the result to an arbitrary constant we shall have 


/ M = 0 , 

which, from what has been said in the preceding Article, is a 
form of the complete primitive. 


5. It has been observed, Art. 1, that the discovery of an 
integrating factor of the differential equation Mdx -f- Ndy = O 
generally depends on the solution of another differential equa¬ 
tion, but there are some cases in which it presents itself on in¬ 
spection. The equation 

( xy % -f -y) dx — xdy — 0, 

becomes integrable on being multiplied by the factor \ , and 
• * 

this factor is at once suggested if we place the equation in 
the form 

y*xdx + ydx — xdy = 0. 



A.WI. 6.] SPECIAL DETERMINATIONS. 

We could thus, also by inspection, assign the integrating 
factors of any equation of the form 

y*dx + <p Or) {ydx — xdy) = 0, 

and many other forms will readily suggest themselves. The 
following analysis will however lead to results of greater 
generality and importance. 


Special Determinations of Integrating Factors. 

6. Whatever may be the constitution of the functions M 
and N" we have identically 


Mdx + Niy = \\(Mx + Ny) + y) + 


(Mx—Ny) 


doc dy"' 
x y > 


But 


Hence, 


t+f=^08^* 5-f= dlog 6)- 



(!)• 


Jffc + fflj = ^(Afo + 2Ty) d log xy + (3fo - lo 


The functions Mx + Ny 

the inquiry will now depend. 

Whatever mayr be> the ' ^ m 

SoSS" ot°thim‘»ill be identically equal to 0. Thee, 
cases we will separately consi er. 

1st. The case of Mcc ■■ + it^vould^invobvthe 

Stfi®-«*» <«-*•»» to 
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2ndly. Suppose that one of the functions Mx+ Ny and 
Mx — Ny is identically equal to 0 and not the other, and first 
let Mx 4 Ny be identically equal to 0, then (1) becomes 


x 


Mdx 4- Ndy = J (Mx - Ny) dlog- ; 

y 


whence dividing by Mx — Ny, 


Mdx 4 Ndy , , x 


Mx 


Ny . (2) ' 


Now the second member being an exact differential the first 
member is also one. In this case then Mdx 4 Ndy is made 

an exact differential by the factor • By parallel 

reasoning it follows that if Mx — Ny is identically equal to 0 
and not Mx 4 Ny, an integrating factor of Mdx 4 Ndy will 

be_if:_ 

Mx + Ny ’ 

And thus we are led to the following theorem. 


Theorem. If one only of the functions Mx 4 Ny and 
Mx — Ny is identically equal to 0, the reciprocal of the other 
function will be an integrating factor of the equation 

Mdx 4 Ndy = 0. 


Srdly. Let neither of the functions Mx 4 Ny and Mx — Ny 
be identically equal to 0. Then first dividing the funda¬ 
mental equation (1) by Mx 4 Ny, we have 


Mdx 4 Ndy ,, , 1 Mx — Ny ,, x 

—Tt - T?r~ — hd log xu 4 4- yf -vr d log - ...f 6 ). 

Mx 4 Ny * b 3 Y Mx 4 Ny y 

Now, by Art. 3, Chap, in., the second member of the 
above equation becomes an exact differential (its first term 

being already such) if is a function of log ^; there- 

fore if it is a function of - ; therefore if it is a homogeneous 

y 

function of x and y of the degree 0, for the typical form of 
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such a function is ♦© • therefore, finally, if M. and N are 

homogeneous functions of x and y of a common degree. For 
let M and N be homogeneous and of the n th degree. Then 
Mx — Ny and MxNy are each of the degree n 4-1, and 
Mx — Nv 

~ Mx+ N y is of tlie degree 0. Thus If and A being homogeneous 

functions of the n ih degree, the second member, and therefore 
the first member of (3), is an exact differential. 

From this conclusion, combined -with the previous one, we 
arrive at the following theorem.. 


Theorem. The equation Mdx -f Ndy = 0 when homogeneous 

1 

is made integrable by the factor ^dx-^Ny 3 un ^ GSS ^ s 

identically equal to 0 , in which case is an integrating 

factor . 

Always then the homogeneous equation Mdx + Ndy = 0 is 

1 

made integrable either by the factor -77 - rr > ° r by the 

factor — -.7 - . 

Mx — Ny 

In the second place, dividing the fundamental equation (1) 
by Mx — Ny, we have 

Mdx 4- Ndy T (Mx 4 -Ny ,, x\ 

~ Ma~—~Ny ~ * Km^ 4 d lo ^ ** +d l0 S y) - W. 

of which the second member, and therefore also the first 

member, becomes an exact differential if is a func- 

* Mx — Ny 

tion of log xy ; therefore if it is a function, of xy ; therefore, 

finally, if M and N are of the respective forms 

M = F x (xy) y, N-Ffxy) x ; 
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since this supposition would give 

Mx 4 Ny F. (ccy) 4- F Q (xy) 

M^Wy~ F x Wi-F % W) ? 

of which the second member is a function of the product xy. 
Hence the following theorem. 

Theorem. The equationMdx + Ndy — 0 is made integrahle 
by the factor > when M and N are of ike respective 

forms 

M— F 1 (xy)y ) N=* F z (xy) x, 

unless Mx — Ny is identically equal to 0, in which case 
1 

45 an integrating factor . 

x 4 y 

Or the theorem might be thus expressed. The equation 

F x (xy) ydx 4 F % (xy) xdy — 0 
is made integrahle by the factor 

_ 1 _ 

*y -K( x y)\ ’ 

unless we have identically F % (xy) — Ffxy) =0, in which case 


«Vi F A x y) + -*’,(« y)} 

is an integrating factor. 

We may, however, remark that, in the particular case in 
which Ffxy) — Ffxy) =0, no factor is needed, as the dif¬ 
ferential equation may then he expressed in the form 

F x (xy) (ydx 4- xdy ) = 0, 

the first member being manifestly an exact differential. 

7. The results of the above investigation may be summed 
up as follows. 

If either of the functions Mx 4- Ny, Mx — Ny is identically 
equal to 0, the reciprocal of the other function is an integrating 
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factor of Mdx 4- Ndy — 0 ; but if neither of these funcUons is 
equal to 0, then ™ an i^ e 9 ra ^i n 9 factor for the 

equation when homogeneous, and an integrating 

factor of the equation when susceptible of expression in the form 

F t (xy) ydx 4- F % (xy) xdy = 0. 

Ex. 1. Given x 3 dx 4- (3a? 2 y 4- S^/ 3 ) cZy = 0. 

This is a homogeneous equation, and its integrating factor 
according to the rule above given will be 


x* + 3a?f 4 - * 

Thus we have, as an exact differential equation, 


oddx 


x 4 4- 3a?y 4 - 2 y 4 **” x 4 4- 3x 2 y 2 4 - 2 y 4 
Deferring then to Art. 2, Chap. III., we have 

oddx 


(Za?y 4- 2 y 3 ) dy 


0. 




/**■-/. 

-JC 


£c 4 4- 3^ 2 2/ 2 4- 2y 
2x 


x 


,) dx 


( 1 ). 


a? 4- 2y x +y J 

, a? 2 4- 2y 2 , . 

= log + 

Differentiating this expression with respect to y, and com¬ 
paring the result with the corresponding term in (1), we find 

— 0, whence <£(y) = const., and we have 


log 


a; 3 4- 2y 2 


= C, 


\/(a 2 4/) 
or a; 2 4- 2y 3 = <7 \/ (a* 4- y 2 ) 
for the integral required. 
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Ex. 2. Given (y + xy 2 ) dx + (x- yx 2 ) dy = 0. 

This equation may be expressed in the form 

(1 +- xy) ydx + (1 — xy) xdy — 0. 

Hence its integrating- factor, as given by the rule, will be 

1 __ 1 _ 

Mx — Ny (1 +- xy) xy — (1 — xy) xy 

1 

2 x 2 y 2 * 

Rejecting the constant we have, on multiplying the given 

equation by -g-j, 
a? 2/ 




cfy= 0. 


Hence 


jmdx-J— +/^ = iog«!-A + ^ ( y ). 

Now iV<£?y = ^2 ~ • Hence the complementary function 

4> (y) will be - log y. Thus we have 


log x log y —— = @ 

xy 

for the integral required. 

Ex. 3. Given (xy + xy 3 ) dx - (x 3 y + x y) dy = 0. 

If we treat this as a homogeneous equation regardless of 
the implied conditions, we find 

1 I 

Mx 4 * Ny 0 * 

The rule however shews that when Mx + Ny is, as in the 
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above example, identically equal to 0, 


Mx — Ny 

integrating factor, which in the above case will be 


represents an 


2 (oc*y* 4- ) * 

The equation is thus reduced to 

dx dy __ q 

whence we find y —cx as the complete integral. 

8 . From the theorems of the preceding article others of 
greater generality may be deduced by transformation. Thus, 
since the equation F x (ycy) ydx 4- F z {xy) xdy — 0 is made inte- 

1 

grable by the factor -— j-rn —\-tttt— rr ^ if follows that the 


equation 


xy {F t (xy) -( xy) J 

F x {uv) vdu 4- F 2 (uv) udv — 0 

1 

is made integrable by the factor 


uv (uv) - 7; (uc)! ’ “ and 
v being any functions of x and y. Hence expressing da in 

the form ^ dx 4- ^ dy, and dv in the form ~ dx 4- dy , we 

see that the equation 

[-FxO) * ^ +F a (uv) + ^(tw) v ^ +F,\(uv) u ^dy = 0 

is made integrable by the factor uv{F ^yTWJ^)\ ’ what ' 

ever functions of x and y are represented by u and v. And, 
on giving particular forms to these functions, particular con¬ 
ditions of integration of the equation Mdx 4 -Ndy— 0 present 
themselves. 

9. An integrating factor for homogeneous equations may 
also be found by the following method, due to Professor Stokes, 
who first pointed out the necessity of taking account of the 
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case in whieh Mx-bNy is identically equal to 0. {Cambridge 
Mathematical Journal, Yol. IV. p. 241. First Series.) 

Suppose M and N to be homogeneous functions of x and y 
of the degree n. Then we may write 

M= x*4> (v), JSr=x n y[r ( v ) .(1), 

where v stands for —. 

x 


Hence Mdx + Ndy = a?cf> (v) dx + x n ^ (v) dy .(2). 

But y — xv, therefore dy — xdv + vdx. Substituting this value 
of dy in the second member, we have 

Mdx 4- Ndy — x n {<p (v) + v^r (a;)} dx 4- (v) dv...{3). 

Two cases here present themselves. 

First, the constitution of the functions <f> (v) and (v ) may 
be such that <j> {v) 4- (v) may be identically equal to 0. 

This will happen if Mx + Ny is identically equal to 0, since 

by (i) 

Mx + Ny = {■$. (y) + vf (v)} . (4). 

In this case the equation (3) reduces itself to 

Mdx -f Ndy = x n+1 ^[r (v) dv, 

Mdx 4- Ndy , , N 7 

or —-TTn+i— ^ = ir(v)dv. 

Jb 

Now the second member being an exact differential the first 


is so also, and Mdx 4- Ndy is therefore made integrablo by 
1 

the factor 


x 


«+l 


Secondly, the constitution of <f> (v) and ^ (v) maybe such 
that cf> (■ v ) + vty (v) is not identically equal to 0. And this 
happens when Mx 4 - Ny is not identically equal to 0. 

In this case dividing both members of (3) by 

a? n+1 {£ {v) 4- («/)}, 


Mdx 4- Ndy 
x n+l {<j> (y) 4 - (v)j 


dx 

~ + 
x 


(y) dv 

<f> ( v ) + (' v ) 


we have 
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But the second member being an exact differential the first 
also is such. Now 


Mdx 4- Ndy 

^* w+1 (~<£ (y'j -f v^r (y)} 


Mdx 4- Ndy 


x 


by (4). 


Mx 4- Ny 

Here then Mdx 4- Ndy is made integrable by the factor 


1 

Mx + JShj' 

Combining these results together, we see that the homo¬ 
geneous equation Mdx 4- Ndy — 0 is made integrable by the 
1 

factor -7^— —— 5 TP-, unless the constitution, of M and N is such 
Mx 4- Ny 

1 

as to make that factor infinite. In the latter case - Ti+1 will be 

cc 

an integrating factor, n being the degree of M and N. 

The form of the supplementary integrating factor as given 
by the above investigation is different from that before ob¬ 
tained. The results are however perfectly consistent. 

For a more complete analysis of the problem which has for 
its object the discovery of the integrating factors of a homo¬ 
geneous equation we must have recourse to the method of the 
next Chapter. 


EXERCISES. 

1. Shew by the application of the theorem of Art. 1, 
Chap, if., that the expression x s y‘ 2 4- x 2 4- y 2 4- 2 (ocy — 1) (x 4- y) 
is a function of x and y, only as being a function of xy -\-x-\-y. 

2. A particular integrating factor of the equation 

%xydx 4- (y 2 — 3a; 2 ) dy — 0 is y ~ 4 . 

Prove this, and deduce another integrating factor by the 
formula established in Art. C for homogeneous equations. 

3. Exhibit the general form under which all the integrat¬ 
ing factors of the above equation are comprehended. 
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4. Deduce in like manner the functional expression for all 
tie integrating factors of the equation 


X y \y x ) 


5. Obtain integrating factors for the homogeneous equa¬ 
tions : 


(1) xdy — ydx = \/ (a 2 4- y 2 ) dx, 

(2) (8 y 4- 10a) dx 4- (5y 4- 7 a) dy ■ 

(3) (a 2 4- 2 xy — y 1 ) dx 4- (y 2 4- 2 xy 

(4) f + {xy + x 2 ) ^ = 0. 


0 . 

x 2 ) dy 


0, 


(5) ^x cos 14- y sin ^ ydx 4- [x cos ^ — y sin ^ ac?y = 0. 

Exhibit the corresponding integrals of the above equa¬ 
tions. 


6. The formula 


Mx 4- Ny 


fails to give an integrating 


Ccdll *“ 7/Cv^JC 

factor for the homogeneous equation —*4 —' =0. What 

oo H" - y 

formula ought here to be employed and to wliat result docs it 
lead \ 


7. Determine an integrating factor of each of the equations 

(1) (x 2 y 2 4- xy) ydx 4- (a 2 y 2 — 1) xdy = 0. 

(2) (a 3 y 3 4- a 2 y 2 4- ay 4-1) ycZa 4- (a 8 y s — ay— ay 41) xdy = 0. 



CHAPTER V. 


ON THE GENERAL DETERMINATION OF THE INTEGRATING 
FACTORS OF THE EQUATION Mdx -f Ndy = 0. 


1. Prop. It is required to form a differential equation for 
determining in the most general manner the integrating fac¬ 
tors of the equation Mdx + Ndy = 0. 


Let y, "be any integrating factor of the above equation, then 
since fiMdx + fxNdy is by hypothesis an exact differential, we 
have by Prop. I. Chap. ill. 


Hence 


d(jiN) _ d (jtM) 
dx dy 



dN 



-f. 


am 

dy’ 


or, by transposition, 

, r du, du fdM dN\ , . 

N £- M ^ = \d^--^) ix . (1)> 

which is the equation required. 

How this equation involves the partial differential coeffi¬ 
cients of taken with respect to x and y. It is therefore 
a partial differential equation. We have not the means of 
solving it generally, and it will hereafter appear that its 
general solution would demand a pi'evious general solution 
of the differential equation Mdx + Ndy = 0 , of which p is 
the integrating factor. Rut there are many cases in which 
we can solve the equation under some restrictive condition 
or hypothesis, and the form of the solution obtained will 
always indicate when the supposed condition or hypothesis 
is legitimate. 
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The following are examples of such, solutions. 

2. Let fj, be a function of one of the variables only, e.g. 

dy 


suppose y 


Therefore 


or 


cf> (x), then since = 0, ve have from (1) 

■yr.tr \ (dM dN\ . . 

A ^ (*) - \dy ~ ~dx) £ (A 

dM dN 

d> (x) dy dx 

^fx) ~ “"T ’ 

dM dN 

d , . , dy dx 

Tx \ a% *(»)—^- 


ISTow if the second member of this equation is a function ofx 
the equation is integrable, and we have 

'dM dXT 


log cj> (x) 


f 


dy dx 

N 


dx. 


Whence 


./ 


\ Uf _ dAT 

dx 

N dX 


N 


fJL~€ J .(2). 

We have seen that the hypothesis assumed as the basis of 
the above solution, viz. that the integrating factor y is a 
function of x only, is legitimate when the constitution of the 
functions M and JSf is such that the expression 

(dM dN\ 

\ dy dx ) 

is a function of x only. In this case (2) enables us to deter¬ 
mine the value of y. 

In like manner the condition under which y is a function 
of y only, is 

dN dM 
dy 


dx 


M 


a function of y only.(3), 
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and the value of y, on this hypothesis, is 




"djr_o 

<XX < 

u 

— 


dM 

tin 


(4). 


Ex. Let us inquire whether the equation 

(3x 2 + 6 xy + 3 f) dx + (2^ + 3 xy) dy= 0.(5) 

admits of an integrating factor which is a function of * only. 
Making Jf = ^ + 6 xy + 3 y\ N = 2x° + S*g, we find 

dM dN 

~dy~ dx_ 6 a + 6y - j ix+_3y) = 1 ^ 

“ Jy ‘ 2fc 2 -\- ixy * 

and this result being a function of « 

of y. as a function of £0 alone is seen to be possible. 

(2) we now find 

fi = = O, 

O being an arbitrary constant. 

Now multiplying (5) by Ox, we have 

C{( 3® 3 + Gafy + 3V) + ( 2 ^ 3 + #) dy)~ • 

The first member of this equation remains a complete differ 
ential whatever value we assign to 0. If we make G i, 
and integrate, we find 

— +2 xy -{—g c ’ 

the integral sought. 

The student may obtain also the same result by solving (o) 
as a homogeneous equation. 

The linear differential equation of the first ou er 

tl + p y -Q= 0 . 

(1 Ou 

P and Q being functions of x, may be solved by the above 
method. 

For, reducing it to the form 

(Py- Q)dx + dy = 0 .. 
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■we have M=Fy-Q, 1, whence 


dM dN 


dy dec 

37 



which being a function of x we find from (2) 

IPdx 

jub= e 

Multiplying (7) by the factor thus determined, we have 

J Pdx (jpy — Q}dx+ J ldx dy — 0, 

the first member of which is now the exact differential of the 
function 

J Fdx y-J e^ Pdx Qdx. 

Equating this expression to an arbitrary constant c, we 
find 



which agrees with the result of Art. 10, Chap. II. 


3. diet it be required to determine the conditions under 
which the equation Mdx + Ndy = 0, can be made inteyrable by 
a factor /a which is a function of the product xy. 

Representing xy by v and making ja — cp (v), the partial 
differential equation (1) becomes 


N# (v) 


dv 

dx 


Mcjd (v) 


dv 

dy 





dv &v 

whence, since = y, -^ — x, we find 


dM dJST 
<p' (y) dy dx 
<p (v) JS r y — Mx 



Thus the condition sought is that the second member of the 
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above equation be reducible to a function of v alone, i.e. of 
ccy alone. And the corresponding value of /x is 




J 


dJtf dAT 
dy dx 
My — Mx 


dv 


( 10 ). 


One case in wbicb the above condition is satisfied is the 
following, viz. 

(xy) ydx 4- F 2 (xy) xdy =0.(11). 

Making M—F x ( v) y , JST—F^ (v) x, and observing that since 


dv dv „ , 

v=T -y> -dy =x ‘ wefind 


dM dN 


dy d'j' _ F x (y) + vF ’ ( v) — F a (v ) — vF ," (t?) 
Ny — Mx v {i'j (v) — F t (v ) J 

_ F, w> - f, (v) + v { f ; (v ) - f; (t>)| 

» IK w - wi 

= _L^WrW 
« ■*» (») ’ 

a function of v alono. 


Multiplying by dv and integrating, -sve have 
CdM_ dN 

I * — *>« * - lo s w («) - F . («)}• 

Hence, 

_ 1 _ 1 
** “ » (i>) - P s (*)} xy [F x [xy) - F, {xy)} ’ 

This accords with a result of Art. 6, Chap. IV. 

[The above investigation, fails when the constitution of the 
functions M and N is such that we have identically 

JSTy — Mx = 0. 

An integrating factor for this case has already been found in 
the preceding Chapter.] 
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Ex. 1. Tims the equation. (x 2 y 2 -f 1) ydx 4- (£e 2 y 2 — 1) xdy — 0 
becomes integrable on being multiplied by the factor ^ . 

jL IX/ if 

which is found by substituting in the previous expression 
x 2 y 2 H- 1 for F x (xy), and x 2 y 2 — 1 for jP a (ary). 

The final solution is 

1 22i 

+iog^= c. 

Ex. 2. The equation 

(2x 3 y 2 — y) + (2x 2 y 3 — x) dy = 0, 

does not fall under the type (11), but the values which it 
furnishes for M and N give 

dM__dN 

dy dx _ 4 x 9 y — 1 — (4 y z x — 1) 2 2 

iVy — Mx 2x 2 y 4 — xy — (2x 4 y 2 —■ xy) a;y ~ w ’ 

so that the condition of integrability by a factor of the form 
f (vcy) is satisfied. Hence 


1 

f x=e 


2 2 
xy 


Multiplying the equation by this factor, and integrating, we 
find for the primitive 

a? + !. + f = a. 

xy 


4. It is required to investigate the conditions under which 
the equation Mdx 4- JSfdy = 0 cam be made integrable by a 
factor y which is a homogeneous function of x 'and y of the 
degree 0. 

As y must be of the form cf) hM let us represent ^ by v, 

\OC/ (JQ 

and then assuming y, =. cf> ( v ), and observing that 

dv __ — y dv _ 1 
dx x 2 ’ dy x 9 
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tlie partial differential equation (1) "becomes 

- N# («) .( 12 ), 


X 


whence 


rdN 

V dx- 


#(?) _ 

(j> (v) Mx -f JVy 


dx / 

dM\ 

dy ) 


Thus the condition, sought is that the second member of the 
above equation should be a function of v, i. e. of ^. 

And the corresponding value of /x is 




X ‘i( dN - <**') 
\ dx dy/ 

" J/i+Ay 


<lv 


But since every function of - is homogeneous and of the 

degree 0, with reference to the variables x and y , we may 
express the above results in the following theorem. 

In order that the equation Mdx + Ndy — 0 may be made 
integrable by a factor /x which is a homogeneous function of x and 
y of the degree 0, it is necessary and sufficient that the function 


2 fdJST dM\ 

Z w* dy) 

Mx "j- ~Ny 

should be also homogeneous and of the degree 0. 
dition being satisfied, the value of /x will be 


....(13) 
This con- 




f/{v)dv 


(14), 


where v stands for and f(v) is what the function (13) is 

reduced to by this transformation. 

The above investigation fails when the constitution of the 
functions M and N is such that we have identically 

Mx 4* My = 0. 

An integrating factor for this case has already been found in 
the preceding Chapter. 
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We proceed to notice some of the consequences of the 
above theorem. 

It is evident that the condition which it involves will he 
satisfied when M and N are homogeneous functions of x and y. 
For, supposing them to be homogeneous and of the n tli degree, 
the numerator and denominator of the fraction (13) will each 
he of the (n 4- l) th degree, and the fraction itself therefore of 
the degree 0, the condition required. 

It is not however by homogeneous equations only that 
this condition is satisfied, and it is sometimes worth while to 
inquire into its applicability in other cases. Thus for the 
equation 

(— 4- sec dx — dy = 0 

\y nJ y J 

we should find the integrating factor cos . 


5. It is required to investigate the conditions under which 
the equation Mdx 4- Ndy — 0 can he made integrable by a fac¬ 
tor jjb, which is a homogen eous f unction of the degree n. 


Assuming /a = x n (j> 
becomes 



the partial differential equation (1) 


N \nx n ~ l cj> (A (^l - <j>' 

(, \x/ \fv J J ^ 


dy dx J *** \xj 

Dividing by x n ~ 2 and transposing, wo get 

(Jfi, + m * (?) - {»■ (g - <%) + -jfe { * (; 


y 

Xj 


whence 


<P' (~) 

\«// / 




A 


__ \dx dy) _ 

Mx 4- Ny 
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Let “ = and suppose the second member to assume the 

form/’(r); then,, multiplying both sides by dv and integrating, 
we have 


log <t> («) = jf (y) dv. 


Hence ^=x n <j> (y) = x n ef' Ma ". 
Thus we arrive at the following theorem. 


Theorem. In order that the equation Mdx + Ndy — 0 may 
be made integrable by a factor y, which is a homogeneous func¬ 
tion of x and y of the rif 1 degree , it is necessary, and it suffices , 
that on malcvng y — vx the function 


* {ff- **\ + niVx 

\dx ay J 


ITx + My 


.(15) 


should assume the form f (v). This condition being satisfied, 
the expression for /a will be 


_n I f (t>) dv /-| r\\ 

(Ij — CC € J .( 10 ). 

It will be noted that the condition that (15) shall be a 
function of v, is the same as the condition that it shall be a 
homogeneous function of x and y of the degree 0. 

The theorem fails when Mx + My = 0, a case already con¬ 
sidered. 

Ex. 1. Required to determine whether the equation • 

(2x z + 3 a?y +y 2 — y 3 ) dx -4 (2y* 4- 3 xy* 4- od — x*~) dy — 0 

admits of an integrating factor which is a homogeneous func¬ 
tion of x and y. 
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Here M = 2 jc 3 4- 3 x*y + y* -y*> W = 2y 3 4- 3.ry 2 4- # 2 — cc a , 


dM 

dy 


Sx 2 + 2y — 3y 2 , 


^ = 3/ +2a;-3a? 
dx J 


~ Gif - Ga; 2 + 2* - 2y. 

cXd? cty 


Hence, on substitution, 

a? ( d ^~ + nNx 

\dx dy J _ 

Mx 4 - dsly 

— (n 4* 6) x 4 4- (3 n 4- 6) x 2 y 2 4- 2n-x y A 4- (yp4- 2) af 
” 2« 4 4- 2^^ 4- 2^ 3 4- 2y 4 + x 2 y 4- xy 2 


2xhj 


We are now to inquire whether there exists any value of n 
which reduces the second member of the above equation to a 
homogeneous function of x and y of the degree 0. 

That member may be expressed in the form 

— x fn+ C>) a; 5 — (3 n 4- 6) xif — 2n?f — (n 4- 2) .r 2 4- 2 xy 

— . X —- - ~ °..— ■.. 


a? 4 ~y 


2 x a 4- 2 if 4- xy 


and it is now plain that if any value of n will answer the 
required condition, it must be one which will make the terms 
containing xy 2 and x 2 in the numerator of the second factor 
vanish. Making then n = — 2, we have 


x 4.r 3 4- 4yd 4- 2 xy 

X ;».. ‘ 


__ 9 p 

j—i *. o 

x + y 2x A 4 - 2 if 4- xaj x 4- y 

„ <•> 


1 4~ v 


Hence /u, = x~ 2 e 


/ 2<7 v 

T+u 


c 


x" (1 4- v) 2 


c 

{x 4 - y) 


2 - 
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Multiplying the given equation by this factor and integrating, 
we find as the primitive equation 


x B 4* xy 4- y B 
x 4- y 



In the case of homogeneous equations the condition in¬ 
volved in the general theorem will be satisfied independently 
of the value of n, the particular case in which Mx 4- Ny — 0 
excepted. It follows hence that with this exception we can 
find an integrating factor of any proposed degree 'for the 
homogeneous equation Mdx 4~ Ndy — 0. 


Ex. 2. Required two integrating factors of the respective 
degrees 0 and 1 for the equation 

(3a? 4- 2y) dx 4- xdy = 0. 

First making M= Sx 4- 2y, N = x, and n = 0, we have 


x 


(~f) + nN,x 
\ dx ay / _ 


Hence 


Mx 4- Ny 

/<» 


— x 

3 (x+y) * 


3 (1 4- v) J 

y=*e J fWd *ss. c (v 4* 1)~* = c ( . 7 "—V . 

^ v»4 -y/ 

Secondly, making M = Sx 4- 2y, N—x , n = 1, we have 

, fdN dM\ 


, dx dy ) 


4- Nx 


Hence 


Mx 4- Ny 
f(v) = 0, 

f/(v) dv r 

JJL~ X€ J = C X. 


0 . 


Thus replacing each of the constants c and c by unity, the 


integrating factors in question are f — 


x 


X + y, 


and x. 
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Multiplying by the second factor a? and integrating, we 
find x* + x?y = G for the primitive. 

Again, if in illustration of the remark of Art. 4, Chap, iv., 
we equate to an arbitrary constant the ratio of the second 
factor to the first, we have 

afi (x +y)^ = constant, 

which being equivalent to 

x* (x -f y) = constant, 

agrees with the previous solution. 

Let us next examine the general results to which the 
theorem leads, when M and N are homogeneous and of the 
m th degree. 

The general forms of M and N will be on putting v for 

M — x m cj> (v), N=x m (v). 

Hence, observing that 

~ d ~ 0) - („), 

we have on substituting in the expression for f (y), and 
dividing numerator and denominator of the result by x ,n+1 , 

f („\ - + n) jr (y) - y^ r ( y ) - <f>' (y ) 

ff) ( v ) + V\jr (v) .^ l * m 

If we make n, the value of which may be chosen at plea¬ 
sure, equal to —?n — 1, we have 


/« 


-v/r (v) V^r' (v) 4- (y) 


<f> (y) •+• V (v) 
Multiplying by dv and integrating, 

J f(v)dv = - log {<f> ( v ) + vf (w)J, 
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TX n f/Mdv __ ^___ _ (XR') 

Hence, /* = a +t*fr(t>)} ” Mx+Ny"^ } ' 

And here again it results that the homogeneous equation 
Mdx + Ndy = 0, may he made integrable by the factor 

_1_ except in the particular case in which the con- 

{ j/S ^2/ ^ 

stitution of if and iV is such as to make Mx + Ny~ 0. More¬ 
over this theorem is seen to be only a particular consequence 
of the general theory ol the integrating factors of homogeneous 
equations. 

Resuming (17) which we may write in the foim 

cr N (m + n + 1) (v) — {ty M_ + ^ OOj ~jt M) 

<p (v) + (vj 

we have 

f/(v) dv = (m + » + 1) + ;>(„) ~ l0g ^ W + *+ (v)h 

by the substitution of which, combined with the previous re¬ 
duction, tlie general value of y becomes 




r yj/(v)dv 

jyi+n+l e <m+n+l)) ^( v )+v\l,'(v) 

Mjc + Ny 


.(19), 


which is the general expression for an integrating factor of the 
?i th degree, supposing n 'not equal to — m — 1. 

If we now equate to an arbitrary constant the ratio borne 
by the last value of y to the previous one (18), we have 

r \// ( v)dv 

m+n+t g(m+n+l)J 

which is readily reducible to 

l0 „ * + f ■ * (r) *4 = c .( 2 <>)- 

lO Q X -t- J ^ q_ v ^r (y) 

Now this is the very solution of the homogeneous equation 
Mdx -f Ndy — 0, obtained by the direct assumption y = vx , m 

Art. 8, Chap. II. 
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We thus see that in the case of homogeneous equations the 
employment of integrating factors conducts us, hut by a more 
lengthened route, to the same final integrals as the direct 
method of Chap. II. It is difficult to lay down any general 
rule as to the value of concurrent methods, hut it would pro¬ 
bably be not very remote from truth to say, that the peculiar 
advantage of the theory of integrating factors consists rather 
in its appropriateness for the investigation of conditions under 
which solution is possible, than in the actual processes of 
solution to which it leads. 


6. The following application of the theorem is of a more 
general character. 

The equation 

Tfix + P % dy + Q (xdy - ydx) = 0.(21), 

where P 1 and P 2 are homogeneous functions of x and y of the 
degree p, and Q is a homogeneous function of x and y of the 
degree q, may be rendered integrable by a factor ^ which is a 
homogeneous function of x and y of the degree — q — 2. 

Here if = P x — Qy, N= P <2 ~f Qx. 

Hence Mx 4- Ny = P x x + i ',y- 


Thus the denominator of (15) is the same as if M and N were 
reduced to their first terms i\ and P 2 . And the numerator 
remains the same also. For the addition which the second 
terms of M and if, viz. — Qy and Qx, make thereto is 

(Qy) | + nQP, 

which, on effecting the differentiation, becomes 



x < x 


dQ 

dx 


■, +y dy + C» + 2 ) Cj > 


but Q being by hypothesis homogeneous of the a th decree. 

, ^ 1 O 7 

whence, 


dQ dQ 
X dx +y ~dy 
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the above expression reduces to 

cc 2 (q -f n 4- 2) Q, 

and vanishes if n is made equal to —q — 2. Thus (15) as¬ 
sumes the same form as if M and JSF were homogeneous of the 
degree p } and the condition of the theorem is satisfied. 

[If we write equation (21) in the form 

P dx + P.\dy 4 Qx 2 d~ — 0, 
i 2 17 x 

the required result follows at once from the remark on page 
79, lines 4...7; for a homogeneous factor of the degree 

— q — 2 will obviously render Qx 2 d - integrable.] 


7. All the applications which we have hitherto made 
of the partial differential equation (1) are of one kind. The 
general problem which they exemplify is the following. Under 
what condition does the equation Mdx 4- Ndy = 0 admit of 
being made integrable by a factor of the form </> (v) where v is 
a known and definite function of x and y ? Let us examine 
the general form of its solution. 

On substituting <£ (y) for jx in (1), we find 


$ (v ) 

<M«) 


dM 

dy 


N 


dv 

dx 


dN 


M 


dv 

dy 



The condition sought then is that the second member of this 
equation should be a function of v. Representing that func¬ 
tion by f (v) the corresponding value of fx is 

p = .(23). 

Any special case may be treated either independently as in 
the previous examples, or by directly referring it to the above 
general form. 
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Thus a direct reference to the above theorem shews that the 
condition which must be satisfied in order that the equation 
Mdx -f JS T dy — 0 may admit of an integrating factor of the 
form cf> ( x 2 -f y) is that the function 

dM_ dJST 
dy dx 
2Nx ~ M 

should he a function of x 2 + y. And the mode of determining 
this point would he to assume x 2 +- y = v, and, thence deducing 
y ss v — of, to substitute that value of y in the above function, 
and see whether the result assumed the form f (v). The 
equation (23) would then give the value of jll. And this mode 
of procedure is general. 

8. When hy the discovery of an integrating factor the 
possibility of solving a differential equation has been esta¬ 
blished, there is no more valuable exercise than to endeavour 
to effect the same object by other means. 

Let us take as an example the equation considered in 
Art. 6, viz. 

F x dx + P % dy + Q {xdy — ydx) = 0.(24), 

P t and P 9 being homogeneous of the degree p, and Q homo¬ 
geneous of the degree q. 

Let P 1 = x” <£ (|) , 1\ = ^ (|) , Q = % , tlion 

y 

making — = v . whence flow 

dy = xdv H- vdx, 
xdy — ydx = x 2 dv, 

the given equation, expressed in terms of tlie variables x and 
v, becomes 

x p <p (v) dx 4- x p dy (y) (xdv -f vdx) + x' J % (y) x x~dv — 0, 




X ar*» .( 25 ). 
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and assumes on transposition and division the form 

^ + _±M_a, = _ XW M a*-** .,'25'). 

dv cf> (v) H- vyjr (y') <p (y) H~ v^r (y) . 

Now the reducibility of an equation of this form to a linear 
form has been established in Chap. ir. Art. 11. 

Under the general form (24) are virtually included some 
remarkable equations which have been made the subjects of 
distinct investigations. 

Thus J acobi has, by an analysis of a very peculiar character, 
solved the differential equation (Crelle’s Journal, , Yol. xxrv.) 

(A + A'x 4- A"y) (ocdy - ydx) - (B + B'x 4- B"y) dij 

+ (C+C r co 4- 0"y) dx = 0.(2G). 

If, however, we assume in that equation 

x = %-\- a, y = *7 +A 

we can, by a proper determination of the constants a and /3, 
reduce it to the form 


■( 20 ). 


(ag + a'y) (gdrj — nqdg) — (bg 4- b'rf) drj 4 (eg + ct]) dg — 0 , 

which falls under (24). On effecting the substitution in ques¬ 
tion the equations for determining a and /3 will be found to be 

a (A + A'a + A”/3) - (.B + B'a 4- B"J5) = 0, 

— j3 (A + A 1 a -f A"ff) 4d4da4 C"/3 = 0. 

The most convenient mode of solving these equations is to 
write them in the symmetrical form 

B+B’a + B"0 _C+Ca + G"/3 , , ,, ^ . rfQ 

- — —-—- -. ~ A A cl A B, 

a p 

then, equating each of these expressions to X, we find 

A — X 4- A'a 4- A"j3 = 0, 

B 4- (B f - X) a 4- B"/3 = 0, 

C 4- (7a + (<7'-X)£=0, 
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from which, eliminating a and J3 we have the cubic equation 

(A-\) (. B' - A) (C" - A) -iTC" (A - A) - ^"0 (J3'-A) 

- A'B (C" - A) + (7 4 - A"BC = 0.(27). 

If a value of A be found from this equation, any two equa¬ 
tions of the preceding system will give a and /3. 


9. The present chapter would he incomplete without some 
notice of a method which was largely employed by Euler. 

That method consisted in assuming y, to be a function 
definite in form as respects the variable y, but involving un¬ 
known functions of x as the coefficients of the several powers 
of y. 

After the substitution of this form of y in the partial differ¬ 
ential equation (l),the result is arranged according to the powers 
of y, and the coefficients of those powers separately equated to 
0. This gives a series of simultaneous differential equations 
for the determination of the unknown functions of x. But for 
the success of the method it is necessary that the primary 
assumption for y, should have been chosen with some special 
fitness to the object proposed. The following is an example. 

Required the conditions under which the equation 

Pydx (y + Q) dy — 0 

admits of being made integrable by a factor of the form 


y z + By 2 + Sy ’ 

P, Q, R and 8 being functions of x. 

In the partial differential equation (1), making 

1 


M=Py, N=y+Q, y 


if + Pf + 8y 9 
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clearing the result of fractions and arranging it according to 
the powers of y, we have 

(» + 2-2M" + *2-«S-S' 

+ ( s S-«S)»-°. (28) - 

Whence, equating separately to 0 the coefficients of the dif¬ 
ferent powers of y, we have the ternary system 

. 

»+*§-«£-**». <30) ' 

S d Q. - Q . . .. (31). 

dx dx 

The last equation gives S = cQ, c being an arbitrary constant. 
Substituting this value of 8 in the equation obtained by 
eliminating P from the first two equations of the system, we 

find (2c - .K) <2 <2 + 2 QdR *= RdR, 

or, regarding therein 11 as the independent and Q as the de- 
pendent variable, 

a linear equation of which the solution is 

Q = R-c + c (22-2c)*. 

Hence we have 

8 = c {R - c) + cd {R - 2c) 2 , 

and from the substitution of the value of Q in the first equa¬ 
tion of the ternary system, 

rlT? 
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These values of S } Q, and P, in which R is arbitrary, re¬ 
duce the given differential equation to the form 

{B-c+c (B - 2c) 2 + y\ dy - cy (R - 2c) dR = 0.. .(32), 
and present its integrating factor in the form 

__ 1 _ 

y 5 +■ By 2 +- {c (B — c) ■+ cc (R — 2c) 2 } y * 

B being an arbitrary function of x. 

For other examples the student is referred to Lacroix 
(Traite die Calcul Riff, et du Calcul Int. Yol. ir. Chap. iv.). 
The results of this method are usually ef a very complex 
character, while their generality is limited by the restrictions 
which must he imposed in order to render the system of 
reducing equations solvable. Thus Euler’s equation above 
considered is virtually only a limited case of the general 
equation (21). If we assume 


it becomes 


y-±c = s y B — 2c = t, 


(s -f t) ds + cctdt + ct (tds — sdt), 
which evidently falls under that equation. 

[The Jacobian theory of the Last Multiplier, which is 
connected with the subject of the present Chapter, is dis¬ 
cussed in the Supplementary Volume, Chapter xxxr.] 


EXERCISES. 

1 . The following equations admit of integrating factors 
of the form <)> ix) , vix. 

(1) (x* + y* 4- 2x) dx 4- 2y dy = 0. 

(2) ( af + y*) dx — 2xy dy = 0. 

Determine these factors and integrate the equations. 

2 . The equation 2xy dx + ( y 1 — 3a? 2 ) dy — 0 lias an inte¬ 
grating factor which is a function of y. Determine it, and 
integrate the equation. 
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3. Find those integrating factors of the equation 

ydx 4- (2 y — x)dy — 0 

which are homogeneous functions of a? and y of the respective 
degrees 0 and — 2, and from the consideration of those factors 
deduce the complete primitive of the equation. 

4. For each of the following equations examine whether 
there exists an integrating factor /a satisfying the particular 
condition specified, and if so determine the factor, and inte¬ 
grate the equation. 

(1) y (:r 2 + y 1 ') dx 4- x ( xdy — ydx) = 0, /i a homogeneous 
function of the degree — 3. 

(2) (y 3 4- cixif) dy — aifdx 4- (as *+• y) (xdy — ydx) = 0, (a as 
in the previous example. 

(3) (y - x) dy 4- ydx — xd (-) = 0, fA homogeneous of the 

\y/ 

degree — 1. 

(4) (x 1 -4- if + 1 ) dx — 2xydy = 0, /a a function of if — a;\ 

(5) (y —■ 3x*y 3 — 2a; 3 ) dx 4- (2 if 4- 3 xSf — cc) dy = 0, /x a func¬ 
tion of x s + y- 

(6) (a <2 4- ody 4- 2 xy — y 2 — y s ) dx 4- (y 2 4 -xif 4- 2 xy—x M — x ) dy —O, 
fA a function of the product (1 4- x) (1 4-y). 

(7) (3if-x) dx+ (2if— 6xy) dy = 0, /a a function of 

® + f' 

5. The equation y (ad 4- y 1 ) dx 4- x (xdy — ydx) — () lias a n 
integrating factor of the form <p (x* 4- y 1 ) . Determine it, and, 
from the comparison of the result with that ol (1) Itx. Is 
deduce the complete primitive. 

6. The linear equation 4- Ty = Q having an integral! n* 

factor of the form e-f™*, deduce a corresponding expression 
for an integrating factor of the equation 

i+rv-w- 


be 
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7. Prove that the equation 

d h,?~ dP 4-P 

where P is any function of x, has an integrating factor of the 

r s pit 

7 —p- 7 . Lacroix. Tom. ii. p. 278. 

{y-Pf r 


form 


8. Deduce a similar expression for an integrating factor 

of the equation x + !? + ~r + P*- 0. db. 

1 dx J ax 

9. Investigate the conditions under which the equation 

dy P f. 

j~ 4 - — - Q, 
ax y 

where P and Q are functions of x, can be made integrate 


by a factor of the form 

of/ (4 


y 


\y +/(*)}’ 


, and determine the form 



CHAPTER VI. 


OF SOME REMARKABLE EQUATION'S OF THE FIRST ORDER 

AND DEGREE. 


1. There are certain differential equations of the first 
order and degree, to which, in addition to their intrinsic claims 
upon our notice, some degree of historical interest belongs. 
Among such, a prominent place is due to two equations 
which, having been first discussed by the Italian mathema¬ 
tician Riccati and by Euler respectively, have from this 
circumstance derived their names. To these equations, and to 
some other allied forms, the present Chapter will he devoted. 

Eiccati’s equation is usually expressed in the form 

d ! l + bu‘ = cx m .(1). 

doc s 

But as both it and some other equations closely related to 
it and possessing a distinct interest, may, either immediately 
or after a slight redaction, be referred to the more general 
equation 

x~-~~ a y 4 . Jyy* — cx n .(2), 


the discussion of which happens to be much more easy than 
that of the special equations which are included under it, we 
shall consider this equation first. 

To reduce lticcatibs equation under the general form (2), 

it suffices to assume u = ~ . We find, as the result of this 

x 

substitution in (1), 



y 4 . by 2 = cx m+ * 



which is seen to be a particular case of (2). 
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Of the equation x ^ — ay 4- by 2 = cx n . 

2 . The discussion upon which we are entering may be 
divided into two parts. First, we shall shew that the equa¬ 
tion is solvable when n — 2a. Secondly, we shall establish 
a series of transformations by which a corresponding series of 
other cases may be reduced to the above. 

3. First. The equation x ~ — ay 4 by 2 — cx n is solvable 
when n = 2a. 

For, assuming y = x\ we find on substitution 

of*' ~ + &s*V = ex", 
dx y 

whence, dividing by x 2a , we have 

a 1 '* ^ bv 2 ~ ex™, 
dx 

Now if n — 2a the above becomes 


whence 


x'-‘ ~ -I- u = c, 


dv dx 

T-btf = ’ 


an equation in which the variables are separated. If we 
restore to v its value ~ and transpose, this becomes 


bf-cx 2a + dx-K). 
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an exact differential equation, of which the solution will he 

2 (6c)tr a 

fc\h a Ce ""-Hi 
y \J)) X 2 (be) 1 jc* ’ 

Ce « -1 

t c\% (— Z>c)bcT 

or » = (- 5 ) * tan \C ---}. 

according as b and c have like or have unlike signs. 

4. Secondly. The solution of the equation 

dlf 1 7 2 n 

x ~ —• ay + by = cx 

is always reducible by transformation to the preceding case 
whenever —-— b a positive integer. 

For let y—A-\ -, y x being a new variable which is to 

1 

replace y, and A a constant whose value is yet to be deter¬ 
mined. * On substitution and arrangement of the terms we 
have 

„ , 4S aT T T* n .F m dy n , rN 

— ci A +• bA -H ( a — a -H *•< b A ) ~ 1- b -- 2 , 2 ^ •* -('0* 

Now let - re/l -H Z/^l 2 = 0, then JL = or 0. These values 
of A we shall employ in succession. 

(T/ 

5 . First. If we assume the above equation becomes 

syA* 1 1 7 

c " +a V, + ‘i? 

?/ * 

Multiplying this equation by *-£ and transposing, we have 


is S-( tt+r 0- , A+ < ^ = ^". (,i) ' 
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Now this equation is of the same form as the given equation 
between y and x. The coefficients however differ, in that b 
and c have changed their places, and a has become a + n. 
And this transformation has been effected by the assumption 

a x n 

y = b + V>- 

Hence, if in the transformed equation (6) we make a second 
assumption 

a 4- n x n 

y =s - H-, 

1 o y 2 

we shall have as the result 

- (<* + *0 y, + ty,’- oaT.(7), 

h and c again changing places, and a +• n becoming a -f 2n. 
And the result of i successive transformations of the same 
series will he to reduce the given equation either to the 
form 

rv\ ..... { -T, I n /) r _L /■>/»/ ® 7l1» W ! Nn \ 


x ~~ — (a + in) y L + cy? = bx 7 


(*), 


or to the form 


(a -1- in) i/i + by? = cx n — 




according as the integer i is odd or even. 

Now by what has been established in Art. 3 the above 
equations will be integrable if we have 


n — 2 (a +• in), 


an equation which gives 


n ■— 2 a 
2 n 


( 10 ). 


6 . Secondly. If we assign to A its second value 0, (5) 
becomes 

ry*** fjqf 

s \ to 7 tAs nAJ It f / ^ 

(n - a) - + b —2 - -/ 1 = cx n . 

Vi Vi y. dx 
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Or, multiplying by %% and transposing, 


a; ^ - O - a) y x + cy* = bx n . 


.( 11 ). 


Now this equation for y x differs from the equation (6) ob¬ 
tained for 7j in the previous series of transformations only m 
that a in the coefficient of the second term has become -a. 
With this change only then that series of transformations 
may be adopted in the present instance. The change of a 
into — a in the final condition (10) gives 

n ~h 2 a • 

“ 2 n “ % 

as a new condition under which the equation in y is solvable, 
jf i = l this gives n = 2 a, the condition first arrived at, and 
upon which the subsequent researches were based. 

Collecting these results together we see that the equation 
7 & T n +• 2a . • 

x <±y _ ay + by" = ca- 71 is integrable whenever a positive 

doc 

integer. 

7. Let us now examine the form in which the solution is 
presented. 

If n ~ = i, which is the condition arrived at in Art. 5, 

2 n 

we have the series of transfoimations 

a x ri 
J b Vx 
a + n x n 

J ‘ C y a 

ct so 


ct Hh (i-l)n X? 
y*-' k " + 2/t 


and finally 
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•where k—b or c, according as i is odd or even; and the effect 
of these transformations is to reduce the given equation to 
one or the other of the forms (8) and (9). 

If in the above expression for y we substitute for y t its 
value in terms of y 2 , in that result again, for y 2 its value in 
terms of y a) and so on, we find 


__ a x n 

y ~~ h a n x n 

- ■ ■ • —4— *--— 

e a 4- 


(A.), 


/y —! - f n „ 1 \ Off*' 

the last denominator being-^---1-. The value of 

•c Vi 

y. must then be determined by the solution of (8) or of (9), 
these equations being now susceptible of expression as exact 
differential equations in the forms 

fl r*dy,-(q+fa)y,ar^ < to = 0 . (B) 

cyf — bx v ' 


x a+tn dy i — (a + in) y l x 


by? — cx n 
n — 2a 


fl+in-JJ 

-- -h x aMn ~ x dx — 0 . 


(C). 


When therefore — — i a positive ' integer , the solution of the 

equation x — — ay + by* — cod 71 will be expressed in the form of 

a continued fraction by (A), the value of y. in the last denomi¬ 
nator being given by the solution of the exact differen tial equa¬ 
tion (B) or (C) according as i is odd or even. 

Secondly, if —• —i, which is the condition arrived at in 
Art 0, we have the series of transformations 


V = 
Vi ~ 


x 


1% 


ye 

7) — a 
c 


a: 
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jn 


y *2 


2 n — a so" 

7 ~ I 7 

i y 3 


(i — 1) » — a 






( 12 ), 


where 7c — b or c, according as i is odd oi oven. 1 lom the so, 
eliminating, as before,the intermediate variables y t , 


we find 


x 


n 


y 


n — a _& _ 

o 2?i — a 


cc 


4 . 

1) 3n, — a 


<!>)■ 


c 


In tliis case, 


_ . ( i — 1) n — a x n 

the last denominator being , --r • 

lky y * . 

however, the equation lor y i formed by changing a m a 
in B and 0 will be 


x in ' " <h )j — (in — a) y v *t 
cy; - bx* 


hl-il 1 


+ x in -" 'dr = 0 


or 


x in a djy — ('tn— «) ?/4 ; ' _<g'; x in ~ a ~ '(to 


1 c 7a; 


i a »» 

— ca: 


o 


.(H). 


.(K) 


according as /* is odd or even. 


W7ten therefore n - + 2,4 = i a, positive integer, the volution oj 

ay •+ &?/ = ca? w is expressed by (I>), Uic value of ;/ i in the 
dx , 

last denominator being given by the exact difercnlial equation 

(E) or (If) according as i is odd or even . 


Ex. Given x 


dx 


v + r = 
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„ . n+%CL 0 ... n—2a ^ 

Here n = §, a — l, and as —^-2 while ^ ~ — 1, 

the formulae (D) and (F) must be employed. Assuming 
therein a—\, 5 = 1, c = 1, n = §, ^ = 2, we have 

2/ = _£_ = -^_.(13), 

y 2 

y being given by the exact differential equation 

atey.-jygHIg, + ^ ^ = . (14) _ 

y 2 2 -a ,§ 

from which we find 

J log f y * ~ - - h + 3 o;4 = 0 . .(15). 

\y a + «V 

The elimination of y % between (13) and (15) gives 

kg^^ + <te* = O .(1G), 

°3y®i+3^ + y ^ ' 

which is the complete primitive. 

Ex. 2. Given — -}- u? = x~^. 

dx 

This is an example of Riccati’s equation. Assuming there¬ 
fore u = i ~y we findas^ — y 4- y 2 — x^, which is identical with 

the equation last considered. Substituting therefore in (10) 
ux for y, we find after reduction 

, 3ux* — 3 — ux i „ j 

lo §;r x— - 1 + Gx*=C .(17). 

Sux* + 3 -f vx :i 
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General Observations. 


8 . The connexion between the two conditions for the 
solution of the equation — ay + by 2 = cx n , implied by the 

“ 4 " 2<(7 

double sign in the equation may otherwise be 

established as follows. 


:?i 


If the differential equation be written in the form 


x 


d dL +h y(y- 9 =ci ‘“. (18) > 

it becomes evident that it is symmetrical with respect to 
y and V Assume then y — j as a new variable in place 

CL (L 

of y, and writing y — £ = y', y = y' + ^ , the equation becomes 


x 


7Lc +h { y ' + i)y' =cxn . (1!>) ’ 


or 


* + ay + by* = cx 11 .(20), 


an equation which differs from the given equation only in that 
y has become y , and a has changed its sign. Hence the 

_ 2 ( 7 ; 

conditions n = Q and n = T - are mutually dependent, 

j-i L —• X j-t t X 

and the value of y having been obtained for the former case, 
its value in the latter will be found by changing therein a 

into — a , and finally adding ^. 

It is here also to be noted that instead of beginning with 


x 

an assumption of the form y — A + — as in Art. 4, we might 

Vx . x n 

have commenced our reductions by the assumption y = ^ , 

the former of the above being proper for increasing by n, the 


n 
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latter for diminishing by n the quantity a. And as the first 
led directly to the solution (A), so would the second have led 
directly to the solution (D). 

Lastly, it maybe remarked that each of the above assump¬ 
tions is only the inverse of the other. To increase the value 
of a by n we had to employ the assumption 

ryP 

= A -h —, 

which gives 

__ xn 

y*=-A+y,J 

and this indicates the form of the assumption for the case in 
which a is to be diminished. Hence also by admitting nega¬ 
tive as well as positive values of i, the two forms of solution 
might be replaced by a single one. 


9 . We have seen in Art. 1 that Riccati’s equation 

du 


dx 


4 - bv? = cx 


is reduced by the assumption u = ~ to the form 

™ — y + by 3 = cx m ' +2 . 


Hence the condition for the solution of Riccati’s equation, 
found by substituting in the final theorem of Art. G, 1 for a 
and ml-2 for n , will be 

m -f- 2 4 2 . 

2»1 r 1 =t ’ 

whence 

ot=-2±~-j. (21), 


i being a positive integer. 
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We may give to the expression for m another form, viz- 
-— 4fi 

m = 2z~+l ’ ^ Emitting °f value 0 together with positive 

integral values. In order to prove this, let it be observed 
that two values of m included in (21) are 


- 4i , — 4 (i —• 1) 

m — —- , and m = —~——- 

2z — 1 1 % — 1 


If in the second of these values we change i— 1 into f, and 
therefore i into i + 1, a change which merely involves that 
we interpret i as admitting of the value 0 as well as of posi¬ 
tive integral values, we find 


m = 


2i+l 


( 22 ). 


When f = 0 this gives m = 0, and as this value also results 
from the first of the expressions for m on making i — 0, we are 
permitted in that formula also to regard i as admitting of the 
same range of values. Hence, combining the two formula; in 
a single expression, we have 


\'i t 1 


(28), 


i being 0, or a positive integer. 


10. "Riccati’s equation may also be reduced, and it usually 
has been reduced, by a series of double transform at ions, of 
which the following will serve as an example. 

(Ill 1 1 

The equation being + bid = cx n \ let u= . + v . 

We have 

du 1 _ _2 _ 1 du x 

dx bad xdu t adu* dx ’ 

, 2 1 2 h 

b u — . , 2 4- — 1 —t 2 • 

OX XU, XU, 
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Substituting these values in the given equation, we have 

b 1 die. 


Whence, 


X*U* X*U* dx 


du . 


1 - cx m . 


0*^2 +car^uf-b = 0. 


In this equation assume x = z m+a , then 

du. du .. dz . , 

= (m 4- 3) z 


•m+2 


n _ 


dx dz dx 


m . s du, 

dz ’ 


whence, after substitution and reduction, 


du 


1 4- 


w. 


£ 


?n4-4 
7 ^ 4-3 


(24), 


dz m + 3 1 m 4- 3 

an equation differing from the given equation, as to its coeffi¬ 
cients and indices, in that b has been converted into 


c 


o y 


m 4- 3 

b . 772 ~f- 4 

into-- , and m into-- ; but which is still of Riccati’s 

m + 3 m 4- 3 

form. The transformation, it will be observed, is a double 
one, as it affects the independent as well as the dependent 
variable. 

. 

Now if m be of the form --, we find on substitution 
and reduction 


m + 4_ -4(f-l) 


Hence, a second double transformation of the same nature as the 
last will reduce the differential equation to a form in which the 

index in the second member will become — _ -- „ . And 

2 (% — 2 ) — 1 

thus after a series of i transformations the index is reduced 
to 0, and the equation becomes solvable by separation of the 
variables. 
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To establish another condition of solution, assume in the 

1 1 

given equation u — ~ , x — z m+1 , then, after substitution and 


reduction, we have 


y 


dy 




y 


z 


- m 
?to+l 


dz m +■ 1 ^ m -hi 

which, by what has preceded, will be solvable if we have 


m 




m+ 1 

whence, m = 


2 i - 1 * 
U 


2i + 1' 


Combining these results it appears that Riccati’s equation is 

. ,, , 4 ^ 2 , 

integrable if m = -j, i being 0 or a positive integer. This 
agrees with (23). 

It is manifest from the complexity both of the transforma¬ 
tions above described and of the results to which they lead, 
that Riccati’s equation is, in its actual form, far less adapted 
for such transformations than the equation 


x 


dy 


dx ~ m J + W = cx "’ 

to which it is so easily reduced. 

11. Riccati’s equation becomes linear on assuming 

1 dw 


XL 


bw dx * 


The transformed equation is 

cPw 


dx 2 


— bcx m w = 0 


(25). 


We shall consider it under this form in a subsequent Chapter. 
[See Exercise 3 of Chapter xvil.] 
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To Riccati’s equation some others of greater generality may 
be reduced by a change of variables, e.g. the equation 


~ 4- bx m u 2 = cx n 
ax 



by assuming x m+l — t. 


Eider's Equation. 

It has already appeared that the solution of a differen¬ 
tial equation may sometimes be freed from transcendents 
introduced by integration. An example of this has been 
afforded in the instance of the equation 

_ dx _. _% . _ o 

V(i - VO - y 2 ) ’ 

(Chap, ii.), the solution of which is capable of being exhibited 
in an algebraic form, although immediate integration intro¬ 
duces the transcendental functions sin -1 #, sin -1 ?/. The inquiry 
is here suggested whether in any other cases the direct inte¬ 
gration may be evaded, an inquiry the more important as our 
means of integration are so limited. Euler succeeded in ob¬ 
taining without direct integration the solution of the equation 

_ dx ___ d't 

faa + bx + cx 2 + ex s 4 - fa '“) \f (a + by + c>f 4 eif 4 - f>f) 

and of some related forms. The result belongs to the theory 
of the elliptic functions, and may be established independently 
by the methods which more peculiarly pertain to that theory. 
But the method by which Euler arrived at that result demands 
notice here. 


12. To integrate the equation 

_ ,t,: ... , _.. = n rn 

V (a 4- bx 4 cx 2 + ex 3 +fa*) a/ (a 4- A/ 4- e if -1- eif 4 fy 4 ) . 

Representing the polynomials a -\-bx + cx 2 4 - ex s 4 - j £ c 4 , and 
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a + by -{-cy* + ey z H vfy 1 by X and Y respectively, we have to 
integrate 


dx dy __ 



The ordinary solution of this equation in the sense of Art. 5, 
Chap. i. would be 


/ 


dx 

V(A) 



but it is our present object to obtain an algebraical relation 
between x and y without performing the integrations above 
implied. 


L,t 

^ K 'y \ _ 

at -Vl dt - 


then 

-V(i x ) 



Also let x+y = p, x — y = q. We shall endeavour to form a, 
differential equation in which p and q are dependent variables, 
and t the independent variable. 


From (3) we have 

% = VW-V(V). (4), 

§=vm + v(v). ('»), 


therefore % - 9 = X-Y 
at at 

= bq-\- cpq -f \ eq (3 p* -+- q z ) 4- 4 fpq + <f) • • ■ (b), 
since the transformations x + y =p, x — y = q give 

od-y* = pq, 

x 3 - f = {x-y) (a: 2 + xy + if) = '/ P * 9 ) , 
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ettler’s equation. 


[cr-r. vi. 


- y i = (rf - f) 0* 2 + f) = P2 (f^) • 

Again, from (3) we have 

d 2 x _ d»J{X) = dx dJ( X) = 1 dX 
dtf ~~ dt dt dx 2 dx 9 
cZ 2 y ldF. 

oft 2 2 dy ’ 

whence by addition 
c*t 2 “2^ + 

= 5 + GiJ + |e(p 2 +2 2 ) + i/p (p* 4- 3 2 =).(7), 


on effecting the differentiations and transforming as before 
from x and y to p and q. 


Multiplying (7) by q, and from the result subtracting (6), 
we have 

C P P _ d P d 'l = 5 / + -fiy,* 

® dtf dt dt 9 ™ ^ 


Therefore 


2 

vS 


\ C e + 2fp). 


2 d?p 2 dp dq ~ c 

^ oft g 3 dt dt J L 

dp 


Now multiplying both sides by -~ 


9 dp cPp 

w oft 2 fdpV 
q* \dt) 


x 



= («+ 2 \/p) j 



from which, each member being an exact differential, we 
have on integration 

\ @ = e r + /r a + o, 

C being an arbitrary constant. 
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°^ = q\/(C+ep+fp ! ). 

Therefore by (4) 

V W - V( Y) = (oo - y) a/{C + e (x 4- y) +f(x 4- y )*}.. .(9), 

the integral required. 

The student may apply the same process of transformation 
and reduction to the equation 

dx dy 

(cl -p bx -j - cx 2 + &x 3 4- yh? 4 ] d 4~ by 4- cy 2 4~ ~h 

= 0 .( 10 ). 

The resulting integral will be 

V (X) + 7( F) = (0 - y) v [G + «(* + y) +/(* -+ »)*} • • - (11). 

13. It will probably appear that there is something arbi¬ 
trary in the inode in which, in the above investigation, the 
final differential equation (8) between jo, q, and t, upon which 
the solution of the problem depends, is formed. The analysis 
which is subjoined may throw some light upon its real nature, 
and shew of what general theorem that equation constitutes 
an expression. 

Prop. Whatever may be the form of the function <j> (tr), 
the following theorem of development holds good, viz. 

£(//)-<#>(*) = A A4> (#) + <£' (*)} ( 2 /-®) 

+ (*)+*"»}(*-*)• 

■+ A A < f > "(s) + <£ v <»} {y~ x Y + <&c....(12), 

wherein A , A , A B , &c. are the coefficients of the successive 

€ x _ 1 

powers of x, in the development of the function ^ in a 
series of the form 

A + A s £t 8 4- A h x r> 4- &c. 
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For let y = x-\-h 7 then, employing a well-known symbolical 
form of Taylor’s theorem, 

{y) - <f> O) = <t> ~ <t> 0*0 

7, d 

a dx__-\ h ± 

= —-* --(« “* + 1) <#> (*) 

e ‘^+1 


d 

dx 


<i 

dx 


<f> (ic 4 Ji) 4 cf> (x) 


+ 1 


{ A ' h !L + A > h ’{&. 


d \ 3 p 
) + &c. 


<j> (a 4 h) + </> (x) I 

4 

.(13), 


where A lf A s , &c. have the series of values above described. 
Hence, performing the differentiations and replacing x 4 h 
by y, and h by y — x, we have 

<f>(y)-<t> (»') = A i [<f> (y) + 4>' (*)} (y - 


+ A , {*"' (y) = </>"' (*)} 0/ - *)’ + &c.... (14), 


which is the proposition in question. 


The values of A x , A a , A B , &c. may be expressed by means 
of Bernoulli’s numbers, but they may also be calculated very 

e x — 1 

simply by developing the exponentials in the fraction , 

and then expanding the fraction itself by division. We 

readily find 


A 


1 A 

2 ’ *^3 


1 A = X - A = - 4 
24 ’ 5 240 ’ 7 40320 ’ 


When c/> (.r) is a polynomial of the fourth degree, we have 

<j> v (,'<•) = 0, ( x ) = 0, &c„ 
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and the theorem is reduced to the followinor, viz.: 

4> (y) — $ (*) = ^ {<f> (y) + 4> («)} (y—«) 

- {<£'" (y) + (*)} (y - *)*.(i5). 

Now the differential equation (8) into whose origin we are 
inquiring is merely a transformation of the last theorem. 
We will on this occasion, and for the sake of variety, ex¬ 
emplify the above remark in the solution of the differential 
equation 

j f_ dy 

'/{<£(«)} v'{«#>(y)}.^ 

in which 

(f> (oc) = cM- bx 4- c;c 2 -f eaf -j- fas 4 .(17), 

4> (y) = a + by +• cy 2 + <?y 3 -j-/y 4 .(18). 

Representing either member of (16) by dt and assuming t as 
an independent variable, substitute the values hence deter¬ 
mined for </> (pc), <f>' (as), <j>'" (as), &c. in the theorem (15). There 
will result 

^ = V{<£ (&■)}. (y)}- 

Hence <M*)=(§), 4> (y) = (jf, 

ir / s__ d /dx\? _ dt d fdx \ 3 
^ ^ c&r \d£/ dxdt\dt) 

_ 9 d?x 

~ dtf ’ 

4> b/)= 2 • 

Lastly from (17) and (18) 

(«;) —24<fx'-\-6e, 

<j>" (y) = 24 fy + Ge, 
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by which substitution, (15) becomes 

M/Y f dx \* _ ( d 'y , _.n _ 


c& 2 cZtf 5 


(y - a?) - (jfc +/y + 5) (y - a?) 


Or, transposing 


2 /cZ.r\ 2 , N (d 2 x d?y 


'x+fy+ ^)(y-x)*...{l'd). 


Now the very form of this equation suggests the transforma¬ 
tion x + y =p, x — y = q, by which it becomes 

_^^ + (7 5P = f f v + e Ao a 

dt dt q df \ J1 + 2/ q ’ 


whence multiplying by dp and integrating 


( d £)-^<i=fp*+ep + c- 


therefore 


V{4> (g)] + V{<ft( y)} 

x-y 


—f{x + yY + e (x + y) + G. . .(2p), 


the integral sought. 


EXERCISES. 


1. 

8 

sU.&w 

1 

+ 

il 

2. 

II 

+ 

Q 

1 

^3 1^3 
*3 

3. 

du n — i 

+ u* = cx \ 
ax 

4. 

du . -1 <1 _4 

- 1 - tut = cx \ 

ax 




EXERCISES. 


Ill 


CH. VI.] 

5. = 2aT* 
dx 

6. Assuming tlie conditions for the solution of Riccati’s 
equation, Art. 9, investigate those under which the equation 

+ bx m u 2 — cx n is integrable. 
ax ° 


7. Assuming the conditions, Art. 6, under which 




% 

dx 


— ay + fry 2 = cx n 


is integrable in finite terms, investigate those under which the 
equation 



+ a + J3y + yy 2 = Sx n 


is integrable in finite terms. 


8. Transforming the equation x — — ay + by 2 = cx 2a , by 

assuming x a — t , an integrating factor may be found by Art. G, 
Chap, v." 

c l u 

9. The equation + bu 2 = cx m + — 2 , more general than 

cLjo Ob 


dy 


Riccati’s, is reducible to the form x-j^ — a'y + h'y*~ c'x n 7 con- 


dx 

side red in Art. 3, by an assumption of the form u 


V ~ A 


x 


10. Hence investigate the conditions under which the 
former equation may be solved. 

11. The same equation may be reduced to Riccati’s form 
by an assumption of the form y = Ax~ l + z<fi (u?), followed by 
a transformation affecting only x. 
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CH. VI. 

« 


12. Integrate the equation 


dss dy 

V(drf+tf ifx) * V(a+ by + ctf+etf j-fy) 

by the application of the theorem of Art. 13. 



13. Deduce from that theorem the following expression for 
the value of a definite integral, viz.: 




CHAPTER VII. 


ON DIFFERENTIAL EQUATIONS OF THE FIRST ORDER, BUT 

NOT OF THE FIRST DEGREE. 


1. Referring to the general type of differential equations 
of the first order, viz.: 

r {* * 2 )-°- 

we have now to consider those cases in which ■ is so in- 

dx 

volved that the given equation cannot be reduced to the form 

= 0 , 

already considered. 

Freed from radicals the supposed equation will, however, 
present itself in the form 



where P 1? P 2 , ... P n are functions of x and y . 

An obvious preparation for the solution of such an equation, 
is to resolve its first member, considered as algebraic with 

respect to the differential coefficient^, into its component 

factors of the first degree. If^,... p n be the roots of (1) 
thus considered, we shall have 
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J>y P*> Pn being supposed to be determined as known func¬ 
tions of x and y. And it is now manifest that any relation 
between x and y which makes either one or more than one of 
the factors of the first member to vanish, will be a solution of 
the equation, and that no relation between x and y not pos¬ 
sessing this character will be such. Hence if we solve the 
separate equations 


dy 

dx 



dx 


-p t = o, — 


dy 

dx 


Pr 


0 


(3), 


any one of the solutions obtained will be a solution of (2), 
since it will make one of its factors to vanish. And if we 
express the different solutions thus obtained, each with its 
arbitrary constant annexed, in the forms 

V X -C^Q, V 2 — C 2 = 0, ... V n — C n = Q, 

any product of two or more of these equations will also be a 
solution of (2), since it will cause two or more of its factors to 
vanish. 


Ex. Given the differential equation 

(g’-ay.o... 

Here the component equations are 

dy 

dx~ a y =() ’ 



dy 

dx 


-hay = 0, 


and their respective solutions are 

log y — ax — c x — 0 ..(5), 

log y + ax — c 2 = 0 .((>). 

Either of these equations is a solution of the given equatic 
and so is their product 1 

(log y - ax - Cl ) (log y + ax - c a ) = 0.(7). 
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2. And here two important questions are suggested. First, 
how is it that two arbitrary constants present themselves in 
the solution of an equation of the first order ? Secondly, is it 
possible to express with equal generality the solution of the 
equation by a primitive containing a single arbitrary constant 
in accordance with what has been said of the genesis of 
differential equations of the first order, Chap. I. Art. 6 ? 
These are connected questions, and they will be answered 
together. 

The equation (7) implies that y admits of two values each 
involving an arbitrary constant, but it does not imply that y 
admits of a value involving two arbitrary constants. The 
component factors of the solution separately equated to 0, as 
in (5) and (6), give respectively 

y= Ojr, y-Cjf- .(8), 

each of which involves one arbitrary constant only, and each 
of which corresponds to a single factor of the given differential 
equation. The true canon is, not that a general solution of 
an equation of the first order can involve only one arbitrary 
constant in its expression, but that each value of y which 
such a solution establishes involves in its expression only a 
single arbitrary constant. 

At the same time there is a real sense in which it remains 
true that every differential equation of the first order, what¬ 
ever its degree may be, implies the existence of a complete 
primitive involving a single arbitrary constant, and there is a 
real sense in which such primitive constitutes the general 
solution of the differential equation. To reconcile these seem¬ 
ing contradictions I shall shew that if we suppose the arbi¬ 
trary constants c x and c 2 in (7) identical, and accordingly 
replace each of them by c, we shall have an equation which 
will be, first the true primitive of (4), in that it will generate 
that equation by differentiation and the elimination of c, 
secondly its general solution, in that no particular relation is 
deducible from the solution (7) involving two arbitrary con¬ 
stants which may not also, by the use of a lawful freedom of 
interpretation, be derived from it. 
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Thus replacing c x and c 2 by c, we have 

(log y— ax —c) (log y -f ax — c) = 0. 

whence (log y) 2 — a 2 # 2 — 2c log y + c 2 = 0. 


Differentiating, and representing 



by p. 



2 log y ~ — 2a 2 rc — 2c - = 0, 

2 / y 

whence c =- - -f log y. 


'cfxy 

~P~ 


ax 


Substituting this value in (9), we have 

which reduces to 

a 2 # 2 (<x 2 y 2 —_y 2 ) = 0. 

Or, rejecting the factor aV 2 which does not contain y>, and 
replacing by ^, 

■dy\ 




the differential equation given. Thus (9) is its complete 
primitive. 

Again, that solution is general. The two relations between 
y and x which it furnishes are 

y= Cf*, y= Ce~ ax .(10), 

and these differ in expression from (8) only in that the arbi¬ 
trary constant is here supposed to be the same in one as in 
the other, but as it is arbitrary and admits of any value, there 
is no single relation implied in (8) which is not also implied 
in (10). And it is in this sense that the generality of tlie 
solution is affirmed. 

[See the Supplementary Volume , Chapter xx. Art. 1.] 
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3. These illustrations will prepare the way for the de¬ 
monstration. of the general theorem which they exemplify. 


Theorem. If the differential equation of the first order and 
n th degree he resolved into its component equations 




„ = o & 

dx P * dx 



and if the complete primitives of these equations are V x — c x » 
V 2 = c 2 , ... V n = c n , then the complete primitive of the given 
equation will he 

(r 1 -o)(n-c)...(r„-c)= o. 

Let us first examine the case in which the proposed diffe¬ 
rential equation is of the second degree, and therefore express¬ 
ible in the form P*) = Suppose that the 

du 

integral V x = c x is derived from the equation — p x — 0 by 

means of an integrating factor p x . Then dV x = p x dx. 

In like manner we shall have dV 2 = p 2 (fPc ~~I*) d x - Now 
taking the equation 

(j;-c)(v # -c)-o. (ii) 

as a primitive, we have, on differentiating with respect to x 
and y, 

( V x -c) d\\ + (F a - c) d V t = 0 .(12). 


Therefore 


_ V x dV 2 + KdF x 
d y, -r d ’ 

v -vjav x 

1 dVP-dVl ’ 

2 d\\-\ dV\ ■ 


whence 







118 DIFFERENTIAL EQUATIONS OF THE FIRST [CH. VII. 
Substituting these values in (II), we have 


(r 1 -v a yjr 1 dv, = o .(is). 


which gives ( V 1 - V 2 y -Pi 



= 0... (14). 


And this, on rejecting the factor (V x — which does 

not contain any differential coefficients, becomes identical with 
the given differential equation. Hence (V x — c) ( V a - c) = 0 
is the complete primitive of that equation. 


To generalize this particular demonstration it would be 
necessary to eliminate c between the equation 

(K-c) (V 2 — c)...(V n — c) = 0 .(15), 

and the equation thence derived by differentiation with re¬ 
spect to x and y. The ordinary process of elimination, as 
exemplified above in the particular case in which n= 2, would 
be complex, but the result may be determined without dif¬ 
ficulty by logical considerations. It will suffice for this pur¬ 
pose to consider the case in which n'= 3. 


We have then as the supposed primitive 

(n-^)(F 2 ~ c )(F 3 -c) = 0 .(16), 

and as the derived equation 

<r,- t >cn-<£ + fg) 

+ <n-o)(F;-«,(g + =iSg 
+<r,-c>)cn-.> (£+£■*)-„.(17). 

Now (16) implies that some one fit least of tlie equations 


K-c = 0, r 2 


o, v 3 - c = o, 


is satisfied. 
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If tlie first of these equations is satisfied we have c= V x , 
and substituting this value in (17) there results 

(V # -r 1 )(r 1 -r 1 )rfF 1 - o.(is). 


If the second equation of the system is satisfied we have 
in like manner 


(V 3 -VJ (v t -rjdV' = 0.(19). 

If the third equation of the system is satisfied we have 

K)dV 3 = 0 .(20). 

Hence the existence of (16) as primitive supposes the exist¬ 
ence of some one at least of the equations (18), (19), (20), and 
therefore of the equation 

(V*-V 3 ) 2 (V 3 - V x f{V x -V 2 ) 2 dV x dV 2 dV a = 0 .(21), 

which is formed by multiplying those equations together. 

Conversely the supposition that the equation (21) is true, 
involves the supposition that one at least of the equations 
(18), (19), (20) is true. 

The equation (21) is therefore equivalent to the result which 
ordinary elimination applied to (16) and (17) would give. 
The same process of reasoning applied to the more general 
equation (15) as supposed primitive, would lead to a result 
of the form 

KdV l dV 2 ...dV n =0 .(22), 

K being the product of the squares of the differences of 
V V V 

On comparison with (13) we see that in the particular case 
of n = 2, tliis is not only equivalent to but identical with the 
result of ordinary elimination in that case. And this identity 
of form, though it is not necessary to our present purpose to 
establish it, might be demonstrated generally. 

<iu 

dx 


Now dV x — fx x ^ 


p^dx, dV 2 = p 2 dx, &c. 
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Hence (22) gives 
•« •y> n 




or, rejecting the factor which does not contain 

differential coefficients, 



Of this equation it has therefore been shewn, as was required, 
that (V x — c) ( V 2 — c) ... ( V n — c) = 0 constitutes the complete 
primitive. 

[See the Supplementary Volume , Chapter xx. Art. 2.] 


Ex. Given —-=0 

\dx) x 


( 1 ). 


Here the component equations are 

ax \xj dx \x) 

and their respective integrals are 



y-c 1 -2VW = 0. (2), 

y — c 2 + 2 V(«£c) = 0.(3). 

Replacing both constants by c and multiplying the equatio 
together, we have 

(y — c)~ — 4<ctx — 0.(4), 

as the complete primitive. 


How this primitive represents a series of parabolas, the 
parameters of which are constant and equal to 4a, and the 
axes of which are parallel to the axis of but the ver¬ 
tices of which are situated at different points of the axis of 
y, corresponding to the different values which may be given 
to the arbitrary constant c. Of these parabolas the equations 
(2) and (3), which may be written in the more usual forms 

2/-c 1 = 2VK y-c 2 = -2 V(ax), 
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represent respectively ttie positive and the negative branches, 
while the equation 

{y _ Ci _ 2 >J(ax)) [y — c 2 + 2 f(ax)} = 0.(5), 

represents the terms which would be found by taking one 
positive and one negative branch, but not necessarily from 
the same parabola. Thus there is no portion of the loci re¬ 
presented by the apparently more general solution (5), which 
is not also represented by the complete primitive (4). The 
defect of generality, if as such it is to be regarded, consists 
in this that while each branch of every curve in the series 
is represented, those branches which belong to the same curve 
are paired together. 

[On the subject discussed in the first three Articles of the 
present Chapter the student may consult a paper by Pro¬ 
fessor De Morgan entitled On the question , What is the solu¬ 
tion of a Differential Equation 1 The paper is published in 
the Cambridge Philosophical Transactions , Vol. X.] 


4. There are certain cases in which differential equations 
of the first order can be solved without the resolution of the 
first member into its component factors. Of these the most 
important are the following. 


1st. When the given equation contains only one of the 

fjLqj 

variables x and y in addition to , being either of the form 



or of the form F 




= 0 . 


2ndly. When, involving x and y only’ in the first degree, 
it is expressible in the form 

X<t> (p) + ip) = X (p)> wller0 P = d Jj:' 


3rdly. When the equation is homogeneous with respect to 
x and y. 

These cases we shall consider separately. 
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Equations involving only one 

with 


of the variables oc and y 
dy 

dx * 


5. In this case if, representing ~~ by p, and regarding 

p a new variable, we form a differential equation between 
p and the variable which does not enter into the original 
equation, and integrate the equation thus formed, the elimina¬ 
tion of p between the resulting integral and the original 
equation will give the complete primitive required. For it 
will express a relation between x, y, and the arbitrary con¬ 
stant introduced by integration. 

Thus if from the equation F(x,p) = 0 we deduce x~f(p), 
then, since dy =pdx, we have 


dy =*Pf (p) dp ; 

therefore y = Jpf (p) dp 4- c ... (1). 

After^ the integration here implied y will be expressed as a 
function of p and c, and between that result and the original 
equation p must be eliminated. 


In. like manner, if from F(y,p)=-0 we deduce y—f(p), 
the equation dy = pdx gives f (p) dp =pdx> whence ' 


whence 



x =j-tMAp +c . ( s )t 

between which (after the integration has been performed) and 
the original equation, p must be eliminated. 


But these methods,^ though always permissible, are only- 
advantageous when it is more easy to solve the given equa¬ 
tion, with respect to the variable x or y which it involves 
than with respect to p. " J 
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Ex. 1. Given x — 1 H-jp 3 . 

Here dy =pdx —p x 3p*dp — 3 p*dp ; 

therefore y — + c .(3). 

Now as the original equation gives p —{x — l)*', the com¬ 
plete primitive found by substitution of this value in (3) 
will be 


y = 


|(* - l)*+c 


W, 


and it would be directly obtained in this form by integrating 
the origiual equation reduced by algebraic solution to the form 


dy 

dx 




This example illustrates the process but not its advantages. 
Ex. 2. Given x — 1 4-y> 4- p*. 

Here dy = pdx — pdp 4- ojfdp ; 
xl n 2 3// 

therefore y — \ } 4 - , - + c . (o), 

between which and tlio original equation p must be eliminated. 
We may do this so as to obtain the final equation between x 
and y in a rational form ; but, if this object is not deemed im¬ 
portant, we may, by the solution of a quadratic, determine p> 
from (5) and substitute its value in the given equation. 


Ex. 3. Given y = p 2 + 2/A 

Here since pdx = d,y we have 
1 

dx = dy =■ 2 dp 4- Gpdp ; 
x — 2 p 4- 3!p a 4 C. 


therefore 
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From this equation we find 


P = 


-1 +V(3 x + C) 
3 




C being an arbitrary constant introduced in the place of 1 — 3c; 
and y will be found by substituting this value of p in the 
original equation. 


Equations in which x and y are involved only in the first degree , 
the typical form being xcf> (p) + y^ (p) = ^ ( p). 

6. Any equation of the above class may be reduced to a 
linear differential equation between x and p, after the solution 
of which, p must be eliminated. 

The reduced equation is found by differentiating the given 
equation and then eliminating, if necessary, the variable y. It 
may happen that such elimination is unnecessary, y disappear¬ 
ing through differentiation. 


Ex. Let us apply this method to the equation 

y —xp +f[p) . 

usually termed Clairaut’s equation. 

Differentiating, we have 


p^p+x^+f'ip) 


dp 
dx y 



whence 


{*+f(p)} d £=o. 


How this is resolvable into the two equations, 

a +/' (p) = 0. 


^ = 0 
ax 


(-)■ 

(3). 


The second of these, which alone contains differentials of the 

new variables x and p, is the true diffeventiccl equation between 
x and p. 
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Integrating it we have p = c, 
and substituting this value of p in (1), 

y = cx+f(c) . (4), 

which is the complete primitive required. 

But what relation does the rejected equation (2) bear to 
the given differential equation (1), and what relation to its 
complete primitive just obtained ? 

^ If w r e eliminate p between (1) and (2) we obtain a new rela¬ 
tion between x and y not included in the complete primitive 
already found, i. e. not dedueible from that primitive by 
assigning a particular value to its arbitrary constant, and yet 
satisfying the same differential equation, and, as we shall 
hereafter see, connected in a remarkable manner with the com¬ 
plete primitive. Such a relation between x and y is called a 
singular solution. We shall enter more fully into the theory 
of singular solutions in a distinct Chapter, but the following 
example will throw some light upon their nature, as well as 
illustrate the process above described. 


m 


Ex. Given y = xp + —. 


Here differentiating we have 


0 


' m\ dp 
^ p>/ dx ' 


From the equation ( J^ — 0, we have p —c, whence 


m 

y — cx -1- 

J c 


(’O’ 


m 


the complete primitive. From the equation x — = 0, we have 
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and this value substituted in the original equation gives, after 
freeing the result from radical signs, 

y 2 = 4 mx .(6), 

the singular solution. 

Here the singular solution (6) is the equation of a parabola 
whose parameter is 4m, and the complete primitive (5) is the 
well-known equation of that tangent to the same parabola 
which makes with the axis of x an angle whose trigonometri¬ 
cal tangent is c. 


Now, for the infinitesimal element in which the curve and 

its tangent coincide, the values of x, y , and ~ are the same 

in both. And thus it is that the algebraic equations of the 
curve and of its tangent satisfy the same differential equation 
of the first order. 


^ On the other hand, if (5) be regarded as the general equa¬ 
tion of a system of straight lines, each straight line in that 
system being determined by giving a special value to c in the 
equation, the envelop or boundary curve of the system will 
be determined by (6). Here the singular solution is presented 
as the equation of the envelop of the system of lines defined 
by the complete primitive. 

7. In the second place let us consider the more general 
equation 

y = af (p) + <f> (p). 

Differentiating, we have 


p =/ (p)+1 x f (p)+<t> (p) | ^, 


whence 

{? -/(P )| “/' Cp) (p). 

or 

d JH _ f’(P) x _ &(p) 

d P P-f(p) P~f{p)’ 
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a linear equation of the first order by which x may be deter¬ 
mined as a function of p. The elimination of p between the 
resulting equation and the given one will give the complete 
primitive. 

The typical equation 

x<p (p) + yi]r ( p ) = X (p) 


may be reduced to the above form by dividing by (p), but 
it may also be treated independently by direct differentiation. 

Instead however of forming a differential equation between 
x and p, we may form a differential equation between y and 
p. Or, with greater generality, representing any proposed 
function of p by t , we may form a differential equation be¬ 
tween either of the primitive variables and t. Such a diffe¬ 
rential equation will necessarily be linear with respect to the 
primitive variable retained, and its solution must of course be 
followed by the elimination of t. And this general procedure, 
more fully to be exemplified when we come to treat of some 
of the inverse problems of Geometry and of Optics, is often 
attended with signal advantage. 

Ex. Given x 4- yp — ap*. 

We shall reduce this to a differential equation between x 
and p. 


Differentiating, we have 


1 


+ p 2 + y 


dp 

dx 



dp 

dx 


7 


then eliminating y by means of the given equation, we have 




dp 
dx * 


which may be reduced to the linear form 


its integral being 


dx x ap 

dp ~ p~(l -T ? /) = f+p 2 ’ 


_ P_ 

v(i +y) 


X = 


\G + a log (p + \/(l +p 2 )]]. 
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If in this equation we substitute for p its value in terms of x 
and y furnished by the given equation, i.e. if we make 


jP = 


(y 2 + 4 ax) 
2 a 


> 


we shall be in possession of the complete primitive. 

Had we chosen to form a differential equation between y 
and p> we should have, on differentiating the given equation 
while regarding y as the independent variable. 


dx . dp 

dU, +P + y Ty 


Zap 


dp 

dy’ 


dec X 

whence, replacing by^ 


and reducing, 


dy . P „ - 2(7 P * 

dp 1 -p jp*1 +y> 2 ’ 


therefore on integration 


y = 7(in^) ^ G+ a P vc 1 +? 2 ) - ® l °g { p + v(i + 

from which, as before, p must be eliminated. The final results 
are of course identical. 


Homogeneous Equations of the first order. 

8. Equations which are homogeneous with respect to x 
and y may be prepared for solution by assuming y — vx. 

The typical form of such equations is 



Assuming then ^ = v, and dividing by x n , we have 

<£ (v f p) =0. 


( 2 ). 
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If we can solve this equation with respect to p, we have 

p=f(v). 


But, since y — xv, 

dv 


Thus the transformed equation becomes 


x 


dv 

dx 




whence 


dv 

V -f\v) 




an equation in which the variables are separated, and in the 
integral of which it will only remain to substitute for v its 

value -. 
x 


But if it he more easy to solve (2) with respect to v than 
with respect to p , and if the result be 

v=f{p)> 

then restoring to v its value - , we have 


y = xf (», 

which is a particular case of the equation of the previous 
section. Hence differentiating, we have 

t =/ (A + V' 00 £. 


dx f ' (p) dp „ 
^ + f\p)~P 


from which results 



130 


HOMOGENEOUS EQUATIONS. 


[CH. VII. 


an equation in •which, the variables x and p are separated. 
Between the integral of this equation and the given equation 
p must be eliminated, and the relation between x and y which 
results will be the complete primitive. 


Ex. Given yp-\-nx — \/ y 4 - nx*) »J(1 -f p e ). 
Assuming y = vx } we have 

vp + n= *jy 4- n) V (1 -f p*). 


the solution of which with respect to p gives 


P~ V± Vt n ) 

t v y 4 

But 

dv 

P = X T* + V - 


Therefore 

dv [ (n — Y\ 

X dx~ ± \'\ n ~J 

1 V( v 2 4 ri). 


_ dv _ /fn — X\ (Jx 

V ~ \ V n y sc 


Integrating, we have 

c 

therefore v 4 - ^y + n) = ' 

or, replacing v by -, 

2 / + VC*/ 2 4- rca? 2 ) = ) 

the complete primitive. 


n 


loir 

O 


,7; -{-■ C 
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Equations solvable by differentiation. 


9. A remarkable class of equations, the theory of which 
has been fully discussed by Lagrange, deserves attention. 

It has been shewn, Chap. I. Art. 9, that if two differential 
equations of the first order, each involving a distinct arbi¬ 
trary constant, give rise to the same differential equation of 
the second order, they are derived from a common primitive 
involving both the arbitrary constants in question. 

Let us suppose these differential equations of the first order 
to he reduced to the forms 



* (*' t. 


(-)> 

dy 


and let the primitive obtained by the elimination of ~ be 

<X> (x, y, a, h) — 0. Lagrange has then observed that if we 
have any differential equation of the first order of the form 


F {<£ 


y> 


cl,f 

dXj 


^ (&, y 


<kl\ 

’ dx) 


0 


■( 3 ), 


its complete primitive will still be c l ) (x, y, a, b) =0, but with 
the condition that a and b are no longer independent con¬ 
stants, but arc connected by the relation 


F (a, b) = 0. 

This is an obvious truth. For as, by hypothesis, the sup¬ 
posed primitive <1> (.r, y, a, b) = 0 gives 

* (•'■’ % - «' + (*• * £3= b ’ 

it will convert (3) into F (a, h) —- 0, and will therefore satisfy 
"that equation if a and b are connected by the relation 

F(a, &) = (). 
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Moreover it contains virtually only one arbitrary constant, 
for tbe relation F(a, 6) = 0 permits us to determine b as a 
function of a. Hence it will constitute the complete primitive 
of (3). See also Chap. I. Art. 10. 

This result may be expressed in the following theorem. 

If any differential equation of the first order be expressible 
in the form 

F (4>, ir) = 0 .(4), 


where </> and are functions of x i y, 


dy 

dx 


such that the dif¬ 


ferential equations 

<f> = a, ff = b, 

are derivable from a single primitive involving a and b as 
arbitrary constants, the solution of the given differential equa¬ 
tion will be found by limiting that primitive by the condition 


F (a, b) =0, 


so as actually or virtually to eliminate one of the arbitrary 
constants. 


Ex. Suppose that the given equation is 

V{ i+ ©'M' + *£) 



Now the differential equations of the first order 


y 




are derivable from a common primitive; for, on differen¬ 
tiating them, we have respectively 
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and these agree as differential equations of the second order, 
Chap. i. Art. 9. That common primitive, found by elimi¬ 
nating between (2) and (3), is 

f + (x - a) 2 = b\ 

Hence the primitive of the given equation is 

tf + {x-ay = {f{a)Y .(4). 


We might also proceed as in the solution of Olairaut's 
equation. Differentiating the given equation, we have 


dy 

dx 


i + m\ 

\axj ) 

w * 



■f{ x+ y d I 


, /dy\ 2 

x ^ 1 + (^ +2/ 


dr 


y I 


dx 2 ) 


0 . 


( J;y 

The second factor, which alone involves ^ 2 , equated to 0, 
gives on integration the primitive 

y 2 + (x - df - b\ 

as will be seen in Chap. x. Art. 1, in which the relation be¬ 
tween b and a remains to he determined as before. .The first 
factor equated to 0 constitutes the differential equation of the 

({ (J 

singular solution, which will be obtained by eliminating 

between that equation and the equation given. 

Clairaut’s equation belongs to the above class. We may 
express it in the form 

Now the differentia,! equations 
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generate the same differential equation of the second order 

dhj 


dod 


0 , 


and are derivable from the same primitive 

y — bx + a. 


Examples of Transformation. 


10. Well-chosen transformations facilitate much the solu¬ 
tion of differential equations of the first order. 

Ex. 1. Given ^ —f (x 2 + iff. Lacroix, Tom. ir. 

p. 292. 

Assuming x — r cos 0, y — r sin 6 , we have 


— r * 



y+(tS 


\d0) 


} 


=/ ( r )> 


whence 


Consequently 


dr __ r V[r 2 — !f(r)} f | 
dtf “ f(rj 


6 


L 


f (r) dr 


rf\f- {/(r)] 2 ] 


+ c. 


As 


V ~ xp 


^/(l + p 2 ) * s fhe expression for the length of the per¬ 
pendicular let fall from the origin upon the tangent to a 
curve, the above is the solution of the problem which pro¬ 
poses to determine the equation of a curve in which that 
perpendicular is a given function of the distance of the point 
of contact from the origin. 
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By the same transformation we may solve the equation 


y — xp 

V(T+pj 

Ex. 2. Given & 

V die J 


V(^ + y J )/ 


f. 


X 


1 


y^+y 1 ) / 


Ax a -f By&. 


To render tlie above equation homogeneous if possible 
let y — z n ; we find 


n. 


(7 \ ^ 

n -t \ 


dx) 


) — Ax a -f Bz n &. 


This will he homogeneous with respect to z and x, if we 
liave 

k (n — 1 ) = a = w/ 3 , 
equations from which we deduce 

o/3 a 


k 


a 




the former of which expresses a condition between the indices 
of the given equation, the latter the value which must be 
given to n when that condition is satisfied. 

It appears then that the equation 


jix) 


Ax a 4- ByP, 


a 


<‘an be rendered homogeneous by the assumption y = z&. 

If the more general transformation y — z n , x — t”\ which 
seems at lirst sight to put us in possession of two disposable 
constants, be employed, the necessity for the fulfilment of the 
same condition between or, f3, and k , will not be evaded, the 
ratio of the constants m ahd n, not their absolute values, 
proving to be alone available. 

Ex. 3. The equation of the projection on the plane xy of 
the lines of curvature of the ellipsoid is 

Ax y (jS + % - *y » 0 .d)- 
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Assuming x*~s, y % — t, the equation is reduced to one of 
Clairaut’s form, Art. 6. Its solution is 


y 


2 - Cx* = 


BO 

AG + 1* 


The equation may also, without preliminary transformation, 
he integrated by Lagrange’s method. Art. 9. We may ex¬ 
press it in the form " 

+ Bcj> + = 0.(2), 

where (f> — —, '^r = y 2 — ypx. 


Now 


^p=a, y 2 — ypx — b. 


are derived from a common primitive y 2 — ax 2 = 6. The solu¬ 
tion of (2) will therefore be, 

y 2 — ax 2 = 6 

with the connecting relation between the constants, 

Aab + Ba + 6 = 0. 

And this will be found to agree with the previous result. 


EXERCISES. 

The following examples are chiefly in illustration of Arts. 
1> 2, 3, 5. 


1. 

(fX - 5 (f) 
\ax/ \axj 

2. 

(dy \* _ a* _ 
\dx) x 2 

3. 

1 — x 

\dx) ~ x 
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4. 


0 . 




8 . 

0 . 

3 0. 

11 . 


EXERCISES. 



y = a 


dy 

dx 


b 


(dy\* 

\dx) * 



The following examples are intended to illustrate Art. (>. 
The singular solutions as well as the complete primitives are 
to be determined. 


12 . 


y=aB f.+ 

dx ax \dx 


13 - 

The following examples are in illustration of Arts. 7 and 8. 

dy 


14. 


?/ = x ; + x 
J dx 


A 


1 + 


,dxj 
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lo. 

1G. 



dy 

y = x-r^- s rax 






The following examples are in illustration of Art. 0. 





CHAPTER VIII. 


ON THE SINGULAR SOLUTIONS OF DIFFERENTIAL EQUATIONS 

OF THE FIRST ORDER. 


1. In the largest sense which has been given to the term, 
a singular solution of a differential equation is a relation 
between the variables which reduces the two members of the 
equation to an identity, hut which is not included in the 
complete primitive. 


In this sense, the relation obtained by equating to 0 some 
common algebraic factor of the terms of the equation might 
claim to be called a singular solution. 

But, in a juster and more restricted sense, a singular solution 
of a differential equation is a relation between x and ?/, which 
satisfies the differential equation by means of the values which 

it gives to the differential coefficients , &c., hut is not 

itQO CllV 

included in the complete primitive. In this sense the equa¬ 
tion or + y 2 — ?i 2 , is a singular solution of the differential 
equation of the first order 


dy 

y — x ~~ 
J ax 


n 



l 


1 + 

\axj 


It reduces the members of that equation to an identity, but 
not by causing any algebraic factor of them both to vanish. 
At the same time it is not included in the complete primitive 

y — cx — n f(l + d). 

And this is the juster definition, because that which is 
essential in the singular solution is thus in a direct manner 
connected with that which is essential in the differential 
equation. Def*. Chap. i. 
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When, it is said that a singular solution of a differential 
equation is not included in the complete primitive, it is meant 
that it is not deducible from that primitive by giving to the 
arbitrary constant c a particular constant value. But although 
a singular solution is not included in the complete primitive, 
it is still implied by it. Upon the possibility of satisfying a 
differential equation by an infinite number of particular equa¬ 
tions, each formed by the particular determination of an 
arbitrary constant, rests the possibility of satisfying it by 
another equation, to the formation of which each particular 
solution has contributed an element. We have seen in 
Chap. VII. how a singular solution, as representing the 
envelope of the loci defined by the series of particular solu¬ 
tions, possesses a differential element common with each of 
them. We shall now see that this property is not accidental 
—that it is intimately connected with the definition of a 
singular solution. 

It is important that the two marks, positive and negative, 
by the union of which a singular solution of a differential 
equation of the first order is characterized, and by the expres¬ 
sion of which its definition is formed, should be clearly appre¬ 
hended. 1st. It must give the same value of ^ in terms of x 

doc 

and ?/, as the differential equation itself does. This is its 
positive mark, a mark which it possesses in common with the 
complete primitive, and with each included particular primi¬ 
tive. 2ndly. It must not be included in the complete 
primitive. This is its negative mark. Upon the analytical 
expression of these characters the entire theory of this class 
of solutions depends. 

Among the different objects to which that theory has 
reference, the two following are the most important. 1st. The 
derivation of the singular solution from the complete primitive. 
2 ndly. The deduction of the singular solution from the differ¬ 
ential equation without the previous knowledge of the com¬ 
plete primitive. The theory of the latter process is so de¬ 
pendent upon that of the former that it is necessary to consider 
them in the order above stated. 

[Important additions to the present Chapter are given in 
the Supplementary Volume , Chapter xxi.] * 
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Derivation of the singular solution from the complete primitive. 

2. The complete primitive of a differential equation of the 
first order, whatever may be the degree of the equation, is of 
the form 

<f> 0»> v> c) = 0. 

If we give to c a particular constant value in this equation 
we obtain a particular primitive. If we give to c a variable 
value by making it a function of os, or of y, or of both, we, as 
will immediately be shewn, convert the equation into any 
desired relation between x and y. We propose then to deter¬ 
mine c as variable, but as so varying that the resulting 
relation between x and y shall continue to satisfy the differ¬ 
ential equation. 

The general effect of the conversion of c into a function of 
x or of y must first be considered. 

Prop. I. A primitive equation 

<t> (x, y> c) = 0 

may, by the conversion of c into a function of x , be transformed 
into any desired equation containing x and y together , or y 
alone, but not into an equation involving x without y. 

Let the desired result of transformation be 

( x > y) = °» or % ( 2 /) = °> 

involving y at least. Combining either of these equations 
with the primitive we can eliminate y, and so obtain a rela¬ 
tion between x and c which will determine c as the function 
of x required. 

It is evident however that the conversion of c into a func¬ 
tion of x could not convert the primitive into an equation not 
involving y. For a variable cannot be eliminated from an 
equation, except by the aid of another equation which contains 
that variable. 
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Similarly the conversion of c into a function of y would 
enable us to convert the given primitive into any desired 
equation involving-, of the two variables, at least x. 


Ex. Let it be required to convert the equation y = cx into 
a? -j- y l = 1, by the conversion of c into a function of x. 

Eliminating y from the given and the proposed equation, 
we have 


X G X = 1 , 


. V(X~a; 2 ) 

whence c =- 

x 


This value of c substituted in y — cx, converts it into 

y = V(i 

which is equivalent to ar + y 1 = 1. 


3. Let us now enquire what determination of c as a func¬ 
tion of x will convert the primitive <j> (x, ?/, c) — 0 into a 
relation between x and y still satisfying the differential equa¬ 
tion. 

Now the complete primitive of a differential equation of 
the first order is always by solution with respect to y reduci¬ 
ble either to a single equation or to a series of equations of 
the form 

’/=/(>> c).(<)• 

If we differentiate, regarding c as constant, we have as the 
derived equation 

dy = d f (x , r) , 

dx dx .^ 5 

and the elimination of c from this by means of the previous 

equation gives us a value of ^ which satisfies the differential 

equation. That differential equation would then still be sat is¬ 
fied if c were regarded as variable, provided that the variation 
were such as to leave unchanged the form of the relation be- 
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tween x, 2/and c in the primitive and in the derived equation. 
For the nature of c does not affect the mode of the elimina¬ 
tion. 


Differentiating (1) then on the hypothesis that c is a func¬ 
tion of x, and representing the differential coefficient of c thus 

( etc} \ 

considered by f J , we have 


djj __ df (x, c) df (x, c ) 
dx dx dc 




dy 

And this will agree in form with the expression for -d in 


( 2 ) 


if = 0. But to suppose ~ 0 would be to 

suppose c a constant and to return to the ordinary primitive. 
It remains therefore that for a singular solution we have 


df (x, o) 
do 



0 



This is the first analytical condition. What it means is that 
if a fixed value be given to x in the primitive, y must not 
vary for an infinitesimal variation of c. And by this condi¬ 
tion c is to be determined as a function of x. 


Now in accordance with the reasoning of Prop. I. the sub¬ 
stitution of a function of x for c in a primitive which contains 
y, cannot lead to a resulting equation not containing y, though 
it may lead to a resulting equation not containing x. Hence 

the condition = 0 can o 

dc 

in the expression of which y at least is involved. Had we 
reduced the primitive to the form x —f(y, c) we should, as is 
evident from the principle of S3 / mmetry, have arri ved at the 
analvtical condition 


illy lead to those singular solutions 


dx 

dc 


0 



7 


a condition by which c would be determined as a function of 
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;?/. And tlie substitution of sucli value or values of c in the 
primitive would lead to all singular solutions in the expression 
of which x at least is involved. 

It will be remembered that what is essential to a singular 
solution is that c should not admit of determination as a 
constant wholly independent of the variables. But •whether 
it be determined as a function of x or as a function of y is 
indifferent. The one form is usually, but not always, con¬ 
vertible into the other by means of the primitive. Thus, if 
i he primitive be in the form <f> (x, y, c) =0, and c be deter¬ 
mined in the form c. —f (?/), the elimination of y between these 
equations will general ly enable, us to determine c as a function 
of x ; but it will not do so if, in the elimination of y,c should 
disappear. 


Thus if the primitive were 

» = (y - <0®, 

the value of c determined as a function of y by the condition 

<ix = 0 would be c = y, and this value of c is not expressible 
nr. * 

by moans of x, for on attempting to eliminate y between the 
above equations c also disappears. Nor is it indeed possible 

in the above case to satisfy the condition — —0. Hence it is 

necessary in establishing a general method to take account of 
both the conditions (4) and (5). 

And these conditions arc sufficient. No other is implied. 
The comparison of’ (2) and (3), from which the condition ^ = 0 

dx 

was derived, leads also to the condition . = 0, but not to any 

dv 

other condition. The expressions which they furnish for ^ 

become equivalent in two cases only, viz. 1st, if — =0, 
the case first considered ; 2ndly, if without supposing 
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df(x, c) _ . 
do ’ 


we 


have ^ ~ (^] infinitesimal 

dc \axj 
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in com- 


df (cc o') 

parison with. ■ - , and therefore if we have 

df{x, c) . df(x, c) _ 0 

dc * dr “ . 


(G), 


for, c being regarded as a function of x, and therefore variable, 
the factor cannot be continuously infinite. Now dif¬ 

ferentiating the equation y =f{x, c) we have 


dy JJM dx + °>dc .(7). 


dx 1 do 

Hence, if we make dy — 0, we have 

dx _ df(x, c) m df(x , c) 


dc 


dc 


dx 


(®)j 


dr 


so that (6) assumes the form = 0. But, as a demonstration 

of this condition, the above method is less general than the 
previous one, for it assumes the possibility of expressing as a 
function of x the value of c determined by the condition 
dx 

■j£~ = 0. Now that value is primarily a function of y, and may 
not be expressible at all by means of x. 

dy 


It is well to note that the final criteria 


0 , d ; c = 0 


do ’ dc 

are in effect analytical expressions of what logicians term con¬ 
ditional propositions. The former expresses that if x be 
assumed constant, y will not vary for an infinitesimal varia¬ 
tion of c; the latter, that if y be assumed constant, x will not 
vary for an infinitesimal variation of c. 

4. Each of these conditions then 

dy _ n dx_ n 

dc ’ do~ ‘ 

has its special case of failure. The former cannot lead us to 
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singular solutions in which y is not involved; the latter can¬ 
not lead to those in which x is not involved. It is proper 

to shew that except in such cases of failure they are 
equivalent. J 

As expressed by means of the primitive y=f(x, o\ these 
conditions assume the forms 

d f (g> c ) _ 0 df(x, c) . df(x, c) 
dc * dc ' dx ? 


or 


= o . d v a 

dc ^ dc~"d^~°> 


dc dx 
dy 


and these are equivalent unless ~ be 0 or infinite. 

CX/JU 

d V 

But dx = 0 im P lies the singular solution is of the 

form 

y — a definite constant, 

and this ^precisely that form of singular solution which the 
condition — 0 fails to give. 

Similarly g==o, being equivalent to f = 0, implies that 
the singular solution is of the form 

a? = a definite constant, 

and this is that form of singular solution which the condition 
— 0 fails to give. 

Thus the conditions J = 0,g = 0, although not necessarily 
equivalent, do not lead to conflicting results. 

When we cannot solve the primitive equation with resnect 
to y and a; so as to enable us to form directly the expressions 
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clif dx 

for •— and ^ , we may proceed thus. Representing the pri¬ 
mitive hy <fy = 0, we have on differentiation 

dx 


dx + ^-du + ^$-dc = 0 . 


dy d * + do 

dy dx 

Hence, remembering what is meant by and ~r , 

^ dc dc 


dy 

dc 


defy 

dc 

'd±' 

dy 


dx 

dc 


defy 

dc 

defy 

dx 


( 9 ), 


and the second members of these equations must be equated 
to 0. 

We see that these second members will usually vanish if 

= 0. And this equation “ = 0 is adopted by some writers 

as a sufficient expression of the rule for the derivation of the 
singular solution from the complete primitive, unrestricted 
by any accompanying condition. (Lagrange, Calcul des Fonc- 
tions , p. 207.) We must notice however that the vanishing 


dy d: 


X 


of or — in (9) may be due not to the vanishing of the 
d(f> 

numerator -j-~ , but to the assumption of an infinite value by 

the denominator or . The latter is indeed quite as 

dy dx L 

probable a cause as the former when cfy is not expressed as a 

rational and integral function of x and y. And even when <p 

7 * 

is thus expressed the condition — 0 may fail through its 


. . . , . defy defy 

involving a factor contained m -v— or 


dy dx 9 

while the true tests of a singular solution are 


We conclude that 
dy 


do 


0 and 


dx _ , .i., • , deb - defy 

— == 0, any subsidiary conditions such as ^ ~ t), ^— * 


Oc 
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^ = oo, are only to be used for purposes of convenience, and 

never -without reference to the more fundamental relations of 
-which they take the place. 

The folio-wing is a legitimate example of the application of 
the subsidiary condition — 0 . 

The complete primitive of the differential equation ^ = 2 yh 

is y — (sc — of. Here <p — y — (sc — c) 2 , and, this being rational 

and integral, the condition ^ = 0 gives 2 (x — c) = 0 , whence 

c=x, a value of which, substituted in the primitive, gives y =0 
a singular solution. 

The condition = 0 also gives c—x, and leads to the same 
result. But, since the primitive solved with respect to x gives 
x — c - 1 -yk, the condition ^ = 0 cannot be satisfied. Thus the 
singular solution is here obtained by means of the condition 
“ = 0 , and not by the condition = 0 . 


5. The chief results of the above investigation are com¬ 
bined in the following Proposition. 


b Prop. ii. Every singular solution of a differential equa¬ 
tion of the first order may he deduced from its complete primi¬ 
tive by giving therein to c a variable value determined from 
that primitive by either or both of the equations 


dy 

do 



0 



And any solution which is thus obtained, and which cannot be 
also, obtained by giving to c in the primitive a constant value, is 
a singular solution . 


The conditions ( 1 ) are equivalent , except when one only of 
the variables sc and y is involved in the singular solution/ solu- 
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tions involving only the variable y resulting only from the 
condition ~ = 0, and those involving only the variable x re¬ 
sulting only from the condition ^ = 0. 

When the primitive, represented by <f> = 0, is rational and 
integral we may for convenience employ the single condition 

^ = 0; but never without reference to the fundamental con¬ 
ditions (1). 

In the statement of the above theorem the two following 
particulars should be noticed. 


1 st. It supposes c to be determined as a variable quantity. 
Now if c be obtained as a function of both x and y, as it 

generally will be if the condition ^ = 0 be made use of, it 

may be necessary by a subsequent elimination to reduce it to 
a function of one of the variables, in order to assure ourselves 
that it is not constant in virtue of the relation between x and 
y established in the primitive. 


2 ndly. The theorem takes account equally of the positive 
and of the negative characters of a singular solution. The 
existence of a variable value of c determined by either of the 
conditions (1) does not assure us that the resulting solution is 
singular, unless constant values of c are at the same time 
excluded. 

Ex. 1. The equation y 2, — + (1 + a? 2 ) — 1? has 

for its complete primitive y — cx + \/(l —- c 2 ). Its singular 

solution is required. 


rr d 1/ C 

Here = x - -r- - ¥ r 

dc V(I~ c ) 


Hence 


do 


0 crives for c the 


variable value c — 
primitive gives 


x 


V (it* 2 -h 1) 


, the substitution of which in the 


y = f(a? + 1) 


(1). 
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This value of y satisfies the given differential equation, and 
it is evident on inspection that it is not included in the com¬ 
plete primitive. Formally to establish this, we find on elimi¬ 
nating y between that equation and (1) 


cos + (1 — c 2 ) = a/ (od -f~ 1) j 

solving which with respect to c, we have the unique value 


C ~ V (a? 2 +1) J with the value of c before 

employed, shews that c admits of no other value, and in 
particular that it admits of no constant value. The solution 
is therefore singular. 


dx 


The condition = 0 would, in the above example, give 

_ (sf-l ) 4 


y 


, and lead to the same final result. 


We must be careful not to rely upon the condition ^ = 0, 

except under the circumstances specified in the general 
theorem. This remark will be illustrated in the following 
example. ° 


Ex. 2. The complete primitive of the differential equa- 
tion y—px-4 -—, where p stands for , is y — cx — — = (), 
and, if we represent its first member by <£, the elimination of 

c between the equations <f> = 0, ^ = 0, gives the singular solu¬ 
tion y 2 = 4 mx. 

But, though this is not a procedure likely to be adopted, if 
we reduce the primitive by solution to the form 

V + (V — 4ma-) _ ^ ^ 


x 
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and then represent its first member by <f>, we shall have 


du 

dc 


d<f> dcf> 


2 


^ _ y _l 

x — 4mx) J 


+ 


And here the singular solution y 2 — 5mx — 0, before obtained, 
is seen to be dependent, not upon the vanishing of , but 

upon the assumption of an infinite value by . 


The true ground of preference for the conditions 


dy 

dc 


0 , 


(j[qq 

^ — 0, consists, however, not in the directness of their appli¬ 
cation to irrational forms of the primitive, but in the plainness 
of their geometrical interpretation, and still more in their fun¬ 
damental relation to the problem of the derivation of the 
singular solution from the differential equation—questions 
hereafter to be discussed. 


The following example is intended to illustrate that portion 
of the theorem which relates to the negative character of a 
singular solution. 


Ex. 3. The complete primitive of the differential equation 

is y — c(x — c) 2 . The singular solution is required. 

(jfnj 

Here the condition = 0 gives 


(x — c) (x — 3c) = 0, 
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■whence c = x, or » . These values of c, both of which are 

O 

variable, reduce the primitive to the forms 


y* o. 


y ~W’ 


and both these are solutions of the differential equation. But 
while the latter of the two is not included in the complete 
primitive, the former is included in it. If between the equa¬ 
tions 

y=c{x — c) 2 , y = 0, 

we eliminate y, the resulting values of c will be 

c = 0, c = x. 


We see therefore that the solution to which we were led 
by the assumption c = x is a particular integral. But it pos¬ 
sesses the geometrical properties of a singular solution ex¬ 
plained in the following Article. 


Geometrical Interpretation. 


6. Let c ) represent a family of curves the indi¬ 

vidual members of which are determined by giving different 
values to c. Then, adopting for a moment the language of 
infinitesimals, the differentiation of y with respect to c implies 
the transition from an ordinate y of one curve to an ordinate 
dy 

y 4- dc , corresponding to the same value of x, but belonging 


to another curve of the series; viz. the curve obtained by 
changing c into c + dc . 


When we impose the condition = 0, we demand that this 
transition shall not affect the value of the ordinate y corre¬ 
sponding to a value of a; determined by the equation *&=. 0. 

CbC 
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Hence the singular equation obtained by the elimination of 
c between the equations y ~ f {pc i c ), -j- ~ 0, represents the 
locus of such points of successive intersection. 

In stricter language, the singular solution represents the 
locus of those points which constitute the limits of position of 
the points of actual intersection of the different members of 
the family of curves represented by the equation y ~ f (oc, c), 
always excepting the case in which that locus coincides with 
a particular curve of the system. 

(Jj'lJ 

And as at these limiting points the value of is the same 

for the locus of the singular solution and the loci of primitives, 
it follows that the former has contact with every curve of the 
latter system which it meets. The locus of the singular solu¬ 
tion is seen to be the envelope of the loci of primitives. The 
envelope of the loci of primitives is the locus of a singular 
solution, except when it coincides with one of the particular 
loci, of which it forms the connecting bond. 

Similar observations may be made with reference to the 
dnc 

condition = 0. 
do 


Derivation of the singular solution from the differential 

equation. 


7. We have found that the singular solution of a differen¬ 
tial equation considered as derived from its complete primitive 
possesses the following characters. 


1st. 


It satisfies one of the conditions 


dy 

do 



dx 

dc 


0 . 


2nd. It is not possible to deduce it from the complete 
primitive by giving to c a constant value. 

It has also been shewn that the positive conditions are 
equivalent except when the singular solution involves only 
one of the variables in its expression. 
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Now we shall endeavour to translate the above characters 
from a language whose elements are x, y, and c to a language 

whose elements are x. y. and —.—from the language of the 

complete primitive to the language of the differential equation. 


If we differentiate with respect to x the complete primitive 
expressed in the form 


y =/ c). 

we obtain the derived equation 

df (x, c) 

* = <e- 


(i). 


( 2 ). 


and substituting in this for c its expression in terms of x and 
y given by the primitive (1), we have finally the differential 
equation in the form 

p = 4>(p,y) .(3). 

Thus the differential equation (3) is the same as the derived 
equation (2), provided that c be considered therein as a func¬ 
tion of x and y determined by (1). 


Accordingly we have 



dp 

dy 

• . 
m 

(3)- 


do . /\ 

x in (1) 

dy 

or 

dp 

dy 

in 

(3) = 

d?f (x, c) 
dxdc 

df(x , c 1 
dc ’ 

since in (1) 


dc 

= 14 


d f (x, c ) 


dy 


dc 

dc 

Hence 


dp 

dy 

in (3) 

d . 

= 7 - log 
dx ° 

df(x , c) 
dc ’ 

or finally 



11 

d . dy 

= -v- locr 

dx ° dc 
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provided that the value of the first member be derived from 
the differential equation, that of the second member from the 
complete primitive. 


In like manner if we suppose the complete primitive ex¬ 
pressed in the form 

x=(f>(y, c), 

we shall have through symmetry the relation 


d /IN _ d_ i (r dx 
dx \p) dy °° dc 



the first member referring to the differential equation, the 
second to the complete primitive. 


The equations (4) and (5), which are rigorous and funda¬ 
mental, establish a connexion between the differential equa¬ 
tion and the complete primitive, and it now only remains to 

introduce the conditions^ = 0, 

dc dc 

former. 


0. We begin with the 


We have seen that when 


dy 

dc 


0 leads to a singular solu¬ 


tion it does so by enabling us to determine c as a function 
of x, suppose c = X. Before proceeding to more general con¬ 
siderations it will be instructive to make a particular hypo- 

(Ilf 

thesis as to the form of the equation ^ = 0. 


Suppose then this equation to be of the form 

G(c-AT = o. 


•(C), 


m being a positive constant and Q a function of x and c, which 
neither vanishes nor becomes infinite when c — X. This hypo¬ 
thesis is at least sufficiently general to include all the cases in 

which —■ 
dc 


0 is algebraic. 
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By (6) we have then 

a 


dQ 


dX 


dy dx ° dc 


dx 

T 


m- 


dx 


X 


■oo. 


and the second term of the right-hand member having c — X 
for its denominator and not containing c at all in its nume¬ 
rator, is infinite. At the same time, we see that no such 
infinite term would present itself were c determined as a 
constant. 


For let g=Q(e 


a)m ’ then £ lo s§ 


dQ 

dx. 


Q, the right- 


hand member of (7) being now reduced to its first term. 


dy) 

The conclusion to which this points is that ^ is infinite for 
a singular solution, but finite for a particular integral. 


Again, suppose the value of c in terms of x and y fur¬ 
nished by algebraic solution of the complete primitive to be 
c — ^>{x,y) y then substituting this value in the equation 
c — X— 0, we obtain the singular solution in the form 

£ (*> y) — x = 0 - 


Now the same substitution gives to the infinite term in the 

value of the form 
dy 


m 


dX 

dx 


<j> («, y) - X' 


( 8 ). 


We see then, in the case of a singular solution correspond¬ 
ing to a determination c = X, that as derived from the 

dy 

differential equation becomes infinite owing to (x, ?/) — A" 
occurring in a denominator. And, whatever modification of 
form may be made by clearing of fractions or radicals, we may 
still infer that, if u = 0 be a singular solution derived from an 
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algebraic primitive, the function ^ will become infinite, owing 

dy 

to u presenting itself under a negative index. 

The analysis does not however warrant the conclusion that 
any relation between x and y which makes ^ infinite will 
be a solution. If m be a negative constant, the second term 
in the expression of ^ is still infinite, but the prior condition 

^ = 0 is no longer satisfied. All we can affirm is that if 

= oo gives a solution at all it will be a singular solution. 
doc 1 

Since it is evident that a singular solution origi¬ 

nating in a determination of c in the form c = Y will make 

~ infinite. 
ax \pj 


d/U doc 

A contrast between the conditions = 0, — 0, and the 

dc dc 

conditions ^ = oo , ™ = oo, is also developed. The former 

lead to solutions, but not necessarily to singular solutions ; 
the latter do not necessarily lead to solutions, but when they 
do, those solutions are singular. 

Ex. 1 . Given p 2 — 2rp + 2y — 0. 

Here p — x ± *J(x? — 2 y), 

^ = + <V-2 yyK 


oc 

which becomes infinite if y = — , and this satisfies the differ¬ 
ential equation. It is therefore a singular solution. 

It may be objected against the above reasoning, not only 
that it involves an assumption as to the form of the equa- 
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tion ^ = 0, but also that it takes no account of any pos¬ 
sibilities arising from the first term in the expression of 

But it serves well to illustrate what, in the vast ma- 

dy 

jority of instances, is the actual mode of transition from the 
one set of conditions to the other. We proceed to consider 
the question in a more strict and general manner. 


8 . 


When 



= 0 determines c as a function of x, it recipro¬ 


cally determines x as a function of c, so that if a definite value 
be given to c , a corresponding definite value or values will be 

dy 

given to x. Let ~ be represented by (x, c), then 


= limit of 


dy dx 0 do 
log yjr (x 4- h , c) — log (x, c) 

A 



h approaching to 0. 

Now for a singular solution 'xfr (x, c) — 0, and this being, 
from what precedes, satisfied only by definite values of x, cor¬ 
responding to our assumed definite value of c, it follows that 
(x + h, c) will not be equal to 0 for any continuous series of 
values of h however small; neither then will log ^ (x + h, c) 
retain continuously the value of log ( x, c ), viz. — oo . Thus 

the numerator of the fraction in the second member beiim 
equal to the difference between a finite and an infinite quantity 
is infinite, and the limit of the fraction therefore infinite. 
Hence we conclude that a singular solution considered as 
derived from the primitive by the conversion of c into a func¬ 
tion of x, satisfies relatively to the differential equation the 
condition 

dp 

~i~ = oo . 

dy 

And in the same way it may be shewn that a singular solu¬ 
tion derivable from the primitive by the conversion of c into a 

d 

function of y satisfies the condition 
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Changing the order of the enquiry, let us now examine 
whether there exist any other forms of solution satisfying the 


condition 


dp ____ 


00 


d 


© 


00 


- -, 7 , ,-- If there be, it will be made 

dy dx \pj 

evident that more is involved in the definition of a singular 

solution than we have yet recognized in our processes of 

deduction, or else that the definition must be enlarged. 

dp 

Expressing the condition ^ = co, in the form 


d , dy 


00 


( 10 ), 


we observe that it can be satisfied only in one of two ways, 
viz. either independently of c, or by some determination of c, 
and if the latter again only in one of two Avays, viz. either by 
the determination of c as a function of x, or by the determina¬ 
tion of c as a constant. 


We may pass over the case in which the above equation is 
satisfied independently of c, because the relation obtained 
would involve x only, Avhereas it has been shewn that 

= oo leads only to solutions involving y at least. We 

may also pass over the case in which it is satisfied by the 
assumption c — JC, because such a value of c, if it lead to 
a solution at all, can only do so by satisfying the condition 
dy 

~£ = 0, and thus lead to the form of singular solution already 

investigated. There remains only the case in which the 
equation (10) is satisfied by a constant value of c. 


Let then the equation (10) be satisfied by c= a. The most 
general assumption we can make respecting the form of its 
first member is the following, viz. 


i lo ® 2? “ * (c) * C) ’ 


where </> (c) is a function of c which becomes infinite when c 
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assumes the constant value in question, and yjr (x, 
not become infinite for such value. Hence the most 


form of log 



c) does 
general 


log ^ = J<f> (c) (x, c) dx= <f> (c) JV (oc, c) dx. 


To give to this expression the utmost generality, we must, 
on effec tin g the integration with, respect to x 7 add an arbitrary 
function of c. Thus we shall have 



Therefore ^ = (c > c) ax+x w )> 

dc 


or, representing the function J* (x r c) dx + % (c) by d> (x, c). 


= e 4>(c) H*, C) 

dc 


( 11 ). 


This is the most general form of , as determined from 


the primitive, which is consistent with the hypothesis that 

d dy 
log * 


becomes infinite for a constant value of c. Ac- 


dx ° dc 

cordingly if, supposing the primitive to be given, we sought 

CLTf 

to determine the singular solution by the condition — 0, 
we should be led to an equation of the form 

€ <f> (c) («, c) — 


or <f> (c) <I> (x, c) — — co .(12). 

Now this equation is not satisfied by any value of c which 
makes <j> ( c ) infinite, unless it give to (x, c) an opposite sign 
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to that of 4 >(c). But this indicates in general the existence 
of a relation between x and c. Thus suppose 

<j> (c) = c, <1> (i x , c) = x. 


Then (12) "becomes 

cx = — oo , 

which demands that c should receive the value — oo or + oo , 
according as x is positive or negative. In either case c is 
constant, but it is a dependent constant—dependent tor its 

sign upon the sign of x. Thus the condition ^ = oo may 

indicate the existence of a species of singular solution derived 
from the complete primitive by regarding c, not as a conti¬ 
nuous function of x , but as a discontinuous constant, the law 
of its discontinuity being however such as to connect it with 
the variations of x. 


Ex. 2. Given 
Here we find 



dp 1 
dy x 


(1 + log y) 



which is infinite if y — 0. And this proves on trial to be a 
solution of the differential equation, the true value of the 
indeterminate function in the second member when y — 0 
being 0 (Todhunters Biff. Gal. Art. 158). Now the complete 
primitive is y — e cx . Hence we see that y — 0 is not a particu¬ 
lar integral in the strict sense of that term. The value to be 
assigned to c is not wholly independent of x. We may there¬ 
fore regard y =• 0 as a singular solution satisfying the condition 


9. We have said that, in general, the equation (12) in¬ 
dicates the existence of a relation between x and c. A case 
of exception however exists. Representing <£ (c) by ( 7 , sup¬ 
pose <3> (a*, c), expressed in terms of x and G, to be capable of 
development in descending powers of C : suppose, too, that 
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the first term of the development is of the form A C r , where 
A is constant and r > — 1. Then as G approaches infinity, 
(12) tends to assume the form 

AC r+1 = — oo, 

indicating that C, and therefore c, possesses more than one 

value, real or imaginary. Here, then, the condition = oo 

ay 

would accompany a solution possessing this singularity, viz. 
that it corresponds to a 'multiple value of c, the arbitrary 
constant in the complete primitive. It is in fact a species of 
multiple particular integral. 

Ex. 3. Given — pxy -f y*logy = 0. 

Here r> = ^ VO”* - *log?/) . 

” 2 3 

therefore 


dp __cc ±\f(pc 2 — 4logy) _ 1 

dy 2 >y/(a; 2 ~ 4 log y) 


(14), 


and this is made infinite by y = 0 and by a ?— 4 log y — 0, that 


is by 


V = 0, y = e\ 


Both these satisfy the differential equation, and the second is 
obviously a singular solution. To determine the nature of 
the first let it be observed that the complete primitive is 

y= 


and that this reduces to y — 0, irrespectively of the value of cc, 
by the assumptions c = + oo and c = — oo . Now this is the 
only case in which two particular integrals agree. We might 
m any case, by changing in the complete primitive of an 
equation c into c 2 , get two values of c for a particular integral, 
hut then it would be for every particular integral. It is only 


when the property is singular , that the condition 
satisfied. 



co is 
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It is obvious that one negative feature marks all the cases 

in which a solution involving y satisfies the condition = oo . 

ay 

It is, that the solution, while expressed by a single equation, 
is not connected with the complete primitive by a single 
and absolutely constant value of c. In the first, or as it 
might be termed envelope species of singular solutions, c re¬ 
ceives an infinite number of different values connected with 
the values of x by a law. In the second it receives a finite 
number of values also connected with the values of ce by a 
law. In the third species it receives a finite number of values, 
determinate, but not connected with the values of x. 


If we observe that all the above cases, while agreeing in 
the point which has been noted, possess true singularity, we 
shall be led to the following definition. 

Definition. A singular solution of a differential equation 
of the first order is a solution, the connexion of which with 
the complete primitive does not consist in the giving to c of 
a single constant value absolutely independent of the value 
of x. 


Criterion of species. 


10. It is a question of some interest to determine whether 
a given singular solution, u = 0, of a differential equation, is 
of the envelope species or not. 


On the particular hypotheses assumed in Art. 7, it is shewn 
that singular solutions of the envelope species possess the fol- 

do 

lowing character, viz. if w = Q be such a solution, then 7 

becomes infinite though containing a term in which u is 
presented under a negative index. 


Now inquiries which are scarcely of a sufficiently elemen¬ 
tary character to find a place in this work, indicate (with very 
high probability) that this character is universal and indepen¬ 
dent of any particular hypothesis, and that it constitutes a 
criterion for distinguishing solutions of the envelope species 
from others. 
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As an example of an hypothesis different from that of 
Art. 7, let ns suppose 

<%_ Q 

dc log (c — X) ’ 
which vanishes when c = X. 

We find 

dQ dX 

log. % = dx dec 

dx dc Q (c-X) log (c—X)‘ 

The second term in the right-hand member becomes inde¬ 
terminate when c = X, but its true value is oo , and it assumes 
this value in consequence of c— X presenting itself with a 

negative index. We remark that the fraction ---^ is 

log (c — X ) 

one which vanishes with c — A in whatever manner c — X ap¬ 
proaches to 0,—a consideration which is quite of essential 
importance. 

Applying the above criterion to some of the previous ex- 

amples, we see from the form of ( J in Ex. 1, Art. 7, that the 

ay 

singular solution belongs to the envelope species; in (IS) 
Art. 8, it is implied that the solution is not of that species; 
in (14) Art. 9 two species are indicated, the solution y — 0 
resulting from log y = — oo being not of the envelope species, 
while the other solution is of that species. 

11. The collected results of the above analysis are con¬ 
tained in the following theorem. 

Theorem. The singular solutions of a differential equation 
of the first order (Def. Art. 9) consist of all relations which 
belong to one or both of the following classes, viz. 

1st. Relations involving y, with or without x, which make 

Cb'D 

dy finite and only infinite , and satisfy the differential equation. 
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2nd. Relations involving x, with or without y, which make 
^ infinite and only infinite , and satisfy the differential 
equation. 

When a solution as above defined is actually obtained by 
equating to 0 a factor which appeal's under a negative index in 

the expression of^j~ or ^ it may he considered to belong 


to the envelope species of singular solutions. In other cases it is 
deducible from the complete primitive by regarding c as a con¬ 
stant of multiple value,—its particular values being either 1 st 
dependent in some way on the value of x, or 2 ndly 'independent 
of x, but still such as to render the property a singular one . 

We may add that there exist cases in which the characters 
of different species of solutions seem to be blended together. 

Thus may admit of both a finite and an infinite value, 

indicating a duplex genesis of the solution from the complete 
primitive. It may also happen that the assumption of an 

infinite value by ~ may be attributed, indifferently, either to 

a negative index or to a logarithm. And then it should be 
inquired whether or not the solution is of the envelope species, 
but marked with some peculiarity arising from a breach of 
continuity in the mode of its derivation from the complete 
primitive. 

The following examples are intended to elucidate particular 
points either of theory or of method. 


Ex. 1. Given (X + x 5 ) (fifi - 2 xy ^ + y 2 


0 . 


This equation, first discussed in Brooke Taylor’s Methodvs 
Increment or tem, is remarkable as having afforded the earliest, 
instance of the actual deduction of a singular solution from a, 
differential equation (Lagrange, Galcul des Fonctions , p. 276). 
We shall first explain Taylor’s procedure, and afterwards 
apply the above general Theorem. 
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Taylor differentiates tlie equation, and. finding 


dy 


resolves this into the two equations 


dy d*y 


C 1 + 




0 


( 1 ). 


The second of these gives y = ax + b, which satisfies the 
differential equation provided that b = y^l - a 2 ). Thus the 
complete primitive is 

y = ax + V(1 — a 2 ). 

The first equation of (1) gives, on eliminating by means 
of the differential equation, 

= 4 i, 

and this he terms the singular solution [singular's qucedam 
solutio problematis). 

To apply to this example the general method, we find 

ccy ± - f + 1 ) 

x*+ 1 * 


P = 


Hence, = * L + 

dy 1 ( 


y 


vo 2 -y+ij) ■ 

Introducing the condition = oo, we should apparently 
have the equations 

+ 0, 

a 2 + 1 = 0, 

but of the second of these, as it does not involve ?/ in its 
expression, no account is to be taken. The first making 

dy whether the upper or the lower sign be taken, and 

?™hT ng t 1 Le differ , ential /^ion, is a singular solution. 

18 j enVed , fr T the vanishing of a function 
under a negative index, it belongs to the envelope species. 
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We may add that it might be found but less readily from, the 

condition -j- (- ) = oo . 
dec \p/ 

The following example is intended to illustrate the use of 
the latter condition. 


Ex. 2. Given ^ = x~ n . 

dec 

Hence, since p — aT n 5 the condition 
satisfied. 

The condition ™ = oo gives 


dp 

dy 


oo cannot be 


nx n 1 = go 


and this is satisfied by x — 0 if n he less than 1, but is not 
satisfied by x — 0 if n be equal to or greater than 1. 

Now the differential equation is satisfied by x = 0, whatever 

positive value we give to n, as may be seen by expressing it 

cldC * 

in the form-,- = x n . We conclude therefore that x=0 is a 
dy 

singular solution of the proposed equation if ube positive and 
less than 1, but a particular integral if n be equal to or greater 
than 1. We infer too that the solution, when singular, be¬ 
longs to the envelope species. 


In verification, it may be observed that, if n be not equal 
to 1, the complete primitive is 


V = 



+ c, 


or 

* = ((1 - «) ( 2 / — 0 


Now if n is less than I, the index in the second member is 
positive, and we cannot have x — 0 unless the quantity under 




168 


EXAMPLES OF SINGULAR SOLUTIONS. [CH. VIII. 

the index be made equal to 0. But this would give c = 
Hence, x — 0 is a singular solution. 

If n be greater than 1, the index in the second member 
being negative we cannot have x — 0 unless the quantity 
under the index becomes infinite. But this it does if c is 
infi nite. Here then x — 0 is a particular integral. 

If n be equal to 1, the complete primitive is 


x — ce v , 

and this is reduced to x— 0 by the assumption c — 0. Here 
then also x = 0 is a particular integral. 


The following example is intended to illustrate a class of 
problems in which ~ admits of both a finite and an infinite 
value. 


Ex. 3. Given y> 2 — 2 xy^p -f = 0. 
Here we find 


Therefore 


P =xy }j ± \/(x*y — 4y § ).(1). 

dp __ 1 ( ' a? — 6y~ } 

<}y~^ r _ v'(>- . 


and this apparently becomes infinite when y — 0, and when 
£C* — 4>y* = 0, i. e. for 


2 / ==0 » 



Let us inquire what are the true values of 


1st. I£ y = — > we find, on substitution and reduction, 
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which, becomes infinite whichsoever sign be taken. Hence, 
y — is a singular solution; and, from the mode of its origin, 
it is of the envelope species. 

2ndly. If y = 0, the value of ™ in (2) becomes infinite if 

the upper sign he taken, but assumes the ambiguous form - if 
the lower sign be taken. To determine its true value, we 

may expand the fraction .in ascending powers of 


We thus find 


VO 2 —4 y 2 ) 


dp __ 

dy~~ 


i,i {* ± (* 


x 


4- &c. 


, d v 


which, as before, gives ^ = oo when, taking the upper sign, 
we make y = 0, but on taking the lower sign gives 


dp 

dp 


1 /4y* 




x 


+ &c 


■) 


Z| . „ 

= “ 4-terms containing positive powers of y. 

And this expression, on making y = 0, assumes the value 


x 


These results lead us to infer that the solution y = 0, 
originates in two distinct ways from the primitive, which is in 
this case y = c 2 (x — c) 2 . It is evident that this is reduced to 
?/=0, by either of the assumptions c = () and c = x. Hence 
the solution y= 0 is a particular integral. 

At the same time it is to be noted that this solution pos¬ 
sesses all the geometrical properties of a singular solution. 
The complete primitive represents an infinite system of para¬ 
bolas whose axes are parallel to the axis of?/,—whose vertices 
all touch the axis of x, which thus constitutes a, branch of 
their complete envelope,—and of whose parameters each is 
inversely as the square of the distance of the corresponding 
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vertex from the origin of co-ordinates. The nearer any par¬ 
ticular vertex is to the origin, the more does the curve to 
which it belongs approach to a straight line; and the curve, 
if we may continue thus to speak, whose vertex is at the 
origin coincides with the axis of cc which is the envelope of 
the series. It might in a certain real sense be said that the 
particular and the general are here united. 

The following example shews, though by no means in the 
most extreme case, how slight may be the difference between 
a singular solution and a particular integral. 


Ex. 4. Given x ^ = y (log x 4- log y — 1). 


Representing ^ by p, we have 


J0 = 


y (log x 4- log y - 1) , 


x 


therefore = lo g* ? + lo gy 

ay x 

and this becomes infinite, 1st, if y = 0, 2ndly, if y = oo , 
Srdly, if a? = 0. 

The first only of these satisfies the differential equation, 
the assumption y = 0 reducing the indeterminate function 
y log y in the second member to 0 (Todhunter’s Differential 
Calculus , Art. 158). We conclude, that y— 0 is a singular 
solution, but from the nature of its origin not of the envelope 
species. 

g cx 

Now the complete primitive is y — — , and, judging from 

+Xj 

this, it might at first sight seem as if y = 0 were a particular 
integral corresponding to c = — oo . We remark however that 
the primitive is not reduced to y = 0, by the assumption 
c = — oo , unless x be positive. If x is negative we must make 
c — + oo to effect that reduction. In fact, the value of c which 
reduces the complete primitive to the form y = 0, though in¬ 
dependent of x in all other respects, is dependent upon x for 
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its sign, which, must always be opposite to the sign of x. 
And this connexion, slight as it is, determines the character 
of the solution. 

The following example illustrates a mode of procedure 

dp 

which may he adopted when presents itself in the am¬ 
biguous form ^ , while the differential equation cannot readily 
be solved with respect to p. 

Ex. 5. Given p 3 — 4 xyp -f- 8y 2 = 0. 

Differentiating with respect to y and jn, we find 

dp _ 4sxp — 16y 

dy Sp 2 — 4*xy . 


■(!)■ 


i 3 


Equating to 0 the denominator, we have£>=—, and, 

y O 

substituting this value in the differential equation, we obtain 
a result resolvable into the following equations, viz. 


y 


27 


sc 


y= o. 


( 2 ), 


either of which satisfies the differential equation. On substi- 

(If) 

tution in (1), the former of these values of y makes infinite, 

• _ i/ 

and is evidently a singular solution. The latter value of y 

reduces -f- to the form ^ . 
dy 0 

(J/Y) 

To determine the real value or values of when y — 0, we 

cLy 

must obtain from the differential equation, regarded as a cubic 
with respect to p , the three expressions for that quantity in 
ascending powers of y, substitute them in the second member 
of (1), and then after reduction make y — 0. 

It will somewhat simplify the process if we transform the 

expressions by assuming p = 2tyK We shall have 

- 


7 . 
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■while the differential equation will become 

t — xt -\-y ^ =• 0. 

which, expressed in the form 


[ch. vm. 


(4), 


t 


_.V 


_j— 

x x 


gives, by Lagrange’s theorem, 


t=^-+A 

x x 


-f &c. 


Substituting in (3), and retaining those terms only which 
contain the lowest power of y, we have 


dp — 

dy~~ 


2 y* 

-1 


xy 


2 

x 


Such is the value of ~ corresponding to the value of t which 
is given by Lagrange’s theorem. 

That value of t vanishes with y. Its other values do not 
vanish with y , but approach the limits ± x 2 as y approaches 

to 0; for if in (4) we make y = 0, we find 0 and ± x~ for the 
corresponding values of t. Now if in (3) we make y — 0, 
t = ± we have 


dp __ 
dy 


= O0 


From these results combined we infer that y — 0 is a par¬ 
ticular integral, possessing the geometrical characters of a 
singular solution. It originates in fact from the complete 
primitive y = c (x — c) 2 , either by making c = 0 or c — x. And 
that primitive, like the primitive of Ex. 3, represents a system 
of parabolas enveloped by one of their own number. 

Setting out from the primitive we find 

d , dy 1 




1 
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cc * 

This expression becomes infinite when c = ^ corresponding to 

4 

the singular solution y = ^ x 3 . It becomes infinite when c = x, 

2 

and assumes the value — when c = 0,—these cases belonging 

x 

to the particular integral y — 0. All these determinations agree 

y,p 

with those of -J- obtained from the differential equation. 
dy 

The following is an example of a special geometrical pro¬ 
blem generalized. 

Ex. 6. Determine a curve such, that the area intercepted 

between its tangent and the rectangular co-ordinate axes shall 

2 

be constant and equal to . 

The supposed area is a right-angled triangle whose base and 
perpendicular, being the intercepts cut off by the tangents from 

the co-ordinate axes, are expressed by x — ^ , and y — :v/> 

respectively. We have therefore 


(y - - 1 ) 


Proceeding in the usual way the singular solution will lx 
found to be 


representing an hyperbola, while the complete primit ive repre¬ 
sents the series of tangents by whose successive intersection 
the curve is generated. 

To generalize the above problem wo might suppose a func¬ 
tional relation given between the intercepts. The differential 
equation would assume the form 


y- =/(■* 
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Its complete primitive would always he determinable by tbe 
method of Art. 9, Chap. vii. Or, since qc — ^- — — y ., ~~ °SE ^ 

p p * 

easily seen that the equation is reducible to Clairaut’s form 

y — ccp = <f> (p). 


The singular solution may then be found either as in 
Chap. VII., or by the direct application of the condition 
dp __ 
dy 

Geometrical problems which are of a truly symmetrical 
character frequently admit of this kind of generalization. 


00 


Remarks on the foregoing theory. 

12. As the theory of the tests of singular solutions which 
has been developed in this Chapter differs in many material 
respects from any that have been given before, it is proper to 
shew in what its peculiarity consists. To this end it will be 
necessary briefly to sketch the history of this portion of 
analysis. 

Leibnitz in 1694, Taylor in 171 5 (see Ex. 1, Art. 11), and 
Clairaut in 1734, had in special problems, and Eider in 1756 
had in a distinct memoir entitled Exposition de quelques Para¬ 
doxes du Calcul Integral, examined, more or less deeply, 
various questions connected with the singular solutions of 
differential equations. Taylor in particular had first recog¬ 
nised the distinctive character of such solutions as set forth in 
their definition. The problem of the deduction of the singular 
solution from the differential equation seems however to have 
been first considered in its general form by Laplace. The 
same problem was subsequently investigated in a different 
manner by Lagrange, and again in a still different way by 
Cauchy. The state of the theory up to the present time'will 
be adequately represented by a summary of the results to 
which these several investigations have led. 

1st. Laplace (M((moires de VA cadSmie des Sciences, 1772), 
employing the method of expansions, arrived at results which 
agree, so far as they go, with those of this Chapter. They 
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apply only to the envelope species of solutions, and the demon¬ 
strations of them rest essentially on the hypothesis expressed 
in (6), Art. 7. 

Lagrange, with whom originated a more fundamental idea 
of the method of the inquiry, was led to the less exact criteria 


dp _ 
dy~~ 


oo 


dp 

dx 


00 


(Calcul des Fonctions , Lecjons xiv— xvii.) 

Cauchy, whose method was founded on the study of the 
cases of failure of certain processes for obtaining the complete 
primitive in the form of a series, was led to the conclusion 
that a singular solution must satisfy one of the two following 
conditions, viz. 

dp _ 0 dp _ 

dy O’ dy 

together with a certain further condition, the application of 
which depends upon a process of integration (Moigno, Calcul, 
Yol. II. p. 435). 

Upon these results the following observations may he made. 


00 


1st. Although Laplace recognised the necessity of employ¬ 
ing in certain cases the condition — = oo , for — = oo , 

dx \pj dy 

subsequent writers who have employed his method seem to 
have invariably omitted this qualification. 


2ndly. The supposed criterion 


= oo , introduced by La¬ 
grange, and since very generally adopted, as the proper accom- 
paniment of ~ = co , is erroneous. If we should apply it to 

Ex. 2, Art. 11, viz. p = x~ n , we should be led to the conclusion 
that ® = 0 is a singular solution whenever n is positive. We 
have seen however, both from the application of the true test, 
and by verification from the complete primitive, that x — 0 is 
a singular solution only when n is less than 1. 



176 


HISTORICAL ACCOUNT 


[CH. VIII. 


The principle of Lagrange’s method was the same as that 
adopted in the present Chapter, and consisted in expressing ^ 


and as derived from the differential equation, by means of 
ay 

differential coefficients derived from the complete primitive 
before the elimination of c. The fallacy which vitiated his 
results consisted in assuming that these expressions become 
infinite in consequence of the appearance of a vanishing factor 
in their denominators (Calcul des Fonctions , pp. 229, 232). 
Moigno, the expositor of Cauchy’s views, also quotes La¬ 
grange’s method and results as presented by Caraffa, but 
without involving any essential variation ( Calcul , Tom. ii. 
p. 719). Professor De Morgan, in perhaps the latest publi¬ 
cation on the subject, adopts Lagrange’s results, expressing, 
however, only a qualified confidence in his method ( Cam¬ 
bridge Philosophical Transactions, Yol. IX. Pt. II. “ On some 
points of the Integral Calculus”). And he illustrates these 
results by geometrical considerations which are sufficient to 
shew that they contain at least a considerable element of 
truth. Nor should this be thought surprising. For it is plain 

that Lagrange’s condition — = °o , and the true condition 


^cc (p) = °° ’ are e T I i va l en tj except when the singular solu¬ 
tion makes p assume one of the forms 0 and oo . And such 
cases do exist. Perhaps the peculiar difficulty of this subject 
has consisted in the faint and shadowy character of the line 
by which truth and error are separated. 


cl/ty 0 

13. Of Cauchy’s tests the first, viz. -F — - , may certainly 

dr) ^ 

be set aside. Whenever assumes an ambiguous form its 

true value or values must be determined. This is illustrated 
in some of the foregoing examples. Professor De Morgan’s 
observations on this subject in the memoir above referred to, 
are deserving of attention. The final criterion, which is peculiar 
to Cauchy s theory, seems to be founded upon what we cannot, 
but regard as an unauthorized position as to the meaning of 
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a singular solution. Thus y = 0, the solution deduced by the 
dp 

criterion ^ =* °° from the differential equation p — y log y, is 

regarded by Cauchy as a particular integral. Now although 
when x is real the complete primitive log y — ce x reduces to 
y — 0 by the assumption c ~~ oo, it does not necessarily do 
so when x is imaginary. Thus, if x — nr 1)> we must 
make c = oo , in order to give y = 0. Cauchy’s rule seems in¬ 
deed to have been designed, contrary to the general spirit of 
his own writings, to exclude the consideration of imaginary 
values. 


Properties of Singular Solutions. 

14. Various properties of singular solutions of the en¬ 
velope species have been demonstrated. Of these we shall 
notice the most important. 


1st. An exact differential equation does not admit of a 
singular solution. 

Let the supposed equation be 

dff (x, y) dff (x,y) <?!/ = q 


dx 


dy dx 


.. *. ^ 1 ^, 


and let y —f{x) be a relation actually satisfying it and 
assumed to be singular. On this assumption the primitive 
cf>(x,y) — c must, on substituting for y its value f(x), deter¬ 
mine c as a function of x and not a constant. Let F (.r) be 
the value of c thus determined, then <£ (x, y) = F (yc), whence 


d<j) (x, y) dcj> (a*, y) dy _ dF(x) 


dx 


+ 


dy dx 
dF (x) 


dx 


.( 2 ), 


which contradicts (1), since cannot be permanently 

equal to 0, unless F (x) is constant. 


2ndly. It follows directly from the above that a singular 
solution of a differential equation of the first order an i degree, 
makes its integrating factors infinite . 

For let the proposed equation be 

Mdx + JS T dy = 0 


( 3 ), 
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and let /a be an integrating factor. Then 

/ll (Mdx 4- Ndy) — 0.(4), 

will be an exact differential equation. Hence, a singular 
solution of (3), while it makes the first member of that 
equation to vanish, will not make the first member of (4) to 
vanish. Now comparing these members, this can only be 
through its making y infinite. 

Ex. The equation x 4- y ^ ^ f(x* + y 2 — a 2 ) has for its 

singular solution or 4- y 2 — a\ An integrating factor is 

(cc 2 4-y 2 -a 2 ) - ^ 

and this the singular solution evidently makes infinite. Mul¬ 
tiplying the equation by its integrating factor and transposing 
we have the exact differential equation 


cly 

x _^y_± 

V(V4 y 2 — a 2 ) 


or 


d 


fa. VO* + / - ® 2 ) 


%L, 

dx 

dy 

dx 


0 , 


0, 


and this is not satisfied by a? 2 4y 2 = « 2 , the singular solution 
of the unrestricted differential equation. 


3rdly. Even when we are unable to discove7’ its integrating 
factor , a differential equation m,ay be so preqiared as to cease to 
admit of a given singular solution of the envelope sp>ecies. 

This proposition is due to Poisson, and the following 
demonstration, which is purposely given in order to illustrate 
the nature of the assumption usually employed in the theory 
of singular solutions, does not essentially differ from his. 

Let us represent the singular solution by u = 0,and trans¬ 
form the differential equation by assuming u and x as varia¬ 
bles in place of y and x. Suppose the new equation reduced 
to the form 

p=f(cc,u) 


where p stands for ^ 


(- 5 ). 
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This equation is either satisfied or not satisfied by u— 0. 

If it is not satisfied, the preparation in question has already 
been effected. 

If it is satisfied, the second member f (x, u) contains some 
positive power of u as a factor. Assuming that it can be 
developed in ascending positive powers of u it becomes 

p — Au* + BuP 4- ... + &c., 

where A, B , C, &c. are functions of x. 

Now, for a singular solution ~ = oo . Hence u = 0 must 

° au 

render 

Aau°-~ l + BpiP" 1 4- &c. — oo . 

But this demands that there should exist at least one 
negative power of u in the above development; therefore 
a — 1, which is the lowest index, must be negative ; therefore 
a. being already positive must fall between 0 and 1. 

Hence we are permitted to express the differential equa¬ 
tion in the form 

p = Q u % 

where a is a positive fraction, and Q does not involve u either 
as a factor or as a divisor. 


Dividing 


by u a , we have 


or 


u~ a 

1 


du 

dx 

d 


1 


a dx 


u 


Q, 


1—a 



Now u = 0 makes u r ~ a = 0, since 1 — a is positive. Hence 
the first member of the above equation vanishes, while the 
second, not containing u as a factor, does not vanish. In its 
present form then the equation is no longer satisfied by 
u — 0. 

We see also that the property of being satisfied by u — 0 
has been lost in consequence of a transformation which, 
exhibiting the singular solution in the form of a distinct alge¬ 
braic factor of the equation, permitted its rejection. Sec Art. 1. 
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It has "been shewn in the remarks on Clairaut’s equation how, 
in the process of ascending by differentiation to an equation 
of a higher order, a somewhat analogous effect is produced, 
the singular solution seeming to drop aside under changed 
conditions. 


4thly. Lagrange has noticed that a singular solution will 
generally make the value of , as deduced f rom the differen¬ 
tial equation , assume the ambiguous form — . His demonstra¬ 
tion, in the statement of which we shall endeavour to exhibit 
distinctly the assumptions which it really involves, is sub¬ 
stantially as follows. Let the differential equation expressed 
in a rational and integral form be 


then differentiating 


F(x,y,p) = 0 .(1), 


dF, , dF , dF 7 

dx + dy dy + dp = ° 


dx 


Hence 


.( 2 ). 

(3). 


dp = _dF ^dF_ 
dy dy ' dp~ °° 

How F being rational and integral, and -y are so also, 

ay dp 

and therefore the above can only become infinite for finite 

d 

values of x, y } and p, by supposing ^ = 0. This reduces (2) 
to the form 


dF 7 dF 7 

-T- dx + dy — 0. 

dx dy J 

How, as obtained from the differential equation, 

d?y __ dp dp dy 
dx 2 dx dy dx 

dF dF dy 
dx dy dx 
dF ' 


( 4 ). 


dp 
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o 

an expression which the previous results reduce to the form g - 

We may remark that the condition -£■ = co does not involve 

ay 

as a consequence dp-cain (2), so as to affect the legitimacy 

of the deduction of (4). For^ = oo exjjresses a conditional 

proposition, whose antecedent is : If a: be constant. JNow in 
the deduction of (4) x is not supposed to be constant. 

Lagrange’s demonstration is certainly only applicable to 
the envelope species of singular solutions. Of such solutions 
it expresses however an interesting property. For the dif¬ 
ferential equation being geometrically common both to the 
locus of the singular solution and to the locus of each parti- 

d\t 

cular primitive, the ambiguity of value of at the point of 

contact shews that that contact is not generally of the second 
order. 

In like manner , F (x, y,p) s fdl being supposed rational and 
integral, the equation 

dF (x, ?/, p) 
dp 

shews by the theory of equations that the existence of a 
singular solution implies in general the existence of a series 

of points for which two values of usually different, come 

(XU 

to agree, viz. the values of ^ in any particular primitive, 
and in the singular solution. 

15. Mr De Morgan lias made the very interesting remark, 

( ^ } - —(in strictness - ^ 


0 


..(5), 


dxjp) 


co 


that when the condition = 00 , or —y (: 

ay ax \ 

does not lead to a solution of the differential equation, what it 
does lead to is the equation of a curve which constitutes the 
locus of points of infinite curvature (most commonly cusps) 
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in the system of curves represented by the complete primitive 
(Transactions of the Cambridge Philosophical Society, Vol. IX. 
Part II.). Geometrical illustrations will be found in the 
memoir referred to. 


EXERCISES. 


1. The complete primitive of a differential equation is 
y + c=f{x t -\-y 2 — a 2 ), where c is the arbitrary constant. Shew 
that the singular solution is ce 2 -b y 2 = a 2 , and that it may he 
connected with the primitive by either of the equivalent rela¬ 
tions c — —y and c = f(a 2 — a? 2 ). 

2. Why is the above singular solution dcduciblo by the 

application of either of the conditions ~ =0, — 0 ? 

etc do 


3. Expressing the primitive in Ex. 1 in a rational and 
integral form {gc, y , c) = 0, deduce the singular solution by 

the application of the condition -f- — 0. 

CIO 


4. The complete primitive of a differential equation being 
x~a~(y — c]\ shew that the singular solution is dedueible 

by the application of the condition = 0 but not by that of 
the condition ^ = 0, and explain the circumstance. 


_ 5- The differential equation, whose complete primitive is 
given in Ex. 1, may be exhibited in the form 

(x? — a 2 ) jf — 2xyp — a* 2 ==. 0. 

Hence also deduce its singular solution and therebv verify 
the previous result. 

G. Eornythedifferential equation whosecompletc primitive 
is given in Ex. 4, and shew that the singular solution is de¬ 
ducible by the application of the condition f - — oo but not 

dec j) 
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by that of the condition 
stance. 


dp 

dy 


CO 


and explain this circum- 


7. Shew that the singular solutions in the last two ex¬ 
amples are of the envelope species. 


8. The differential equation y=px H-(Ex. 2, Art. 5) 

j? 


m 


has y — cx +:l - for its complete primitive, and y 2 = 4<mx for its 
c 


singular solution. 

relation lo 

dy ax 


c r 

& 


Verify in this example the fundamental 
dy 
do • 


9. Deduce both the singular solution and the complete 
primitive of the differential equation y —px -f \/(p z + a V)> and 
interpret each, as well as the connexion of the two, geometri¬ 
cally. 

10. The following differential equations admit of singular 
solutions of the envelope species. Deduce them. 

ooY ~ 2 (xy - 2) p + if = 0, 

(y — xp) (?)ip — n) = mnp , 

V s * (x-\)p-p\ 

11. The equation (1 — xr) p + xy — a — 0 is satisfied by the 
equation y = ax. Is this a singular solution or a particular 
integral \ 


12. 


The equation y — 


xp 

2 


is satisfied by y = 0, which also 


. d f 1 

makes i - 
ax \p 

gral. Shew that this conclusion is in accordance with the 
general theorem (Art. 11). 


= ao . 


Nevertheless y = 0 is a particular inte- 


13. The equation p (x 2 — 1) = Zxy log y has a singular 
solution which is not of the envelope species. Determine it. 
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14. Determine also tlie complete primitive in the last ex¬ 
ample, and shew how the singular solution arises. 

15. The equation 

(p _ yy — 2 x?y (jp — y) = 4 x*y* — 4 x*y l log y 

is satisfied by y — 0. Shew that this is a singular solution 
but not of the envelope species. 

16. Find singular solutions of each of the following equa¬ 
tions, and determine whether or not they are of the envelope 
species. 

1. y> 2 + 2px i — 4ix*y. 

2. xp z — 2 yp + 4 x = 0. 

3. xp = n [x 11 4 - (y — x n ) log (y — x n )). 

Geometrical Applications. 

In solving the following problems, the differential equation 
being formed, its complete primitive as well as its singular 
solution is to be found and interpreted. 

17. Determine a curve such that the sum of the intercepts 
made by the tangent on the axes of co-ordinates shall be 
constant and equal to a. 

18. Determine a curve such that the portion of its tangent 
intercepted between the axes of a; and y shall be constant and 
equal to a. 

19. Find a curve always touched by the same diameter of 
a circle rolling along a straight line. 

20. Find a curve such that the product of tlio perpendicu¬ 
lars from two fixed points upon a tangent shall be constant. 
(Euler. See Lagrange, Calc . des Fonctions, p. 282.) 
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(Representing the product by h 2 , and the distance between 
the given points by 2m, making the axis of x coincide with 
the straight line joining them and taking for the origin of 
co-ordinates the middle point, the differential equation is 

\y - (x + m) pj {>/ - (x - in) p] _ w 

- 2 —* iC m 

i +P 

Its singular solution is 


y-+ 


7 •> o 

A'7/' 


lc* H- m 



21 . Deduce also the complete primitive of the above dif¬ 
ferential equation. 

22 . If the primitive of a differential equation be expressed 
in the form <p ( x, y, a) = 0 , the condition ^ = 0 may be ex- 

pressed in the form *±&Jbi !> + # <■*; ?■ «) = 0 . Art . 4 . 

da dy 

Hence it has sometimes been laid down that ^ — x 

<V/ 

will lead to a singular solution. Raabe, in Crelies Journal 
(Weber singulare integrate, Tom. 48), points out that this rule 

may fail if at the same time should been 

//// 


imiii m 


finite. Can it fail in any other case? 


23. Exemplify Raabe’s observation in the equation 

£c + c — V (ticy — 3c 2 ) = 0 , 

which is the complete primitive of 3ayf — Gyp 4 ~x 4 - 2y = 0 . 
At the same time shew that the singular solutions arc 

y — x — 0 and 3 y + x = 0. (Or die , lb.) 

24. The conqdetc primitive of a differential equation is 

(c x 4* y) 3 (x 4~ y) (c x 4 - yj i 4 - I = 0. 
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Representing its first member, which is rational and integral, 
by f the condition 0 assumes the form 

3 (c - a;+ 2 /) (c - 3x-y)=0. 

Shew that c-tf+pO will not lead to a solution of the 
differential equation at all, while c-&c-;y=0 will, and 
explain this circumstance by a reference to Art. i 

Note. The reader is reminded that in all references to the general con¬ 
ditions j=« and jf-W, the oo means simply “infinity" irrespec- 

<tjf ax \p / 

tively of sign. See General Theorem, Art, 11, 



CHAPTER IX. 


ON DIFFERENTIAL EQUATIONS OF AN ORDER HIGHER THAN 

THE FIRST. 

1. The typical form of a differential equation of the n th 
order is given in Cliap. I. Art. 2. We may, by solving it 
algebraically with respect to its highest differential coefficient, 
present it in the form 

J ’ dx’ da? ’ ciic“ V. l) ’ 

Its genesis from a complete primitive involving n arbitraiy 
constants has been explained, Chap. I. Art. 8. 

Conversely, the existence of a differential equation of the 
above type implies the existence of a primitive involving n 
arbitrary constants and no more ; and a primitive possessing 
this character is termed complete. 

The converse proposition above stated, is one to which 
various and distinct modes of consideration point, but con¬ 
cerning the rigid proof of which opinion has differed. The 
view which appears the simplest is the following. If, as in 
Chap. ii. Art. 2, we represent by A(p (x) the increment which 
the function <f> (x) receives when x receives the fixed incre¬ 
ment Ax, and if we go on to represent by A‘ 2 cp (./*) the incre¬ 
ment which the function A</> (x) receives when x again receives 
the same fixed increment Ax, and so on, then it is evident 
that the values of A<p (x), A 2 <j6(x), &c., are fully determinable 
if the successive values of the function <p(x) in its successive 
states of increase are known. Thus since 

A(f> (x) = <f> (x -+■ Ax) — <p (x), 
we have by definition 

A 2 <£ ( x ) = A {</> (x + Ax) — (j> (x) j 

= {<f> (x - J- 2Ax) — cj> (x ~f- Ax)} — [<p (x -f Ax) — <f> (x)} 
= <f> (x 4- 2 Ax) — 2.cj>(x + Ax) + (p (x), 
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and so on. Conversely if 

<f>(x), A<fi(x), &?<f>(x), &c. 

are given, the successive values of the function cf)(x), viz. tlie 
values <f>(x + Ax), cf>(x + 2Ax), <fcc., are thereby made deter¬ 
minate. Geometrically we may represent <f> (x) by y, the ordi¬ 
nate of a curve, or of a series of points in the plane x,y, and 
therefore functionally connected with the abscissa x. 


Now the view to which reference has been made is that 
which, 1st, presents the differential equation (1) as the limit¬ 
ing form of the relation expressed by the equation 


&Ly = f ( x v 

Ax" J \ ’ V ' Ax ’ Aui“‘" Ax"-') 



Ax approaching to 0; 2ndly, constructs the latter equation 
in geometry (the arithmetical or purely quantitative construc¬ 
tion being therein implied) by a series of points on a plane, of 
which the first n, viz. those which answer to the co-ordinates 
x, x + Ax ,... x H- (n — 1) Ax, have the corresponding values of 
y arbitrary, while for all the rest the values of y are deter¬ 
mined ; 3rdly, represents the solution of the differential equa¬ 
tion as the curve which the above series of points in their 
limiting state tend to form. According to this view, the n 
arbitrary points in the constructed solution of the equation of 
differences (2) give rise to one arbitrary point in the limiting 
curve, accompanied by n — 1 arbitrary values for the first 
n — 1 differential coefficients of its ordinate. And this mode 
of consideration appears the simplest, because it assumes no 
more than the definition itself demands of us when we attempt 
to realize the geometrical meaning of a differential coefficient 
as a limit. We may however add that when by the consi¬ 
deration of the limit, the mere existence of a primitive has 
been established, other considerations would suffice to shew 
that in its complete form it will involve n arbitrary constants 
and no more. The fact that each integration introduces a 
single constant is a direct indication of the fact. An indirect 
proof of a more formal character will be found in a memoir 
by Professor De Morgan (Transactions of the Cambridge Phi¬ 
losophical Society , Vol.* IX. Pt. II.). 
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The above theory may be illustrated by the form in which 
Taylor’s Theorem enables us to present the solution of a 
differential equation of the n th order, as will be seen in the 
following Article, 


Solution by development in a series. 

Reducing the proposed equation to the form 

y- f ( x „ d i d lV\ 

7 V ’ V ’ dx’ " ’ da?- 1 ) . 

and differentiating with respect to x, the first member becomes 

- +1 , while the second member will in general involve all 


d n y 

dot 


■( 3 ). 


d n+1 y 


dx 


d n y 


the differential coefficients of y up to . If for the last we 

substitute its value given in (3), the equation will assume the 
form 

j. ( dy d n ~ 

-f\ x ’y’£'-dx 


d " n y d v a iX).(4). 


dx n+l 


d 


n+1, 


d n y 


l ~ l y\ 

C rV 


( 5 ), 


Thus n l[ is expressible in the same manner as ^ , viz. in 

terms of a\ y , and the first n — 1 differential coefficients of y. 

Differentiating (4) and again reducing the second member 
by means of (3) we have a result of the form 

d n +*y r ( dy d n ~ l 
dvr* 2 V’ y ’ 3*- ’'‘' dx' 

and in this form and by the same method all succeeding dif¬ 
ferential coefficients may be expressed. 

Hence reasoning as in Chap. II. Art. 12, we see that sup¬ 
posing y to be developed in a series of ascending powers of 
x — x 0 , where x n is an assumed arbitrary value of x, the co¬ 
efficients of the higher powers of or — x 0 beginning with (x — x 0 ) n 
will have a determinate connexion, established by means 
of the differential equation, with the coefficients of the inferior 
powers of x — cr A . The latter coefficients, n in number, 


0 * 
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beginning with the constant term which corresponds to the 


d 




index 0, and ending with -———^—— , which is the 

a 1.2. 3...(n— 1) dx n 1 ’ 

coefficient of (oc — # 0 ) w_1 , will be perfectly arbitrary in value. 


To exhibit the actual form of the development let y 0 , ^. 

cfaj 

2 / n _ t be the arbitrary values assigned to y, — , ... when 


x — x 0 . Also let f y f y y f 2 , &c. represent the values which the 
second members of the series of equations (3), (4), (5) assume 
when we make in them x — x 0 ; then 


y=Vo+y l (®- O + Y — + j .2 ?/ (/i-i ) ^ 1 

+ 1:2 *[» + !) inf....(6). 


In this expression the arbitrary values of y and its n — 1 
first differential coefficients corresponding to an assumed and 
definite value of x, viz. y 0 , y x >... y n _ x are the n arbitrary con¬ 
stants of the solution, the values of f n ,f n+1 , &c., being deter¬ 
minate functions of these, and therefore not involving any 
arbitrary element. 

Any function of arbitrary constants is itself an arbitrary 
constant, and thus it may be that an equation has effectively a 
smaller number of arbitrary constants than it appears to have 
from the mere enumeration of its symbols. As a general prin¬ 
ciple we may affirm, that the number of effective arbitrary 
constants in the solution of a differential equation while on the 
one hand equal to the index of the order of the equation, is on 
the other hand to be measured by the number of conditions 
which they enable us to satisfy. Systems of conditions to be 
thus satisfied will indeed vary in form, but there is one 
system which we may consider as normal and to which all 
other systems are in fact reducible. It is that which is de¬ 
scribed above, and which demands that to a given value of x 
a given set of simultaneous values of y and of its differential 
coefficients up to an order less by 1 than the order of the 
equation shall correspond. Conversely, the arbitrary constants 
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of a solution may be said to be normal , when they actually 
represent a simultaneous system of values of y and its succes¬ 
sive differential coefficients up to the number required. 

dj'if 

Ex. Given = + Required an expression for y 

dv 

in the form of a series such that when x — 0,y and shall 
assume the respective values of c and c. 

Differentiating-, we have 


&y = , 2 « dy 

dx ® dx 2 ^ dx 


^ + t/ 2 + 2y — , by the given equation; 

^ + ( i+2 ^£’ 




dx 2 


-»* + V+(l+^)g+2(|)‘, 

by similar reduction, and so on. Hence, corresponding to x = 0, 
we have the series of values, 

dir , d 2 \j , , 2 

g. c -+ (!+&)«, 


dx 4 


c 2 + 2c 3 + (1 + 4c) c' + 2c' 2 , 


and so on. Hence, 


y = c 4- c'x 4- 


c 2 +c' 


+ 


2 

+ 

2.3 


x 


c 2 + (1 -f 2 c) C 8 




r 2 + 2c 3 + (1 + 4c) c' ■+ 2c' 2 


2.3.4 


00 * "f" &C. 
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Finitely Integrdble Forms. 

3. As tlie difficulty of the finite integration of differential 
equations increases as their order is more elevated, it becomes 
important to classify the chief cases in which that difficulty 
has been overcome. 

It will be found that for the most part these cases are 
characterized by some one or more of the following marks, 
viz. 1st, Linearity, the coefficients being at the same time 
either constant or subject to some restriction as to form ; 
2ndlv, Absence of one or more of the variables or their differ- 
entialcoefficients ; 3rdly, Homogeneity; 4thly, Expressibility 
in the form of an exact differential or in a form easily re¬ 
ducible thereto by means of a multiplier. 

The subject of linear equations beingof primary importance, 
we shall devote the remainder of this Chapter to its discussion. 
But as it will be resumed in another part of this work, and 
in connexion with a higher method, we propose to notice here 
only the more important general properties of linear equations, 
and to illustrate them in the solution of equations with con¬ 
stant coefficients. 


Linear Equations. 

4. The type of a linear differential equation of the n th 
order, (Chap. i. Art. 4), is 


d n y 


+ + Xi dcF~ a •~ + x »y z=z X- 


dx 


( 7 ), 


in which the coefficients AT X , ... X n and the second member 
JC are either constant quantities or functions of the indepen¬ 
dent variable x. 


Considering, first, the case in which the second member is 0, 
the following important proposition may be established. 

. ^ R . 0P ' V \> "‘Vn represent n distinct values of y, which 
individually satisfy the linear equation, 


, Y 

dx n ■*" 1 dec' 1 -'- 



d^y 

dx n ~ % 


••• + Xjj — o 
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then will the complete value of y be 


y = c iVi +- • -+ c H y n , 

c u c 2 ,... c n being arbitrary constants. In other words the com¬ 
plete value of y is the sum of n distinct particular values of y i 
each containing an arbitrary constant. 

For on substitution of the assumed general value of y 
in (8), we have a result which may be arranged in the follow¬ 
ing form, viz. 



(*3b 4- x Qfr 4- x 

\dx n + 1 dar 1 + 2 dx"-* •** 

(<ty ■,, Y dn ~' y * 4- x dn ~ iy * 

[dx * + 1 dx n ~ l + 2 for* 


+ X&) 

+ 


= 0 




Now each line in the left-hand member of the above equa¬ 
tion is, from the hypothesis as to the values of y x , ?/ 2 ,... y n , 
equal to 0. Hence the equation (9) reduces to an identity, 
and the theorem is established. 


The problem of the complete solution of a linear equation 
of the n th order whose second member is equal to 0 is, there¬ 
fore, reduced to that of finding n distinct particular solutions, 
each involving an arbitrary constant. 


5. Prop. To solve the linear equation with constant 
coefficients when the second member is 0. 

Were the proposed equation of the first order and of the 
form 

dy A 

dx -my = 0 , 


its solution, would be 


y = ce 


mx 
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From this result, and from the known constancy of form 
of the differential coefficients of exponentials, we are led to 
examine the effect of such a substitution in the equation 


dTy 

dx* 


+ a 


d n ~ l y 
1 dx n ~ x 


+ a 


dry 

1 dx "- 3 


• • + a *y “ o 


( 10 ). 


Assuming then y = Ce mx , and observing that 

d n (Gfn c 

dx n ° 9 


we have, on rejection of the common factor Ce mx , the equation 

m n + a x m n ~ x + a 2 m w-2 ... + a n = 0.(11), 

the different roots of which determine the different values of 
77i which make y = Ce mx a solution of the equation given. 

When those roots are real and unequal, we have, therefore, 
on representing them by m x , m 2 , ... m n , the system of n par¬ 


ticular solutions, 

y = C x e^* t y = G ^ } ... y = CJT* .(12), 

from which by the foregoing theorem we may construct t' 
general solution, 

y = C x € m ^ + C^ m > x ... + C n e m " x .(IS). 


The equation (11) by which the values of m are determined 
is usually called the auxiliary equation. 

Ex. Given ^ — 3 ^ = 0. 


Here, assuming y = Ge mx , we obtain as the auxiliary equation 

m 2 — 3m +2 = 0. 

Whence the values of m are 1 and 2. The corresponding 
particular integrals are y = C x € x , and y = CV* and the com¬ 
plete primitive is 


y = Oj€ m + C 2 e ,r . 
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6. If among the roots, still supposed unequal, imaginary- 
pairs present themselves, the above solution^though formally 
correct, needs transformation. Let a±b J— i represent one 
of these pairs, then will the second member of (13) contain a 
corresponding pair of terms of the form 

(J e {a+b*J-l)x _j_ Q' 


which we may reduce as follows, 


(Jgaz+bztJ-l _J_ 0 r gax-bxs/^i 


= Ce a * (cos bx +• *] — 1 sin bx) + G'e ax (cos bx — J — 1 sin bx) 

— (C+ O') € ax cos bx+ (C— G ') V( — 1) sin bx, 

or, replacing C + G' and (C — C') V( -1) by new arbitrary 
constants A and B, 


Ae ax cos bx 4- Be ax sin bx .(14). 

Ex. Given — 4 ^ + 13y = 0. 

Assuming y — Ge mx , the auxiliary equation is 

m 2 — 4m +13 = 0, 

whence m = 2 ±3 The complete solution therefore is 

y — Ae 2x cos 3x + Be* x sin 3.r. 

7. Lastly, let the auxiliary equation have equal roots 
whether real or imaginary, e. g. suppose m 2 = m x . Then in 
the general solution (13) the terms C 1 e miX + C 2 e m * x reduce to a 
single term ((7 X + <7 2 ) e m i x , and the number of arbitrary con¬ 
stants is effectively diminished, since G t + C Q is only equiva¬ 
lent to a single one. Here then the form (13) ceases to be 
general. 

To deduce the general solution when m ? = m t let us begin 
by supposing m 3 to differ from by a finite quantity h , and 




196 LINEAR EQUATIONS. [CH. IX. 

examine the limit to which, the terms of the solution, then 
really general, approach as h approaches to 0 . Now 

CjTV 4 C/ m ‘ +h) * = (C x + C 2 e hx ) 

— e miX (C t 4- C 2 4 CJix 4 ^^... ^ 

= e”!* (A +Bx+ Bk ^ + &c.) ; 

on replacing C 1 4 0 2 and CJi by A and B, new arbitrary con¬ 
stants. This change it is permitted to make, however small 
h may he, provided that it is not equal to 0 . The limit to 
which the last member of the above equation approaches as 
h approaches to 0 is 

(.A 4- Bx). 

This then is the form which must replace 4 - (7 2 e” l * x in 

the general solution. 

Suppose next that there exist three equal roots m A , m 2 , m & . 
Then the terms C x e m ^ x 4 CA n * x -f- C 3 e m > x being replaced by 

e™ 1 * (.A -f JBx) 4 a 3 e m ^, 

make m 3 = m x 4 7c. The above expression becomes 

(A 4 Bx 4 - C a e kx ) 

= + 0 3 + (S + OJc ) x+C n ±^ + O s j-f-g *• + &c.} 

= e“‘* [a: + B'x + C'a? + — a? + &c.) .(15), 

on making 

A + C,-A\ B+GJc = B, £|’ = O'. 

Here A , B f , G r being functions of the arbitrary constants 
A , B, C provided that 7c is not actually 0 ,may themselves be 
legarded as arbitrary constants. If we so consider them in 
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(15) and then make h tend to 0, we see that the limiting 
form of the expression is 

^{A' + B'x+C'x'). 

And in precisely the same way, were there r roots equal to 
m x , we should have for the corresponding part ot the com¬ 
plete value of y x the expression 

e m ' x (A x + A. 2 x q- A^ ... 4 - AjtT*) .(1C). 

Thus the difference which the repetition of a particular root, 
7 n x produces is that the coefficient of the exponential c”' 1- '' is 
no longer an arbitrary constant, hut a polynomial of the form 
A x -+■ A 2 x + &c., the number of arbitrary constants involved 
being equal to the number of times that the supposed root 
presents itself. 


Ex. 


Given - 


dSj 


dx* 


dx* 



+y = 0. 


Here, assuming y — Ce mx , the auxiliary equation is 

m n — ltd — m + 1 = 0, 

the roots of which arc —1, 1, 1. Thus, corresponding to the 
root — 1, we have in y the term Ce~ :c , while to the two roots !, 
we have the term (A Bx) e v . The complete primitive there¬ 
fore is 

y = Ce~ x + (A + Bx) € x . 


8. It follows from (16), that if a pair of imaginary roots 
a + b J — 1 present itself r times, the corresponding portion of 
the complete value of y will he 


(<7, + G>... + C r x r -') e“ +4W ' i 

which, substituting for 
values and finally making 


+ (C'+ 

and their trigonometrical 


G t + =A t , (Cj — C') J— 1 = &<: 


assumes the form 


(A x + A 2 x ... + A r a? r “ 1 ) e nx cos bx 

+ (/jj + B./c ... + 7> r a' t_1 ) e“ T sin bx. 
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Hence, therefore, the repetition of a pair of imaginary roots 

a + b sj■— 1 changes also the two arbitrary constants of the 
ordinary real solution into polynomials, each of which involves 
a number of constants equal to the number of times that the 
imaginary pair presents itself. 

Ex. Given 4 2ri* 4 n A y = 0. 

Assuming y = Ce mx , the auxiliary equation is 

•m 4 4- 2n 2 m/ t 4-ji 4 = 0, 

whence m has two pairs of roots of the form 4 n >/(— 1). 

For one such pair the form of solution would be 

y = A cos nx 4 J3 sin nx. 

For the actual case it therefore is 

y = (A x 4 A 2 x) cos nx 4 (JB X 4 B 2 x) sin nx. 

9. The above, which is the ordinary method of investi¬ 
gating the form of the complete solution when the auxiliary 
equation involves equal roots, rests on the assumption that a 
law of continuity connects the form of solution when roots are 
equal with the form of solution when the roots are unequal. 
ISTow, though it is perfectly true that such a law does exist, its 
assumption without proof of that existence must be regarded 
as opposed to the requirements of a strict logic. In all legiti¬ 
mate applications of the Differential Calculus it is with a 
limit that we are directly concerned. Here it is with some¬ 
thing which exists, and which admits of being determined in¬ 
dependently of the notion of a limit. 

Thus if we take as an example ~~ — 2 4^ = 0, in which 

the auxiliary equation m a — 2m 4 1 = 0 shews that the values 
of m are each equal to 1, we are entitled to assume as a par¬ 
ticular solution 


y = Ce\ 
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Let us now substitute tbis value of y in the given equation 
regarding G as variable, and inquire whether it admits of any 
more general determination than it has received above. On 
substitution we find simply 


d*C 

da? 



whence C — A 4- Bx. Thus while the correctness of the 
solution furnished by the assumption of continuity is esta¬ 
blished, it is made manifest that this assumption is not in¬ 
dispensable. 


"We shall endeavour to establish upon other grounds the 
theory of these cases of failure in a future Chapter. Mean¬ 
while it maybe desirable to shew that the form (16) actually 
satisfies the differential equation when r values of m are 
equal. 


In the given equation assume 

y = Ce^a?, 

* m d*** (U'V') 

$ being an integer less than r. From the theorem for —- 
it easily follows that the result will be of the form 

j/(m) cc s +/'(m) saf~ x + • • • 4( m )| “ 0, 


in which f(jd) represents the first member of (11). But that 
equation having by hypothesis r equal roots, we know by the 
theory of equations that 

f (m) = 0, f (m) = 0,... / (t) (m) = 0, 

are simultaneously true. Thus the differential equation is 
satisfied. And being satisfied for the particular value of y in 
question it is satisfied by (16), which is the sum of all such 
values. 


10. The results of the previous investigation may be 
summed up in the following rule. 
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Htjle. The coefficients being constant and the second mem¬ 
ber 0 t form an auxiliary equation by assuming y — Ce mx , and 
determine the values of m. Then the complete value of y will 
be expressed by a series of terms characterized as follows, viz. 
For each real distinct value of m there will exist a term Ge mx ; 
for each pair of imaginary values a± b */(— 1), a term, 

Ae ax cos bx + Be ax sin bx; 

each of the coefficients A, B, G being an arbitrary constant if 
the corresponding root occur only once, but a polynomial of the 
(r — l) th degree with arbitrary constant coefficients, if the root 
occur r times. 


Ex. 


Given 


d*y 
dx 5 


£r_ 2 

da? 



d v = o 

dx 


Here the auxiliary equation, is 

m 5 — m 9 — 2m 2 -I- 2m = 0, 

whence it will be found that the values of m are 


0 , 1 , 1 , - 1 ± 

The complete primitive therefore is 

y-G-\- (C t 4- Gpc) e* + Gf~ x cos x 4- Cjf x sin x. 


11. To solve the linear equation with constant coefficients 
when its second member is not equal to 0. 

The usual mode of solution is 1st to determine the com¬ 
plete value of y on the hypothesis that the second member 
is 0; 2ndly, to substitute its expression in the given equation 
regarding the arbitrary constants as variable parameters ; 
3rdly,. to determine those parameters so as to satisfy the 
equation given. 

Supposing the given equation to be of the n iK degree, n 
parameters will be employed. These may evidently be sub¬ 
jected to any n — 1 arbitrary conditions. How that system of 
conditions which renders the discovery of the remaining re¬ 
lation (involved in the condition that the given differential 
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equation shall be satisfied) the most easy, is that which 
demands that the formal expression of the n — 1 differential 
coefficients 

dy d?y d n ~ x y 
dec’ dtc?’ *** d^T 1 


shall, like the formal expression of y, be the same in the sys¬ 
tem in which c x ,c 2 , ... c n represent variable parameters, as in 
the system in which they represent arbitrary constants. 

The above method is commonly called the method of the 
variation of parameters. It is, as we shall hereafter see, far 
from being the easiest mode of solving the class of equations 
under consideration; but it is interesting as being probably 
the first general method discovered, and still more so from 
its containing an application of a principle successfully em¬ 
ployed in higher problems. 


Ex. Given + n 2 y 
dx z J 


cos ax. 


Were the second member 0, the solution would be 

y — c x cos nx + c 2 sin nx .( a ). 

Assume this then to be the form of the solution of the equa¬ 
tion given, c x , being variable parameters, but such that ^ 
shall also retain the same form as if they were constant, viz. 


dy 

dx 


— c x n sin nx + c./i cos nx 

dy 


■<*). 


Now the unconditional value of ^ derived from (a) is 

do * do 

~ — — cjn sin nx -f c„n cos nx + cos nx -j 1 + sin nx , 
dx 1 2 dx dx 


which reduces to the foregoing form if we assume 


dc. 


cog nx —* -f sin nx - 


dc a 


dx 


dx 


0 . 


(c). 


This then is the condition which must accompany (or). 
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Now differentiating (b) and regarding c x , c 2 as variable, we 
have 

• etc d(j 

= — an* cos nx — c„n 2 sin nx — n sin nx —r 1 4- n cos nx -r 1 * 
dx 12 dx ax 

Substituting the above values of y and the given 

equation, we have 


. do. dc. 

n sm nx -y— 4 n cos nx -j- 2 — cos ax. 
ax ax 


(<*)> 


and this equation, in combination with (c), gives 

dc, 1 . dc„ 1 

_j —-cos ax sin nx. - T ~ — — cos ax cos nx, 

ax n dx n 


whence 


1 Ceos (n + a ) x cos (n — a) x 
2n\ n 4 a n ~ a 


4 G lf 


1 (sin (n 4 cc) x sin (n — a) ad ^ ~ 

[ w + a n — a j 2 * 


2 2 n 

Lastly, substituting these values in (a) and reducing, we 
have 

cos ax y-y , /y • t \ 

y — -- -f (7, cos nx 4 C 0 sin nx .(e). 

* n — a 

This solution fails if n — a. But giving to (e) the form 
cos ax — cos nx 


y 


vb — cu 2 


4 C x cos nx 4 C a sin ncc, 


and regarding the first term as a vanishing fraction when n~a, 
we find 


x sm nx 


1 JL JUI / (. lV f • 

2/ —-—-Cj cos -na; 4 C 2 sin raa?. 

Or we might proceed thus. Differentiating twice the equation 


d'y 


1 


2 
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Hence eliminating cos nx 


dSj 
dx 1 




d?y 

da? 


+ n*y — 0 , 


an equation whose complete solution is 

y = (A + Bx) cos nx -t- ( G + Dx) sin nx. 

Substituting this in the given equation we find I? = 0, 

D = ~ , whence 
2 n 


y — A cos nx 4- 



sin nx, 


which agrees with the previous solution. 

The latter method, which is general, consists in forming a 
new equation of a higher order, but with its second member 
free from that term which is the cause of failure. As by the 
elevation of the order of the equation superfluous constants 
are introduced, the relations which connect them must be 
found by substitution of the result in the given equation. 


12. To the class of linear equations with constant coeffi¬ 
cients all equations of the form 

(a+6x)"g +A ( a+UT - l ^+B(a+bxr* 


Ay B, ... L being constant and X a function of x, may be 
reduced. It suffices to change the independent variable by 
assuming a + bx = e\ 

Ex. Given (a + bx) 2 4- b (a 4- bx) ^ q- ri*y — 0. 

Assuming a 4- bx = e*, we find 


dy 

dx 


be 


-t d V 

dt ’ 


§-s 


da? 


\dt 4 
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Hence, by substitution in the given equation, we have 


+ w?y ~ 0, 


the solution of which is 


yy f flt sy / . 'lit 

y — C cos y + G sin , 

in which it only remains to substitute for t its value log (a-f bx). 

13. Beside the properties upon which, the above methods 
are founded, linear equations possess many others, of which 
we shall notice the most important. We suppose, as before, y 
to be the dependent, x the independent variable. 

1st. The complete value of y when the linear equation has 
a second member X will be found by adding to any particular 
value of y that complementary function which would express 
its complete value were the second member 0. 

Representing the linear equation in the form (7), let y x be 
the particular value of y which satisfies it, Y the complete 
value which would satisfy it were the second member 0; and 
assume y = y x •+ Y. The equation then becomes 


y n V fjn-i yr 

JL __ I Y ~ _ I T V 


-X. 


( 17 ). 


and this becomes an identity, the first line of its left-hand 
member being by hypothesis equal to X, and the second line 
equal to 0. 

Ex. Thus a particular integral of the equation 

d*y 2 

^~ay=x+ 1 

iCfc? ■-1 "f 

being y — -—, its complete integral is 

(X 


x 4- 1 


Ce ax - I- C'e~ ax 
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The above property, which relates to the generalizing of a 
particular solution, is important, because, as we shall hereafter 
see, a particular solution of a linear equation may often be 
obtained by a symbolical process which does not involve even 
the labour of an integration. 

2ndly. The order of a linear differential equation may 
always be depressed by unity if we know a particular value 
of y which would satisfy the equation were its second member 
equal to 0. 

It will suffice to demonstrate this property for the equation 
of the second order 


d*y 

da? 




(18). 


Let y x be a particular value of y when X — 0, and assume 
V = 2/x Substituting, we have 


'&y_i , v <*.'/> 
dJ + 1 dx 



V 



the first line of which is by hypothesis 0. In the reduced 
dv 

equation let ~ = it, then we have 

CLOU 




dx 


u 


X .(19), 


a linear equation of the first order for determining m. And 
this being found, we have 


V — Ji 


udx + c. 


In the particular case in which 0, we find from (19) 

Ce~f Xl<ix 


u 


Vi 


/ fe ~/^d x \ 

y = Vx dx +°i) .( 20 )- 


whence 
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3rdly. Linear equations are connected by remarkable ana¬ 
logies with ordinary algebraic equations. 

This subject has been investigated chiefly by Libri and 
Liouville, who have shewn that most of the characteristic 
properties of algebraic equations have their analogues in linear 
differential equations. 

Thus an algebraic equation can be deprived of its 2nd, 
Srd,...^ term by the solution of an algebraic equation of the 
1st, 2nd,...(r — l) th degree. A linear differential equation can 
be deprived of its 2nd, 3rd,... r th term by the solution of 
another linear differential equation of the 1st, 2nd,... (r — l) to 
order. 

This may be proved by assuming y—vy t , and properly de¬ 
termining v so as to make in the resulting equation y x assume 
the required form. 

Again, as from two simultaneous algebraic equations, we 
can by the process for greatest common measure obtain a de¬ 
pressed equation satisfied only by their common roots, so from 
two simultaneous linear differential equations we can by a 
formally equivalent process deduce a new equation of a de¬ 
pressed order satisfied only by their common integrals. 

This is best illustrated by example. 


Ex. Required the common integrals, if any, of the 
equations 


d z y 
d a? 



dy 

dx 


2y = 0, 


d?y 
dx 2 


+ 5 


dy 

dx 


- 6y = 0, 


Differentiating the second equation and then eliminating 
dx 2 


dx 


^ and , we find the depressed equation 


If we differentiate this we shall find that the result is 
merely an algebraic consequence of the two equations last 
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written, not an algebraically new equation. Thus the process 
of reduction cannot be repeated. We have therefore 

y = ce 

as the only common integral. 

[See the Supplementary Volume, Chapter xxn.] 


EXERCISES. 

1 S- 7 a +1! »-°- 

2- S-Tt + 12 


3. 

4. 


daf dx 

Intesrrate — 4r -{- 6 — 4 


dx 1 

sl + 2 sl + ^ = 0 - 


dx 


+ y = 0. 


cl^tj 

5. dx* ~ ^ dx* "h ty ~ if being given that one of the 
roots of the auxiliary equation, m 3 — 3m 2 + 4 = 0, is — 1, 


<5 d 'y _ 5 d °y _i_ 2 (r -'/ _ 9 „ -i 

t> * ^ 7 ^ * 'da? + Z ^ , 7 ,. + y ~ lm 


dx 

d'y 


da? 


dx 


• • A- 2* v y + % = €*. 

<zar dx ° 

8. What form does the solution of the above equation 
assume when 7c — 1 ? 


9. x 


d y - x d i^ 


dx 1 dx 


— 3j/. 


10. (x + (a; +a) ^ + Gy = 0. 

11. Integrate — 2foe + £*:r’y = 0. 


if a? 
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12. A. particular integral of (1 — ic 2 ) ^ = 0 

is y = C« a "“ **, find the complete integral by the method of 

Art. 13. 

13. The form of the general integral might in the above 
case be inferred from that of the particular one without em¬ 
ploying the method of Art, 13. Prove this. 


14. It being given that 

cosaA ~ / 

4* (cos x 


y- A(sina+ 

\ x 


\ 


is the complete integral of the equation 
find the general integral of 


sinaA 
x ) 


+ 1 


2 ' 

x 2 


y= o, 


]y ~ X ‘ 


15.^ Explain on what grounds it is asserted that the com¬ 
plete integral of a differential equation of the 71 th order contains 
n arbitrary constants and no more. 


16. Mention any circumstances under which it may he 
advantageous to form, from a proposed differential equation, 
one of a higher order. In deducing from the solution of the 

latter that of the former, what kind of limitation must he 
introduced ? 



CHAPTER X. 


EQUATIONS OF AN ORDER HIGHER THAN THE FIRST, 

CONTINUED. 


1. We have next to consider certain forms of non-linear 
equations. 


Of the following principle frequent use will be made, viz. 
When either of the primitive variables is wanting, the order of 
the equation may be depressed by assuming as a dependent 
variable the lowest differential coefficient which presents itself 


in the equation. 

Thus if the equation be of the form 


F 




dy 

dx' 


d *y\ 

dF) 


0 



and we assume 




> 


we have, on substitution, the differential equation of the first 
order, 

. (3) ' 

If, by the integration of this equation, 2 can be determined 
as a function of x involving an arbitrary constant c, {suppose 
z = cf) (x, c)}, we have from (2) 

dx = ^ ^ c 


whence integrating 



dx 4- c . 
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If the lowest differential coefficient of y which presents 
itself be of the second order, the order of the equation can be 
depressed by 2, and so on. 


A similar reduction may he effected when x is wanting. 
Thus, if in the equation of the second order 




dy 

dec’ 


dxV 


0 



we assume 



= p, we have 


d*y _ dp __ dp dy _ dp 
dx? dx dy dx ^ dy ’ 

by means of which (4) becomes 

F {y> p> p Jp = o.( 5 >- 

Should we succeed by the integration of this equation of 
the first order in determining^ as a function of y and c, sup- 

pose p — (f> (y, c), the equation ^ —p will give 


dx = 


_ dy 


whence 


<P (2/> c) 9 
dy 


f dy 

Ex. Suppose 1 + gQVyg = 0. 


Put ^ =p ; thus 


l+f + yp^ = 0, 

therefore _j_ jpdp __ q 

V I +P ! ' ’ 

therefore log y 4- log */ (1 +p*) ~ constant. 
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therefore y */(l + p 2 ) = constant — 1, 


therefore 

therefore 



dx __ y 

dy ~ V(^ 2 - 2 ft 9 


therefore cc = — — y 2 ) + a 3 

where a is a constant; 

thus finally, y 2 + (x —■ a ) 2 = & 2 . 


2. In close connexion with the above proposition, stand 
the three following important cases. 

Case I. When but one differential coefficient as well as 
hut one of the primitive variables presents itself in the given 
equation. 

(I 71 ?/ 

1st. Let the equation be of the form ~~^ n — X y we have 
by successive integrations 

d n ~\ 


and finally 


V 


=jxdx + c, 

= j\xda? + cx + c, 

= JJ ... Xdx n + -i- c 2 x n ~ 2 ... + c n .(7). 


We shall hereafter shew that the first term in the second 
member may be replaced by a series of n single integrals. 

2 ndly, If the equation be of the form ~y^i~ if is not 

generally integrable, but it is so in the case of n ==■ 2. Thus 
there being given 
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we have 


and integrating 


Hence 


dy cPy dy 

dx dx* dx ’ 


g-(2 /ray+C)>, 

dx= dy 

(2 / Ydy + (7)i ’ 


=/; 


(2 JYdy + C)* 

i„* ,r ~y _ 


+ C' 


.(&). 


As a particular example, let == a 2 y. 

CZ*/C 

Here x = f -^_l O' 

J (2fa?ydy+ C)% 

_ f d V . ^ 


(fdy 1 + (7)^ 


4- (7' 


= J log {ay + V(aV + O)} + O'. 

Case II. When the given equation merely expresses a 
relation between two consecutive differential coe ffi cients. 

Suppose the equation reduced to the form 

dx 11 J \dx n - x ) . 

cZ* 1-1 v 

then, assuming = -z, we have 


£=•/»> 


whence 


c&c = 


> W ' 

f dg 
•'/(«) 


■+* c. 


( 10 ). 
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If, after effecting the integration, we can express z in terms 
of x and c, suppose z — <p (x, c) we have finally to integrate 

d n ~ x y , . 

Er* = * (*’ °). 


(ii), 


which belongs to Case I. 

But if, after effecting the integration in (10), we cannot 
algebraically express z in terms of x and c, we may proceed 
thus. 


From 


d n -'y , 

da ,n-v = z, we have 

daF* = J zdx 


-I 

* 


zdz 

f\ z Y 


d'-'y 

dx 


,r*i r 


zdz 

fY) 

zdz 


AYJfY) ’ 


and finally. 


_ f dz f dz f zi 


( 12 ), 


zdz 

W. 

the right-hand member indicating the performance of n — 1 
successive integrations, each of which introduces an arbitrary 
constant. If between this equation and (10) we, after integra¬ 
tion, eliminate z, we shall obtain a final relation between ?/, x, 
and n arbitrary constants, which will be the integral sought. 


Ex. Given «S2 = ^/{l + (2)}- 

<Py 


Making -* ■\ = z, we have <xz 

ctx ax 


= */(l 4- z 2 ), whence 


x = c + a a/(1 + z*) 


.(a). 
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According to the first of the above methods, vre should now 
solve this with respect to z, and thus obtaining 


z = 


d?y 
dx- 1 




find hence 


y— Jf ^/- l| da? + c^x + c 2 .(6), 

in which it only remains to effect the integrations. According 

to the second method, we should proceed thus. Since 

, azdz , 

dx — — - —or, we have 


V(l4* 2 ) 


dy 

dx 


! zdx= !: 


az 2 dz 


V(1 4 £ 2 ) 


CLZ hj (1 z 1 CL i f .■ t 

—^2 -^-2 lo g{ s + V(l + ^)]+c, 


whence multiplying the second member by 
and again integrating, 

V 


azdz 


VC i + ^ 2 ) 


for dx. 


aV 


2 52 

a V(! + **) {« 4 V(1 4 d 2 )} +^r-z 


(5 2 ' v ^ 1 ~ s —i 'vv* * w ;j • ^ 

4 ac V(l4 z 2 ) 4 c". (c). 

The complete primitive now results from the elimination 
of z between (a) and (c). 

Case III. When the given equation merely connects two 
differential coefficients whose orders differ by 2. 

Reducing the equation to the form 

d n y _ f /g jy\ 

dx 11 J \dx n V 


(13). 


Let = a, then 
dx n 2 " 


daf 


■/(«)• 


This form has been considered under Case i. 
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It gives 

x ~hv. yo)ckH-c']* + c, ‘ 

If from this equation z can be determined as a function of 
x, G, and O',—suppose z = </>(&, C, O '),—then 

C, C), 

the integration of which by Case I. will lead to the required 
integral. If z cannot be thus determined, we must proceed as 
under the same circumstances in Case ii. 


Ex. Given a 2 == . 

(XQG CLX 

Proceeding as above, the final integral will he found to be 

X 3JC 

y = C 1 e + c 2 e + Cqpc -f- c 4 . 


Homogeneous Equations. 


3. There exist certain classes of homogeneous equations 
which admit of having their order depressed by unity. 


Class I. Equations which, on supposing x and y to be each 

j d % y 

of the degree 1, of the degree 0, of the degree — 1, &c., 
become homogeneous in the ordinary sense. 


Adopting the notion and the language of infinitesimals, the 
earlier analysts described the above class of equations some¬ 
what more simply as homogeneous with respect to the 
primitive variables and their differentials, i.e. with respect 
to x, y, dx, dy, d z y , &c. 


All equations of the above class admit of having their 
order depressed by unity. 
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For if we assume x — e 6 , y = e 0 z, we shall find by the usual 
method for the change of variables, 


dy d f , . 

dx dd 


( 14 ), 


tfy (&* 

dx'~ e 


dz 


\d6 t + dd 


) 


(15), 


and so on. Here y is presented as of the first degree with 
respect to e e which takes the place of x, while is of the 

d*v 

degree 0, and of the degree — 1, with respect to e e . And 

the law of continuation is obvious. Hence, from the supposed 
constitution of the given equation, it follows that on substitu¬ 
tion of these values the resulting equation will be homogeneous 
with respect to e 0 , which will therefore divide out and leave 

d l z 

an equation involving only , &c. That equation 

will therefore have its order depressed by unity on assuming 

clQ ~V **• (Art. 1). 

Tet us examine the general form of the result for equations 
of the second order. 


Representing the given equations under the form 

jp ( x v *£_ v\ — 

\ ’ y ’ dx ’ dx v ” 
we have, on substitution. 


0 


(16), 


F 



€ 



dz 

d$ 


+ 2 , €~ 0 




(17), 


and from this equation, from what has been above said, e 0 will 
disappear on division by some power of that quantity, e.g. € r,& . 
But the effect of simply removing a factor is the same as that of 
simply replacing such factor by unity. Now to replace e ne by 
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unity is the same as to replace e d by unity, and if we do this 

dz d*z 

simply, i.e. without changing and ^ 2 , (17) will become 

+a ’S + S)=°. 

A . dz . d^z dn du 1 

Assuming then — w, whence „ = u , , we have 

& dd d6 z dO dz 

F(l, z, u + z } w ^“+ w )=0 .(19), 

an equation of the first order, which by integration gives 

u — <j> (z, c) .( 20 ). 

• (1% 

Then since u = , we have 

du 

£ry 

. <2i) ' 

in which, after effecting the integration, it is only necessary 
to write 

# = lo gac, z — .(22). 

The solution of the proposed equation is therefore involved 
in (20), (21), (22). 

Ex. Given nx 3 — ^?/ x . 

Substituting as above x = e 9 , y — e°z, we find, as the trans¬ 
formed equation, 

(d?z dz\ (dz \ 2 

” w + dd) " \dOJ ’ 

dz 

whence, making ^ = we have 
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which, resolves itself into the two equations, 

M (S +i ) =M ’ m=o - 

The former gives on integration 

* 

u = n + Ge n . 


Now u — whence 
ad 


d6 = 


dz 


n+ Ce” 


therefore 6 — — log (ne n + (7) 4 - C', 

7 f 

and now replacing 6 by log x, and z by ;, we have on re-* 

oc 

duction, 

y = nx log .<*>’ 

A and B being arbitrary constants. This is the complete 
primitive. 

dz . 

The remaining equation u — 0, or ^ = 0, gives z = c, or 

y = cx, and this is the singular solution. 

The equation (a) might have been directly deduced from 
the given equation by the general theorem (19), which indi¬ 
cates that for such deduction it is only necessary to change 

x to 1, y to z, “ to u 4- z, and to u 
* ax dx 2 




Class II. Equations which on regarding x as of the first 

degree, y as of the ?i th degree, ^ of the (n — l) th degree, 

of the (n— 2) th degree, &c., are homogeneous. 

^ To effect the proposed reduction assume x = e 9 , y = € n0 z. 
The transformed equation will be free from 6 } and, on assum- 
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mg ~rf£ = u> degenerate into an equation of a degree 

lower by unity between u and z. 

It is easy to establish that, if the given differential equa¬ 
tion be 

'(«»% 8)-°.(*»• 

the reduced equation for determining u will be 

dll 

F{1, z, u + nz, u (2 n— T)u + n(n~l) z] = 0....(24). 

Suppose that by the solution of this we find 

c ).(25), 

x T_ • _ dz , 


then since 


X.AJ - 

U ~dd’ We “ ave 


6 = /^c) + C '. (2 °)’ 

in which it only remains to substitute log a; for 0, and ?/ n for z. 

cc 

Ex. Given ^ jV = (*» + 2 xy) - 4y\ 

This equation proves homogeneous on assuming x to be of 

the degree 1, y of the degree 2, of the degree 1, and 

dSy X 

of the degree 0. 

Changing then, according to the formula (24), x into 1, 
y into z } ^ into u + 2z, and into u 4- 3 a + 2 . 3 , we have 


du _ 

U dz + 2,3 = (* + % z ) ( u + 2s) — 4' 


(«), 
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•which, is reducible to 


2 — 2 z ] — 0 * 


This is resolvable into two equations, viz. 

^+2-2s = 0, u = 0 
dz 

The first gives on integration 

u — {z — l) a ± c 2 . 

. dz i 

Hence, since = u, we nave 
ad 


dd = 


(z - l) a ± c 2 ’ 


y% l , _i Z l f l I 

6 = c tan _ l' +C ’° r 2^ log 


z — 1 — c 
z — 1 4- C 


4 c . 


Hence, replacing # by log a;, and by— 2 , we have 

^ vC 


log x — - tan 
° c 


1 2/ — ^ 


- ** , v or 1 lo „ V - 0 ±_ c ) 3:2 + v 
cx*~ + c ’ ° r 2"c log y-(1 - c) x 2 + ° ’ 


the rational forms of the integral required. 

The factor v. — 0 in ( b ) giving gg = 0, or ^ = c, leads to the 
singular solution y = cx 2 . 

Class III. Equations which are homogeneous with re- 
spect to y, , &c. 

Properly speaking, this class constitutes a limit to the class 
just considered. For when n becomes large, the quantities 

du 

7i, n — l, n —2, the supposed measures of the degrees of y, ^, 


approach a ratio of equality. 




ART. 3.] 


HOMOGENEOUS EQUATIONS. 


221 


If we assume y = €*, we have 


dj£ 

dx 

d'y 


dz 

dx 


d 2 z ^ /dz VI 


(27), 

.(28). 


dx 2 6 {dx* \dx)) 

All these being of the first degree with respect to e* it fol¬ 
lows that after substitution in the proposed equation, that 
function will disappear on division. Thus, if the given equa¬ 
tion be 

3)-» .<-»>• 

the transformed equation will be 

g £+©}-°. 


dz 


F{x, I, u, -j + id 


0. 


(31). 


or, on assuming ^~ = w, 

du A 
d, + u ) 

Integrating this equation of the first degree, we have 

u = <f> (sc, c) ; 

therefore z = j (x } c) dx -{- c .(32), 

in which it only remains to substitute for £ its value logy. 

Or we may assume at once y — e . The transformed 
equation between u and x will be of an order lower by unity 
than the equation given. 

du 

_ y <L 

. -JL- I_I - ---- 

dx* 


Ex. Given ay + b 


7VTIF) 


( | u<ht _ 

Assuming y =» & , we find 

/du „\ 


'll 
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as would directly result from (29) and (30). Expressed in 
the form 

du _ u __ / b\ 2 

dx a V(e 2 -t- x 2 ) \ a) U ’ 

this equation is seen to belong to the class discussed in 
Chap. ii. Art. 11. 

On comparing the above classes of homogeneous equations 
we see that Class n. is the most general. It includes Class I. 
as a subordinate species, and Class ill. as a limit. 


It is proper to observe that Classes I. and II. are usually 
treated by a different method from that above employed. 
Thus, in Class I., it is customary to make the assumptions 


V — xi i 


dy __ d~y _ v 
dx U> dx 2 x 3 


dTy _ w 
dx 3 x 2 3 


&c. 


On substitution x divides out, and there remains an equa¬ 
tion involving y and the new variables t, u, v, w, &c., which 
may be reduced by successive eliminations to a differential 
equation between two variables, and of an order lower by 
unity than the equation given. But this method is far more 
complicated than the one which we have preferred to employ. 


Exact Differential Equations . 

4. A differential equation of the form 

, ( dy d\) d n y\ A 

^ r' v ’ dx' dz? ’ "■ djy ~ 0 .( 33 )’ 

is said to he exact if, representing its first member by V, the 
expression Vdx is the exact differential of a function IT, which 

is therefore necessarily of the form ^ lx, y, , ... ) • 

Thus — yoT — xy z — 0 is an exact differential 

equation, its first member multiplied by dx being the differ¬ 
ential of the function i — x\ 


u. 

}• 


, and the first member 


itself the differential coefficient of that function. 
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Hence then a first integral of the above equation will be 



The method of integrating an exact differential equation 
which we shall illustrate, and which contains an implicit 
solution of the question whether a proposed equation is exact 
or not, appears to be primarily due to M. Sarrus ( Liouville, 
Tom. xiv. p. 131, note). 

Ex. Given y + ^£ + % (J) 3 + (f + W g) g = 0. 


Supposing the above an exact differential, we are by defi¬ 
nition permitted to write 




'dy\ 

jdx) 


+ a?" 


+2 ^S)S^-< 84 >- 


Now a first and obvious condition is that the highest differ¬ 
ential coefficient in an exact differential equation, being the 
one introduced by differentiation, can only present itself in 
the first degree. This condition is seen to be satisfied. 


Keprcsenting the highest differential coefficient but one by 
p, we can express (34) in the form 

d U— {y 4 - Sxp + 2 yp*) dx 4 - (a; 2 +■ 2 y 2 p) dp. 

Now let U t represent what the integral of the term con¬ 
taining dp would be were p the only variable. Then 

U = xy+ y y. 


Assume, then, removing all restriction, 



Subtracting this from (34) 

dU-dU t = {y + X d £)d X . 


(35). 




224 


EXACT DIFFERENTIAL EQUATIONS. 


[CH. X. 
d?ij 

We remark that the highest differential coefficient has 

T » dit 

now disappeared. We observe too that the next, viz. is 

involved only in the first degree. This is a consequence of the 
fact that the proposed differential equation was really exact. 
For the first member of (35) being the difference of two exact 
differentials, and therefore itself exact, the second member is 
so, and its highest differential coefficient is therefore of the 
first degree. The integration of an exact differential involving 


dx 2 


has, in fact, been reduced, to that of an exact differential 


dy 

involving only -fi- as its highest differential coefficient. And 

Q/OC 

a similar reduction may be effected whatever may be the 
order of the highest differential coefficient. 


The integration of (35) gives 

U- U t 

whence 

dy 




U=U 1 + ccy = X * d £ + y> (g) +*y. 

A first integral of the given equation is, therefore, 


x 


dy 

dx 


2 fdy\* 

+ y Xjfc) +xy = c, 


(3G). 


The general rule for the integration of an exact differential 

dii 9 d n y 

dU, involving x, y, ^r, ***j^~»> is then as follows. Integrate 

• • « d 71 ^?/ 

the term which involves in the first degree , as if were 

d n y 

the only variable , and dx its differential. Representing the 

result by £7 X , and removing the restriction , dJJ — dU x will be an 

exact differential involving only x, y, n l{. Repeat 

the process as often as necessary. Then U will be expressed 
by the sum of its successively determined portions (J xf U, 2) 
U a) &c. 
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For the solution of an exact differential equation, it is there¬ 
fore only needful to equate to c the integral of the correspond¬ 
ing exact differential as found by the above process. 

The failure of that process, through the occurrence of a 
form in which the highest differential coefficient is not of 
the first degree, indicates that the proposed function or equa¬ 
tion is not ‘ exact.’ 


5. There is another mode of proceeding of which it is 
proper that a brief account should be given. 


Representing ... by y„ y,,...y„, it is easily 

shewn by the Calculus of Variations, that if Vdx be an exact 
differential, K being a function of x, y, y x ,.. .y n , tlion identically 


dy d 2 y d n y 


d\dV fd \*d 


dV 


dy \dxj dy x \dxj dy^ 


* * • + 


dy dv 

due) dy n 


(37), 


/ d\ . . 

where f j-J indicates that we differentiate with respect to x 

regarding y, y,,. ■ - y n as functions of x. This condition was 
d isco v ere d by K ti le r. 

The researches of Samis and De Morgan, not based upon 
the employment of the Calculus of Variations, have shewn, 
1 st, that the above condition is not only necessary but. suHici- 
ent. 2ndly, that itconstitut.es the last of a series of theorems 
which enable us, when the above condition is satisfied, to 
reduce Vdx to an exact differential in form , i.e. to express 
it in the form 


dU . did 7 dU , dU 7 

dx + dy d 'J + dy, d,J ' • • ■ + dy .., (hj -' 



where x, y, y x , ... y n _ x are regarded as independent. The inte¬ 
gration of Vdx = 0 in the form U=e is thus reduced t<> the 
integration of an exact differential of a function of n 4 - 1 inde¬ 
pendent variables,—a subject to be discussed in Chapter XI1. 
{Cambridge Transactions, Vol. ix.) 

'.cm of 
of this 

equivalence a posteriori would, as Bertrand has observed, be 
complicated. (LiouviLlo, Tom. xiv.) 


The condition (37) is singly equivalent to the sys 
conditions implied in the process of Samis. The proof 
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The solution of the differential equations of orders higher 
than the first is sometimes effected by means of an integrating 
factor p, to discover which we might substitute (jlV for V in 
(37), and endeavour to solve the resulting partial differential 
equation. Even here, however, the process of Sarrus would 
be preferable. 


Miscellaneous Methods and Examples. 

6. Many forms of equations, besides those above noted, can 
be integrated by special methods, e. g. by transformations, 
variation of parameters, reduction to exact differentials, &c. 
Equations of the classes already considered can also sometimes 
be integrated by processes more convenient than those above 
explained. 

cPy 

Ex. 1. Given = ax 4- by. 

<Pt 

Let ax by — t. We find as the result, 2 — bt a linear 
equation with constant coefficients. 


Ex. 2. Given (1 — x 2 ) 




dx 2 


X 


°- 


Changing the independent variable by assuming sin 1 x = t, 


(tfy 

we find ~ 4- q*y = 0, whence the final solution is 


y = c 4 cos (q sin 1 x) + c 2 sin (q sin 1 x) 


,(39). 


So too the equation (1 -f- ax z ) + ax + q 2 y = 0, is re- 
ducible to the form + <£y = 0, by the assumption 


/ 


dx 


V(1 + ax 1 ) 


t. 


Equations involving the arc s, whether explicitly or im¬ 
plicitly, may be freed from it by differentiation or by change 
of independent variable. 
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Ex. 3. Given 5 = ax + by. 

Differentiating, we have ,^/jl 4- j = a + b ~ ; 

dy _ab 4 a/( a 2 + b* — 1) 
dx “ l^b* * 

ab ±</(a* + b 2 - 1 ) 
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therefore 


Ex. 4. Given 


y = 

ds 2 


x 4- c. 


a. 


Assuming a? as independent variable, we have 

dx d dx fd s\ _1 d fdsY' 1 
\dx) dx \dx) 


ds 2 ds dx ds 


(ds\~ s (Ps 


— 


\dxj daf 


— a. 


ds . 


We might here put for-^ its value a/(1 4-p 2 ), and so form 

a differential equation for determining p. Direct integration, 
however, gives 


/dsX 

\dx) 


2 ax 4- c. 


Whence we find 


y 


dy 

dx 

-/( 


( — - -* 

V2(ZvC 4- c J y 


2 ax 4- 0 


1J dx 4- c ; 


which indicates a cycloid. 

7. M. Liouville has shewn how to integrate the general 

equation ^ + f 0*0 ^ + F (y) = 0 (« Journal de Mathdma- 

tiqueSy 1st Series, Tom. vii. p. 134). 

Suppressing the last term, the resulting equation 


d 2 


dx 


2+/<*>&-0 
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Las for a first integral 


dy_ 

dx 


Ge~S f{x)dx . Now assume this to be 


a first integral of the giv-en equation regarding G as an un¬ 
known function of y , then 


<?y 


dx 




[dC dy 
dy dx 


Cf(x) 


= T’TT \f f - Cf (,) 

C dx [ay ax 

dy \dx) d \ ) y x 

Thus, the given equation becomes 


whence 

Therefore 

therefore 


IdC . /A 
Cdy +F ^~° 

G = 

dy_ 
dx 


(40), 


: £—f Fly) dy Q—ff(x)dx^ 

J e fny)dy dy= AeS f(x)dx dx + B .(41), 

the complete primitive sought. 

8. Jacobi has established that when one of the first inte¬ 
grals of a differential equation of the form = f(x, y) is 

known, the complete primitive may be found. The following 
demonstration of this proposition is due to Liouville (Journal 
de MatMmatiques , 1 st Series, Torn. xiv. p. 225). 

Let the given first integral be = (x, y , c). Differenti¬ 


ating, we have 


d 2 y _ d<p <Jf> dy __ d<f> d<f> 

dx 2 dx dy dx dx F dy 1 

<f> standing for <p (x, y, c). Hence, comparing with the given 
equation, 

d(f> , d<f> 
dx +<t> d» 
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and differentiating with respect to c, 

d?cf> dd> d(p d*<f> _ n 

dxdc He dy * dydc 

Now this is precisely the condition which must be satisfied 

in order that the expression {dy — <f>dx) may he an exact 

differential. Hence, the first integral expressed in the form 
dy — <bdx = 0, is made an exact differential by means of the 

rich 

factor . The complete primitive therefore is 


/He ^ dy ” = ° .( 42 )- 


Some equations of great difficulty connected with the theory 
of the elliptic functions are reduced to the above case in the 
memoir referred to. 


Singular hitegrals. 

9. Equations of the higher orders, like those of the first 
order, sometimes admit of singular integrals, i.e. of integrals 
not derivable from the ordinary ones without making one or 
more of their constants variable. 

We shall term such integrals singular solutions when they 
connect only the primitive variables, but singular integrals 
when they present themselves in the form of differential 
equations inferior in order to the equation given. 

And as the entire theory is involved in the theory of 
singular first integrals, we shall speak chiefly of these, but 
with less detail than in the corresponding inquiries of 
Chap. vm. 

[Additions to the present Chapter are given in the Sup¬ 
plementary Volume, Chapter xxiu.] 

Prop. Given a first integral with arbitrary constant of a 
differential equation of the n th order, required the correspond¬ 
ing singular integral. 

Let the given equation be 

F(k> y, y v y % ••• y») = o.(dd), 
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where y l stands for ||, y, for , &c. Suppose the integral 
given to be expressed in the form 

y n -, =/(®» y. Vx ••• y«-2> c ).( 44 )> 

c being an arbitrary constant. Differentiating as if c were 
an unknown function of x , 


„ + 

y n dx dy 


d£ 


dy n . 


Vn -1 + 


df do 
do dx ’ 


Now this reduces to the same form, i. e. gives the same 
expression for y n in terms of x, y x ... y n _ t > c, as it would do if 

c were constant, provided that we have = Oj and therefore, 

this condition satisfied, the elimination of c will still lead to 
the given differential equation (4-3). 

An integral of the given equation will therefore he found 
by attributing to c in the complete first integral (44), such 

value as will satisfy the condition or > as ma y ex " 

press it, 

= 0.(45). 

dc 


And unless the value of c thus found is constant, the 
integral will be singular. The above process amounts to 
eliminating c between (44) and (45), so that we have the 
following rule. 


Given a first integral of a differential equation of the n th 
order , to deduce the corresponding singular integral, we must 
eliminate c between the first integral in question and the equa¬ 
tion - o, where y n _ x is the value of ^ J{ expressed in 

terms of x,y ... , &c. by means of the given first integral. 


If the proposed first integral is rational and integral in 
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form, then representing it by cj> — 0, it suffices to eliminate c 
between the equations, 

<#> = 0 , g £-0 .( 46 ). 


It is unnecessary to dwell on the particular cases of excep¬ 
tion after what has been said on this subject in Chap. VIII. 

Ex. 1. The differential equation 

sc 1 

y-*y l + g y a - (y, - - y? = 


has for a first integral 


y 


5 0 + 30 - 




required the corresponding singular integral. 

Differentiating the first integral with respect to b, we find 


f . 2 (iniO 

2 + a? 


+ 2b = 0, 


whence 6 = 


4y, - ^ 

4 (1 -f* £C* j 


integral, leads to 


and this value substituted in the given 


y - 


vy i 
2 




(4y, ~ a;l> ) !> = 0 

16x 2 (1 + x ! ) ’ 


or, on reduction, 


16 (1 + x 1 )y — $x z i/ 1 — lGxy 1 4- a? 4 — lG^ 2 = 0. 

In connexion with this subject, Lagrange has established 
the following propositions : 

1st. Either of the first two integrals of a differential equa¬ 
tion of the second order leads to the same singular integral 
of that equation. 

2nd. The complete primitive of a singular integral of a 
differential equation of the second order will itself be a sin¬ 
gular solution of that equation, but a singular solution of a 
singular integral will in general not be a solution at all of 
that equation. 
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The proof of these propositions will afford an exercise for 
the student. 

[See Lagrange’s LegonS sur le Calcnl des Fonctions, Legon 
14 me of the edition of 1806, or Legon 15 me of the edition of 
1808. A note by Poisson on page 239 of the edition of 1808 
should be consulted ; it relates to the second of the above 
two propositions. See also Lacroix, Traite du Calcul Diffe- 
rentiel ..., Tome II. pp. 382 and 390.] 

10 . We proceed to inquire how singular integrals may be 
determined from the differential equation. 

Expressing as before the first integral involving an arbi¬ 
trary constant in the form 

Vi c ) .O 7 ). 

we have as the derived equation 

df(x, y, y x ... ffn- 2 . c) 

dx 

the brackets in the second member indicating that in effect¬ 
ing the differentiation y, y v .. .y n _ 2 , are to be regarded as 
functions of x. The differential equation of the n ih order is 
found from (48) by substituting therein, after the differentia¬ 
tion, for c its value in terms of x, y,y v ... y n _ l} given by (47). 
The result assumes the form 




2/» = <£<>> V, Vi "-2/.J 


■ (49). 


Hence, we have 
dy 


_*/„ ; 


dc 


, in (49) = in (48) x -f — in (47), 
dy*-x do dy n _ t v '' 

or, representing / (a-, y, y„_ 2 , c), by/, 


Hence, 


in (49)= (S )■*%■ 


dy n _ d 


lo 


1 


dc 


.(50), 


d lf n-t 

provided that the first member be obtained from the dif¬ 
ferential equation, and the second member from one of its 
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first integrals involving c as arbitrary constant. It is to be 
borne in mind that in effecting the differentiation with respect 
to x in the second member, we must regard y, y v ... y n _ 2 as 
functions of x. 

Now reasoning as in Chap. VIII. since a singular solution 
dy 

makes-~™ _1 — 0, it makes its logarithm, and in general the 

differential of its logarithm, infinite. Thus we arrive at the 
following conclusion. 

A singular integral of a differential equation of the ?^ th order 

dif 

will in general satisfy the condition = co , and a relation 

which satisfies both this condition and the differential equation 
will be a singular integral. 

Ex. 2. Applying this method to the equation, 

sc 2 

y — vyi +2% - (y» - - y' = °> 

we find, on differentiating with respect to y x and y 2 only. 


far 


\ 


- {* + 2 (y x - xyj] dy x + j~ (y x - xyj - 2y,j- dy 2 = 0, 
whence 

_ 2 (?/, - a;;/,) + a; 


d>J ‘ 't + 2x (y t - xy y„) - 2y 2 


/ ..2 


Equating the denominator of this expression to 0, we find 

a ; 2 + ^xy x 

4<V + 1) ’ 

and substituting this value in the given differential equation, 
clearing of fractions, and dividing by x l + 1, which will present 
itself as a common factor, 

10 x l y + 1 Gy - 8x'y i - 1 Gxy l - 10 y? + a; 4 = 0, 

a singular integral. The equation given and the result agree 
with those of Ex. 1. 
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1. 

2 . 

3. 

4. 

O. 


5 = x + sin x . 
— a 


<Vy 

dx 

__ 

da? (2a®-a?)* 

Jfr 1 

ofo? 2 V( a y) * 

, l^ = n 

6 &C 2 £C dx 

d*y 2 y 
dx 2 = 1? * 


6 . (1+ ^f?/ +1+ (^y 

dx \ax) 


= 0 . 


The two following are reducible to Clairaut’s form. 



10 . Describe the different kinds of homogeneity in differ¬ 
ential equations, and explain their connexion. 

The two following homogeneous equations are intended to 
be solved by the method developed in Art. 3. 
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13. Shew that the linear equation ^+p^ + Qy = Q, 

belongs to one of the homogeneous classes, and is reducible to 
an equation of the first order by assuming y = / udx . 


14. Solve the linear equation ^ 2 -j-P 

CLQb 


ay , dP 
di + dx y=0 - 


i5. Mainardi has remarked (Tortolini, Yol. i. p. 76), that 
JLiouville s equation^ Art. 7, becomes integrable if multiplied 

by the factor • Applying this method, deduce the com¬ 

plete primitive. 


16. Liouville s equation may also he solved by suppressing 1 
the second term and regarding the arbitrary constant in the 
first integral of the result as an unknown function of 

17. Shew that the equation = o is 

integrable in the following cases, viz. 1st, when P and Q are 
1 functions of x, _ndly, when they are both functions of y 
drdly, when P is a function of x, and Q a function of ?/. 


18. Given 


. ds j 


— a 


dx dix 
ds ds 2 * 


19. Given s — d{pd 4- y~). (Transform to polar co-ordinates.) 

20. Given s = a ( £ c - determine the relation between y 
and x, so that when x = 0, we may have y = 0, and — = 0. 

il kXj 

21. Equations homogeneous with respect to x, y, and s can 
be integrated by the assumption x = e°, y = e e a. 

(Is (] ^ s* 

22. Given ^ + 3 y ^ — 0, required the complete primitive 
relation between x and y. 

23 . s = d (pd + 2cx). 

24. s = d (y 2 + rnx 2 ). 
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25. Examine the solution of Ex. 24, when m = 1 and 
when m — 0. 


26. 


d? : 


fji k fdx\* 

X s £C“ 


- 3 dt 




27. Shew that cr 4a is an exact differential coefficient. 

ax 

28. Shew that y 2 + (2 xy — 1) ^ + x = 0 is an 

exact differential equation, and deduce a first integral. 

d\r 0?"V 

29. The equation = 0 becomes integrable 

by means of the factor 2x 2 — 2 xy. (Moigno, Tom. II. 

p. 672.) Deduce hence a first integral. 

30. Deduce also the complete primitive. 

31. Find a singular integral of the equation 


’ £g V _ 2 dy d 2 y 


' + 1 = 0 . 


a? da ; 2 

32. Hence deduce a singular solution of the given differ- 
ential equation. 

33. The complete primitive of the differential equation of 
the second order in Ex. 31 is required. 

34. A first integral of the differential equation of the 

x 2 

second order y - xy x + y 2 - (y x - a?y 2 ) 2 - y./ = 0 is 

y + ^ — a 2 ^ a? 2 — (1 — 2a) ^y x — a 2 — y x 2 = 0, where y 1 stands for 

Joe* ■^■ ence deduce the singular integral. Shew that it agrees, 
and ought to agree, with the result obtained in Art. 10. 

35. Shew that the complete primitive of the above differ¬ 
ential equation is y = ~ x 2 + bx + a 2 + b 2 . 
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36. The singular integral of the differential equation of 
the second order, above referred to, has been found to be 

16 (1 + x 2 )y — 8x 3 y 1 — 18xy x + x 4 — Ifty 2 = 0. Ex. 2, Art. 10. 

Shewthatthis singular integral has for its complete primitive 

(16y + 4 a ; 2 + a; 4 )^ = x (1 + ~ log {(1 + x 2 ) 1 — x}+ h 

h being an arbitrary constant—and that this is a singular 
solution of the proposed differential equation of the second 
order. 


37. The same singular integral has for its singular solution 
16y + 4# 8 + & ,4 = 0. Prove this. Have we a right to expect 
that this will satisfy the differential equation of the second 
order ? 


38. By reasoning similar to that of Chap. vnr. Art. 14, 

shew that a singular integral of a differential equation of the 
form y n +f[x, y, = 0 will render the integrating 

factor of that equation infinite. 

dhj ,f(hj\ 

39. Differential equations of the form 2 = / K j can be 

integrated by obtaining two first integrals of the respective 
forms x=f(p, c), y =f l (p, c), and equating the values of p. 

40. Prove the assertion in Art. 9, that a singular solution 
of a singular integral of a differential equation of the second 
order is in general no solution at all of the equation given. 
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GEOMETRICAL APPLICATIONS. 


1. In what manner differential equations afford the appro¬ 
priate expressions of those properties of curves which involve 
the ideas of direction, tangency or curvature, has been explained 
in Chap. I. Art. 11. 

Of the suggested problem in which from the expression of 
a property involving some one or more of the above ele¬ 
ments it is required to determine, by the solution of a dif¬ 
ferential equation, the family of curves to which that property 
belongs, some illustrations have also been given in the fore¬ 
going Chapters. 

Here we propose to consider that problem somewhat more 
generally. 

The following expressions furnished by the Differential 
Calculus are convenient for reference. 


For a plane curve referred to rectangular co-ordinates oc and 
y, representing also & by p, by q, 

Tangent = ^ ~- . Subtan. = — . 

V P 


Normal = y (1 + p 2 )‘\ Subnormal = 


VP* 


Intercept on axis x — x — ~ . 

P 

Intercept on axis y — y — xp. 

Dist. from origin to foot of normal = x + yp. 


Perpendicular from (a, b) on tangent = 
Perpendicular from (cr, b) on normal = 


y 

a 


— b — (x — a) p 

a . 

- a: + (b- y) p 

(1 +^)4 
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Radius of curvature — + 


(1 +P 2 ) 1 


Co-ordinates (z, /3) of centre of curvature 


a 


= x _ vSL±v^l j ^ 


y + 


1 +£* 
5 


To these may be added the well-known formulae for the dif¬ 
ferentials of arcs, areas, &c. 

It is evident from the above forms that problems which 
relate only to direction or tangency, give rise to differential 
equations of the first order—problems which involve the con¬ 
ception of curvature to equations of the second order. 

When the conditions of a geometrical problem have been 
expressed by a differential equation, and that equation has 
been solved, it will still be necessary to determine the species 
of the solution—general, particular, or singular, as also its 
geometrical significance. 


2. The class of problems which first presents itself, is that 
in which it is required to determine a family of curves by 
the condition that someone of the elements whose expressions 
are given above shall be constant. 

Ex. 1. Required to determine the curves whose subnormal 
is constant. 


Here y ^ 


a, 


and integrating, 



= ax + c. 


y — (2 ax + 2c)". 

The property is seen to belong to the parabola whose para¬ 
meter is double of the constant distance in question, and whose 
axis coincides with the axis of x, while the position of the 
vertex on that axis is arbitrary. 


Ex. 2. Required a curve in which the perpendicular from 
the origin upon the tangent is constant and equal to a. 

Here we have 

y — xp — a (1 -|- p p, 
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an equation of Clairaut’s form, of which the complete primi¬ 
tive is 

y = cx-\- (1 + c 2 f a, 
and the singular solution 

x 2 +y 2 ~ a 2 . 

The former denotes a family of straight lines whose distance 
from the origin is equal to a, the latter a circle whose centre is 
at the origin, and whose radius is equal to a. And here, as 
was noted generally by Lagrange, the singular solution seems 
to be, in relation to geometry, the more important of the two. 

3. A more general class of problems is that in which it is 
required to determine the curves in which some one of the 
foregoing elements. Art. 1, is equal to a given function of the 
abscissa x. 


Ex. 1. Required the class of curves in which the subtan¬ 
gent is equal to f(x). 

Here we have 


y =/ («0 


dy. 

dx 7 


_ dy dx 

whence —- = -ft~\ > 

y f( x ) 

fdx 

y = Ce nx) . 

Thus if the proposed function were x 2 , we should have 


y=Ce *, 

as the equation required. 

Ex. 2. Required the family of curves in which the radius 
of curvature is equal to f (x). 

Here we have 
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whence, multiplying by dx and integrating. 



X representing the integral of 
braic solution 


= + (X+ C), 

dx 


7 (*)' 


Hence we find by alge- 


dy _ X+ G 

dx ~ {i -(„y+ cy]*’ 

fjx±!Z*L. + 0 „ 

J [1 - (A r + C) ! l ! 

in which it only remains to substitute for X its value, and 
effect the remaining integration. 


Iff(x) is constant and equal to a, we find 

x+ c= ~ + c = s m±y£ 

a a 


f (x + aC) dx ~ 

y=)^-^ + aoy\ c - 

= -{«’- (* + aC)f+ C,, 

whence (?/ — GJ Z + (x + a 0)~ = d\ 

and this represents a circle whose centre is arbitrary in posi¬ 
tion, and whose radius is a. 

A yet more general class of problems is that in which it is 
required that one of the elements expressed in Art. 1 should be 
expressed by a given function of x and y. 

An example of this class is given in Chap. vil. Art. 10. 

4. We proceed in the next place to consider certain pro¬ 
blems in which more than one of the elements expressed in 
Art. 1, are involved. 
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Ex. 1. To determine the curves in which the radius of 
curvature is equal to the normal. 

If the radius of curvature have the same direction as the 
normal we shall have 







whence 


d\ 
y dx* 


+ 




The first side multiplied by dx is an exact differential and 
gives 


y 


dy 

dx 


+ x — 


c, 


whence again integrating 

o o o 


y 2 -j- X 2 = 2cx + C 



the equation of a circle whose centre is on the axis of x. 


If the direction of the radius of curvature be opposite to that 
of the normal, it will be necessary to change the sign of the 
first member of (1). Instead of (2) we shall have 


V dx* 



1 = 0 



and this equation not containing 

(l/lf 

first order by assuming — = p. 


x, we may depress it to the 
The transformed equation is 


dp 2 

yp-^-p - 1 = 0 , 

pdp dy 

f H-1 y 


whence 
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Substituting for p its value we find on algebraic solu¬ 
tion 

cdy 


dx 


V(/-cV 

whence x= c + c log [y + (y 2 — c 2 )^}.(5). 

This equation, reduced to the exponential form 


a 


x—b x — b\ 


y = ^ e ,l 4 € 


(C), 


is seen to represent a catenary. 

The solution therefore indicates a circle when the directions 
of the radius of curvature and of the normal are the same, but 
a catenary when they are opposed. The latter curve has, 
however, many properties analogous to those of the circle. 
(Lacroix, Tom. IT. p. 459.) 

Ex. 2. To find a curve in which the area, as expressed 
by the formula fydx, is in a constant ratio to the correspond¬ 
ing arc. 

We have y=C(l+p*)\ 

which, agreeing in form with the last differential equation of 
the preceding problem, shews that (5) represents the curve 
required, and connects together the properties noticed in the 
last two examples. 


Ex. 3. Required the class of curves in which the length of 
the normal is a given function of the distance of its foot from 
the origin. 

The differential equation is 

y (i + p~y —J (x + yp) .Ob 

and it belongs to the remarkable class discussed in Chap. vii. 
Art. 9, where the complete primitive is given, viz. 


y" + (•« - = I. 

This represents a circle whose e< 
x at a distance a from the origin, 




mtre is situated on the axis of 
and whose radius is equal to 
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J (a)-' It is evident that this circle satisfies the geometrical 
conditions of the problem. 

But there is also a singular solution, found by eliminating 
the constant a between (2) and the equation derived from (2) 
by differentiation with respect to a , viz. 

x~~a+f(a)f' (a) = 0.(3). 

For instance, if y (a) — n 2 or we have to eliminate a between 
the equations 

y 1 + (x — aY — na , 

2 (x — a) + n = 0, 
from which we find 

2 W 2 

y **1100+ 

the equation of a parabola. While in this example the com¬ 
plete primitive represents circles only, the singular solution 
represents an infinite variety of distinct curves,-each originat¬ 
ing in a distinct form of the function/(a). Other illustrations 
of this remark will be met with. 

The above problem was first discussed by Leibnitz, who did 
not, however, regard its solution as dependent upon that of a 
differential equation, but, establishing by independent con¬ 
siderations the equation (2), which constitutes in the above 
mode of treatment the complete primitive of a differential 
equation, arrived at a result equivalent to its singular solu¬ 
tion by that kind of reasoning which is employed in the geo¬ 
metrical theory of envelopes. Indeed it was in the discussion 
of this problem that the foundations of that theory were laid 
(Lagrange, Calcid des Functions. , p. 268). 

5. A certain historic interest belongs also to the two fol¬ 
lowing problems, famous in the earlier days of the Calculus, viz. 
the problem of ‘Trajectories’ and the problem of ‘Curves of 
Pursuit.’ These we shall consider next. They will serve to 
illustrate in some degree the modes of consideration by which 
the differential equations of a problem are formed when a mere 
table of analytical expressions suffices no longer. 
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Trajectories. 

Supposing a system of curves to be described, the different 
members differing only through the different values given to 
an arbitrary constant in their common equation—a curve 
which intersects them all at a constant angle is called a tra¬ 
jectory, and when the angle is right, an orthogonal trajectory. 

To determine the orthogonal trajectory of a system of 
curves represented by the equation 

<p(x, y , c) = 0 .(1). 

Representing for brevity <p (x, y , c) by <p, we have on dif¬ 
ferentiating 

( ~ dx + — dy — 0. 
ax dy J 

Hence, for the intersected curves, 

dy _ d<p d</> 

dx dx ' dy ‘ 

Now representing this value by m, and the corresponding 
value of for the trajectory by we have, by the condition 

— I 

of perpendicularity, m = . Hence for the trajectory 

lib 

dy ___ d<p dcp 
dx dy ' dx ’ 


f - '-p dy = 0 
ay dx ° 


■( 2 ). 


which must be true for all values of c. Hence the differential 
equation of the orthogonal trajectory will be found by elimi¬ 
nating c between (1) and (2). 

Were the equation of the system of intersected curves pre¬ 
sented in the form 

4> 0> y, ", 0 = o, 

a and b being connected by a, condition 

(a, b) •= 0, 
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we should have to eliminate a and b between the above two 
equations, and the equation 


dx _ d , = o. 

dy dx J 

We shall exemplify both forms of the problem. 


Ex. 1. Required the orthogonal trajectory of the system 
of curves represented by the equation y = ex 11 . 

Here cf> = y — cx n , whence by (2) 

dx + ncx n ~ 1 dy = 0. 

Eliminating c , 

xdx + nydy = 0 ; 

therefore x 2 + ?iy 2 = c, 

the equation required. We see that the trajectory will be an 
ellipse for all positive values of n except n— 1,— an ellipse, 
therefore, when the intersected curves are a system of common 
parabolas. The trajectory is a circle if n = l, the intersected 
system then being one of straight lines passing through the 
origin. The trajectory is an hyperbola if n is negative. 

Ex. 2. Required the orthogonal trajectory of a system of 
confocal ellipses. 


The general equation of such a system is 


x If 

_L «Z 

a b 


,2 

72 


1 , 


a and b being connected by the condition 


a 2 - = h\ 

where h is the semi-distance of the foci, and does not vary 
from curve to curve. Hence we have to eliminate a and b 
from the above equations, and the equation 


1 

6 2 


dx — 


x 


a 


dl J = 0 ; 
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+ (* 2 -y 2 -A’)g~*y = o, 

the solution of which may he deduced from that of Ex. 3, 
Chap. VII. Art. 10, by assuming therein A = l, B — h 2 . We 
find 

2 . 2 h'c 2 

and this may be reduced to the form 


x _ y _ -i 

a* b*~ ’ 

and b x being connected by the condition 

< 2 + b* = n\ 

Thus the trajectory is an hyperbola confocal with the given 
system of ellipses. ^ 

6. When the trajectory is oblique, then 0 being the angle 
which it makes with each curve of the system, and m and In' 
having the same significations as before, 

, _ m + tan 0 
1 — m tan 6 } 

or, substituting for m its former value — an j f or m ' 

dev (/y 

(l tj 

its value ^ as referred to the trajectory, we have on reduc¬ 
tion 

7 tl f tan 0 - f 

Uuit) . ( ‘ i '’ 

ay djc 

an equation from which it only remains to eliminate c by 
means of the given equation in order to obtain the differential 
equation of the trajectory. 

Ex. Enquired the general equation of the trajectories of 
the system of straight lines y = tu\ 


(^)j 
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Here § — y — ax, whence by (3) 

dy __ tan 6 4- a 
dx 1 — a tan 0 

x tan 0 + y 
x — y tan 6 ’ 

or (y + x tan 6 ) dx + (<y tan 0 — x) dy = 0, 

a homogeneous equation, an integrating factor of which being 

-o-i—r,, we have 
x* + y l 


~ + tan _ 0 , 

a* 2 + y 2 x 2 + y 2 


whence integrating 


tan -1 ~ tan 0 log (a? 4- y 2 ) - = c. 

If we change the co-ordinates by assuming x 
y — r sin <f>, we get 


r cos </>, 


r — C\e 


.tan 6 


the equation of a logarithmic spiral. 

The following example, which is taken from a Memoir by 
Mainardi (Tortolini’s Annali di Scienze Matematiche e Fisiche , 
Tom. I. 251), is chiefly interesting from the mode in which 
the integration is effected. 

Required the oblique trajectory of a system of confocal 
ellipses.* 

Representing the tangent of the angle of intersection by n, 
we have to eliminate a and b between the equations 

? I + C = 1, a 2 - ¥ = K\ 

a b 


n 


V 


y 

b* 


X 

a 2 


1/ x 

'* + n a* 


V 
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The result may be expressed in the form 

[nx 4- y 4- (ny — x) p) [x — ny-\- (nx 4- y) p>) — /f 2 (w — p) (1 + njy). 

To integrate this equation let us assume 

x — 4- (nx -\-y)p= M(l 4- np), 

ilf [nx + y + (■ny — x) p\ = li 2 (:n — p). 

As these on multiplication reproduce the given equation 
the assumption is legitimate. 

Eliminating p from the last two equations, and dividing 
by 1 4- n\ we have 

(V 4- / 4- h*) M = a? (M 2 4 -If) . (a). 

Differentiating this equation and eliminating y and p from the 
result by the aid of any two of the last three equations (it 
is evident that two only are independent), we obtain a, 
differential equation between M and x, which is capable of 
expression in the form 

d M 

nd (xM) t x __ A 

4~ in . - v[rr .t — u 


{id (xM) - (xAiy j * m __ m y 

x V x J 


(?>)■ 


[For (a) may be written thus : 

My 2 = (x - M) 0 h 2 - xM) .(»•) ; 

differentiating we have 


„ (hf vr .pun 

~Vc/, M+ V <u 

<m 


dM 


therefore 




M 4 - 


x 


+ f); 


£ >,//y , (x-M)X-x\I)dM 


dx 


1 


dM 
dx J 


0 <*• 




1/ </./: 

3/) _ (.* _ M) (m + t 




X 


dx 
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therefore 2 y ^ M + - ^ ~---) dM 


h° - xM -(x-M)(M+x 


dM 


therefore 

9„ d V M , * IP-IP) dll 

J dx T M d-x ~' 

But 

cfo/ _ Af + 9??/ — x 
dx n [x — M) 4- y * 

therefore 

2ifi/ (if-*) + 2»Ary 


= y {a* - 2a;ili" + IP - J? 

+ n (x — M) | h 2 — 2xM + A/ 2 — 


-IP) 


dM 




therefore 


y (M* - hi) + 2n (x - M) (A 2 - (A 2 _ jy«) ^ 

M ax- 

= n (a: - if) (/^ 2 - + A / 2 - ~ (h 2 - M 2 ) (lM \ - 

C ill y t/a; j J 

therefore (IP - A 2 ) (y - - i)/) (IP - Id) 


= n(x- M) £(IP - Id) d f 


therefore 


yx dM 

M dx - n i x ~ M ) = n (x-M) 


' dx' 

x dll 
Tl dx ; 


therefore n (x-M) (m + «;—') + y (x d f~ - jy= 0 


therefore n(x — M) + , d M 


d^T + y x <Ar^ = °- 
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Hence by the aid of (c) we obtain (/>).] 
Hence, by integration 



in which it is only necessary to substitute for M its value in 
terms of x and y deduced from (a). 

Curves of Pursuit. 

7. The term curve of pursuit is given to the path which 
a point describes when moving with uniform velocity towards 
another point which moves with uniform velocity in a given 
curve. 


Let x, ?/ he the co-ordinates of the pursuing point, x\ ?/ the 
simultaneous co-ordinat<*s of the point, pursued. Also let the 
equation of tin 1 given path of the latter be 



if) = 0 



Now tin* point pursued being always in the tangent to the 
path of the point, which pursues, its co-ordinates must satisfy 
the equation of that tangent. Hence, 


V - if 


,/ !f / / 


dx 


. (./ - .''0 


(5). 


Lastly, <h(‘ velocities ol the two points being uniform, the 1 
corresponding elrnmnlarv arcs will be in 11 1 <‘ constant ratio of 
the velocities with which they are described. Notice, if tdi<‘ 
velocity ol’ tin* pursuing point, he to that of the point pursued 
as u : 1, we have 

" + <///*) = f(<lx £ 4 - oh/), 

or, taking x as indepemhuit, variable, 


/fg'-Y , (< h f 0 /f, .. 
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the sign to be given to each radical being positive or negative, 
according as the motion tends to increase or to diminish the 
corresponding arc. 


From (4) and (5), when the form of the function f (pc, y) is 

d u 

determined, x and y' may be found in terms of x, y, and ^ , 

and these values enable us to reduce (0) to an equation be- 
dy d*y 

tween x, y, . It only remains to solve this differ¬ 

ential equation of the second order. If the signs of the 
radicals are both changed, the motion in each curve is simply 
reversed, and the curve of pursuit becomes a curve of flight. 
But the differential equation remaining unchanged, the forms 
of the curves are unchanged, and only their relation inverted. 


Ex. A particle which sets off from a point in the axis of x, 
situated at a distance a from the origin, and moves uniformly 
in a vertical direction parallel to the axis of y, is pursued by 
a particle which sets off at the same moment from the origin 
and travels with a velocity which is to that of the former as 
n : 1. Required the path of the latter. 

The equation of the path of the fi rst particle being x = a , 
(5) becomes 

y - y = % (« - »). 

whence 

' , / \ dy 

y =y+ ( a ~ x p x - 


Thus we have 


dx 


= 0 , 


dy' , . dry 

— = (a — x) J 


dx ’ dx K 1 dx*' 

and the differential equation, both radicals being positive, is 


n 


^ dx 1 ~ a/I 1 + (ote) }. 
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v f 1 + (i 


(a — x) 


Multiplying by dx and integrating 


1 - 4 — 



c (a — x) 11 ; 


therefore 


dy 1 , . - - 1 i 

2 {<*(«-*) 


Hence, if n be not equal to 1, 


__ 1 f c (a - a?V ,l ( 1 (a - .r) I+n ] 

J 2 “I" , c ”1— 

L - I 1 + _ J 

n n 


But if n be equal to 1, we have 


dy __ I (x — a c | 
dx ~~ 2 { c ~ x~ a) ’ 


whence 


(x — a)~ c 


■~ f log (x — a) -|~ c 


8. The class of problems which we shall next consider is 
introduced chiefly on account of the instructive light which 
it throws upon the singular solutions of differential equations 
of the second order. 


Jit versa P roblems in Geometry and, Optics. 

I he problems we are about to discuss are the following: 
1st, To determine the involute of a plane curve. 2ndly, To 
determine the form of the reflecting curve which will produce 
a given caustic , the incident rays being supposes! parallel. 
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In both these problems we shall have occasion in a parti¬ 
cular part of the process to solve a differential equation of the 
first order of the form 

y-x<f> {p) =ff~ 1 4>(p)-4> {p) f 1 <f>(p) .(7), 

in which <f> and f are functional symbols of given interpreta¬ 
tion, and/' -1 is a functional symbol whose interpretation is 
inverse to that of the symbol f'. Thus, if f(x) = sin x , then 

f (x) = cos x, y*' -1 (x) = cos"" 1 x. 

It will somewhat less interrupt the theoretical observa¬ 
tions for the sake of which the above problems are chiefly 
valuable, if we solve the equation (7) under its general form 
first. 

"Referring to Chap. VII. Art. 7, we see that (7) will become 
linear if we transform it so as to make either of the primitive 
variables the dependent variable, and either p or any function 
of p the independent variable. 

Let us then assume 


<f> ( P ) = V, 

and transform the differential equation so as to make x and v 
the new variables. 


Substituting v for <£ (p) in (7), we have 

y-xv - vf- 1 (v) . (S). 

Differentiating, and regarding v as independent variable. 


djt 

do 


x-v d ?=vi (v) («o -»~ r (v) 


dv v do 

= ( 0 - 


But 


dtf dx , / N dx 

= ^ W dv • 
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Ax + _ rw 

rfw V- (p 1 (v) V - <£ _1 (v) 


Hence, if for brevity we write 


we have 


J v — (/T 1 (y) 


a? = G ~Mv) [(7 _j_ / e «j 




whence 


e -«») (( 7 + e*W/'- , ( v )_ Je*<*>df-'(v)}, 


If in 
somewh 


* -/"» = «-♦<-> (O' - [e+M (//'-'(»)} .([Q), 

between which and (8), v must be eliminated. 

If in those equations wo make /'-(») = f, they assume the 
somewhat more convenient lorm, 

x — t~ <1 [C — je'P/V) 

and these may yet further be reduced to the form 


.r — t 


y -/(*) 

f (J) 


A'.ru) ( n 




Froin these equations it only remains to eliminate t, the 
forms of/and </> being specified, and that of ^ given by (<)) • 
and this is apparently the simplest form of the solution. 
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9. We shall now proceed to the special problems under 
consideration. 

To determine the involute of a plane curve. 

It is evident from the equations which present themselves 
in the investigation of the radius of curvature, that if x, y be 
the co-ordinates of any point in a plane curve, and x t y those 
of the corresponding point in the evolute, then 

p (1 + ff) 

q 


x —x 


y —y + 


i + ff 


a 


cl/^y 

where jp = , q = (Todhunter’s Differential Calculus , 

Art. 320). Hence, if the equation of the evolute be 

y' =/(*').( 12 ), 

we shall have on substituting therein for y and x the values 
above given, 

, + hp-f .as), 

a differential equation of the second order connecting x and y, 
and therefore true for each point of the curve whose evolute 
is given. Of that evolute the curve in question is an involute. 
Hence, if y —f (x) be the equation of a given curve,' the 
equation of its involute will satisfy the differential equa¬ 
tion (13). 

Now suppose that nothing was known of the genesis of the 
above equation, and that it was required to deduce its complete 
primitive, and its singular solution, should such exist. 

Upon examination the equation (13) will prove to be of a 
kind analogous to that of Chap. vii. Art. 9. If we assume 


PJL±J?) 

9. 


a. 


x 


(14), 
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a and h being arbitrary constants, we shall find that each of 
these leads by differentiation to the same differential equation 
of the third order, viz. 


3pq* — (1 + p 2 ) r — 0.(16), 

d?y 

where r stands for . It follows hence, that a first integral 

of (13) will be found by eliminating q between (14) and (15), 
and connecting the arbitrary constants b and a by the relation 
h —y(&). Eliminating q, we find 

x-a + (y-b)p = 0...(17), 

wherein making b —f (a), we have 


+ {y “/(«)) i> = 0. (18), 

for the first integral in question. Again, integrating, we have 

(x - ay + [y -/(a)) 2 = r 2 .(19), 

in which a and r are arbitrary constants. This is the complete 
primitive of (13). It is manifest from its form that it repre¬ 
sents, not the involute of the given curve, but the circles of 
curvature of that involute. Indeed, that the complete primi¬ 
tive cannot represent the involute might have been affirmed 
a priori . The equation of the involute of a given curve cannot 
involve in its expression more than one arbitrary constant; 
for the only element left arbitrary in the mechanical genesis 
of the involute is the length of a string. 

It remains to examine the singular solution of (13). This 
is most easily deduced by eliminating a between the first 
integral (1<S) and its derived equation with respect to a, viz. 
between the equations 

x _ a + [y — f (a)) p — 0 

- ! - f (a) p = 0 

From the second of these we have 


/» 


- 1 


P 





(-1 


\ 


( 20 ), 

( 21 ). 
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Hence eliminating a from (20) 

® ~ ri (t) + ~ fr ' (^)l p= 

or x + yp ffj +pff'~ l (f) .(22), 

which is the singular solution of (13), and the differential 
equation of the first order of the involute sought. 

This equation is a particular case of (7). If we express it 
in the form 

»- (t) -• 

•we see that it is what (7) would become on making 

Hence comparing with the general solution (11) we have 

4 >^)=~, 4 >~ l (0 = ~ 1 . 


^ (v) = J~~~j = log («* + l) 4 - 

J v +- 

V 

Thus the system (11) becomes 

,-m , . 


X — t 


f'(t) 


{i +/'m s 


(23). 


The final solution is therefore expressed in the following 
theorem. 

Given the equation of a curve in the. form y = fix'), that 
of its involute is found by eliminating t from the system (23). 


. I®. Parallel rays incident, in a given direction, on a reflect- 
pl an s curve produce after reflection a caustic whose equa¬ 
tion is given. The equation of the reflecting curve is required. 
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Let IP be a ray incident parallel to the axis of x on a point 
P in the reflecting curve SPM, Fig. 1, PP'Q the reflected ray 
cutting the axis of a? in Q and touching the caustic S'P'M' in 
P '• Lot x, y be the co-ordinates of P, x', y those of P'. Let 
the equation of the caustic be y =f(x). 

It is an easy consequence of the law of reflection that the 
angle PQX which the reflected ray makes with the axis of x 
is double of the angle PTX made by the tangent at P with 
the axis of x. This at once gives us the equation 

y-y ' = 

■X — x 1 —p 2 ’ 


where 



Hence 


y-y 


9 ,: 


p 


p 


2 (X —x')=0 


m. 


As, however, (x, y) is a point at which consecutive re¬ 
flected rays intersect, we are permitted to differentiate the 
above equation regarding x and y as constant while x and ?/ 

(I* t ^ 

vary. We thus obtain, representing ~~ z by q, 


Ip / Qq (1 — p~) - 4 - 4<p“q 

P- x -l (1 _ P y 

or ", P - £ - (* - .*') -Ml_ o, 

i-i' ('-p) 

whence x — x = —P O P ) 

-5? 

and x — x + ^@ L> ^ ^ .(25). 

^'l 

Substituting this value in (21), we havo 

7 If* P(l ~ p") — p* 

y-y = , ' * * - 

l ~p lq q 

, ?> 2 

V = 2/ + 'y . 


whence 


( 20 ). 
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Were the equation of the reflecting curve given and that of 
the caustic required, it would only be necessary to substitute 
in (25) and (26) the values of p and q in terms of as and y derived 
from the former, and then by eliminating x and y from the 
three, to deduce the relation between x' and y'. 

Conversely, to determine the reflecting curve we must elimi¬ 
nate x and y from (25), (26) and the equation of the caustic, 
viz. y The result which is obtained by mere substi¬ 

tution is 

» + i-4’ +£i! $r 3 }.< 27 >- 


a differential equation of the second order, the solution of 
which will determine in the fullest manner the possible rela¬ 
tions between x and y which are consistent with the conditions 
of the problem. 


Were this equation given and nothing known respecting its 
origin, we might at once infer that it is of a class analogous to 
those of Chap. VII. Art. 9. For writing 


y + 


pL=b, ~ . p (l -p*) 


x +■ 


2 q 


= a 


(28), 


we find that each of these leads by differentiation to the same 
differential equation of the third order. For the first gives 


o P* r A 


while the second gives 

3 __ 3 
2 2 


„ q-p i )pr _ 

t <.>„ a 




and these lead to the same value of the differential coefficient 
of the third order, r, viz. 



this constituting the essential criterion of agreement between 
differential equations of the third order. 
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Accordingly, eliminating q from (28) and afterwards making 
h ==f (a) by virtue of (27), we find 

p _ 1 — p* 

f l a ) — V ~ 2 (a — x) 9 

or V -/(«) = xZSp* (® - «).(29), 

which is a complete first integral of (27). We see that it agrees, 
and necessarily so, with (24), a only taking the place of x and 
f(a) that of y. 

The complete integral of (29) will be found to be 

~f ( a ) ) 2 = 4m (x — a) - f- 4m 2 .(80), 

m being an arbitrary constant. And this is the complete 
primitive of (27). If we substitute x for a, which we may 
without loss of generality do, then f{a) =f(x) = ?/, so that 
the above equation gives 

(y — y'Y = 4m (x — x + m) .(31) ; 

and this is evidently the equation of a parabola whose axis is 
parallel to the axis of x, whose focus is upon the caustic curve, 
but which is in no other way limited. The complete primitive 
of (27) represents then a system of such parabolas. 

It is plain that any such system does constitute a true solu¬ 
tion of the problem, rays falling upon the interior arc of a 
parabola, and parallel to its axis, being accurately reflected to 
the focus. 


It remains to deduce the singular solution of (27). Differ¬ 
entiating its first integral (29) with respect to a, we have 



!tp 

i' -p* ’ 


whence 



and substituting this in (29) 
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or 


y 


2p 

- i —- x = 


P 


•ff" (i?p) -1 (j&jf) ....(32). 


This is the differential equation of the involute. Its com¬ 
plete integral may be deduced from the general solution in 

Art. 8, by making (p) — ^, whence we have 


*{ v ) =/- 


dv 


i -p ! 

i—(i -t- p*) h 


-u 


p 


vdv 


<t> 'W V + 1 + (1 + ?; 2 )^ 


— log {V(l + V s ) + 1}. 


Hence the system (11) becomes 


_ y ~~f _ ^~/[i+v {i +./ r c^) 2 }] dt 
f\t) l+vu +f'W} 


from which, after the integration has been effected, t must be 
eliminated. 


If, as before, we replace t by x, and f(t) by y and there¬ 
fore f if) by ( ~j , then, since we have 


V{1 + f'iff] dt=ds , 

where s' represents the arc of the caustic, the above system 
assumes the following form. 


x — x’ 


y-y' 

dx 


C-x'- 


s 


1 + 


ds' 

dx 


(34), 


from which, when s' is determined, x and y must be elimi¬ 
nated by means of the equation of the given curve. 

From the above it appears that, the incident rays being 
parallel, the reflecting curve can always be determined when 
the caustic can be rectified. 

We see also from the nature of the connexion between the 
singular solutions and the ordinary primitives of differential 
equations, that the reflecting curve is in reality the envelope of 
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a system of parabolas whose axes are parallel to the direc¬ 
tion of incident rays, whose foci are on the caustic, and 
whose parameters are subject to such a relation as makes that 
envelope to have contact of the second order with the curves 
out of whose differential elements it is formed. It is not 
merely an envelope, but an osculating envelope. 

Analogy makes it evident that when the rays instead of 
being parallel issue from a given point, the reflecting curve is 
the osculating envelope of a system of ellipses, each of which 
has one focus at the radiant point, and the other on the arc of 
the caustic, the elliptic elements being further so conditioned 
as to render such osculations possible. 

Lastly, it is plain that the problem of caustics in its direct 
and in its inverse form, as stated above, is in strict analogy 
with the direct and the inverse form of the problem of curva¬ 
ture, osculating parabolas and ellipses occupying the place and 
relation of osculating circles. 

The above examples might also be treated by a remarkable 
method, the consideration of which will fitly close this Chapter. 

In trinsic Equation of a Curve . 

11. Tliere are certain problems, the solution of which is 
much facilitated by the employment of what Dr Whewell has 
happily termed, the intrinsic equation of a curve, viz. the 
equation which expresses the relation between the length of an 
arc and the angle through which it bends, the latter being in 
more precise language the angle of deviation of the tangent 
from the tangent at the origin. These elements are called 
intrinsic because they are independent of any external lines of 
reference, and it will be noted that they form a system dif¬ 
fering essentially from all systems of co-ordinates which begin 
by the defining of the position of a point, and in the applica¬ 
tion of which a curve is contemplated as a collection of points. 

The conceptions of length and deviation upon which the 
above system is founded, might he replaced by the not less fun¬ 
damental conceptions of length and curvature, the equation of 
the curve being then expressed in terms of its radius of curva¬ 
ture at the extremity of an arc and the length of that arc. Or, 
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in place of either of these systems, we might employ that which 
defines a curve by the relation which connects the curvature at 
any point with the deviation of the tangent. Of the three 
elements, length, curvature, and deviation, any two indeed 
will together constitute an equivalent system. Euler, in a 
particular class of problems, employed the combination last 
described. Here we shall select the one first mentioned, 
and shall borrow our chief illustrations of its use from the 
memoir of Dr Whewell (Cambridge Philosophical Trans¬ 
actions, Yol. viii. p. 659, and Yol. IX. p. 150). 

Representing by s the variable length of an arc the begin¬ 
ning of which is assumed as origin, and by <j£> the correspond¬ 
ing angle of deviation, the intrinsic equation is of the form 

•-/(*).( 35 ). 

Thus in fig. 2, Sp = s and A TB = <f>. 

From this equation the ordinary equation in rectangular co¬ 
ordinates may be found in the following manner. Still taking 
the beginning of the arc as origin, let the tangent at that point 
be taken as the axis of x, then will the element of the curve 
ds be inclined at an angle <f> to the axis x. Its projection on 
the axis of x will therefore be cos cf>ds, and this being the dif¬ 
ferential element of the co-ordinate x, we have 

dx — cos (pds = cos <pf'((f>) defy, by (35). 


Hence x — J cos cfyf (<fy) defy .(36), 

and by symmetry 

21= f sin <f>f'(cf>) defy .(37). 


Between these equations after integration cfy must be elimi¬ 
nated ; the result involving x, y and two arbitrary constants 
will be the equation required. 


It is worth while to notice that the above result may be 
obtained independently of the consideration of a projection. 

or sm.ee ^ * — /" i ( d j I n. .im u n. 


1 H- 


dx , we have 




dx =f(cf>). 
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whence 


{ i+ ®X dx= f^ d( f > .( 3s >- 


But, since — — tan <f>, the above becomes 

sec <f>dx —f (<£) d<£>, 

dx = cos <pf f (cf>) d<f), 

x = Jcos <f>f'(</>) d<f>, 

and in like manner employing for s the equivalent formula 


1 + 


dy , we find 


y = jsin<f>f ( 4 >) dcj>, 

which agree with the previous expressions. 

Another consequence should also be noted. From (38) we 

>'*™{ i+ (i)T- /w 2- 

d 2 y 

u... d<t>_ d (dy\ dt? 


But Y = tan -1 ( ty) 

dx dx \dxj 


1 + 


1 + 




, whence 


dx 2 


1 4 - 


w' 

V^ay 


Therefore 


1 + Q, 


=/'(«• 


Now the first member being the expression for the radius of 
curvature p of the given curve, we have 

P=f'(4>) .(39). 

Thus the radius of curvature is determined. 
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12. Given the ordinary, to deduce the intrinsic equation 
of a curve. 

The values of s and <f> having been first expressed in terms 
of the co-ordinates, it only remains to eliminate those co¬ 
ordinates between the two equations thus formed and the 
equation given. 


Ex. To determine the intrinsic equation of the equi¬ 
angular spiral. 


The polar equation of the curve being r = Ce md , the arc s 
beginning from 6 = 0 is, by ordinary integration, found to be 


m 




Again, as the curve cuts all its radii at the same angles the 
deflection of the arc between two radii vectores is equal to the 
angle between the radii themselves. Hence the deflection of 
the arc beginning with 6 = 0 is measured by 6 . Therefore 
4 >= 6, and the intrinsic equation becomes 


« - C ( —± r)i 

m 


(e™^ — 1). 


From this it appears that any intrinsic equation of the form 


s = a (e w<#> — 1).(40) 

will represent an equiangular spiral. 

Given the intrinsic equation of a curve, to deduce that of its 
evolute. 


Considering the given curve as formed by the unwinding 
of a string from its evolute, any arc of the former may be said 
to correspond to that arc of the latter by the unwinding of 
the string from which it is formed. Thus if s', <fi' represent 
elements of the evolute corresponding to s, <p in the given 
curve, then the origin of s' is that point of the evolute whose 
tangent forms the radius of curvature at the origin of s. 

This premised, it is evident that we shall have 
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For the extreme differential elements of the arc of the evolute 
are respectively perpendicular to the corresponding extreme 
differential elements of an arc of the gi ven curve. Hence the 
inclination of the former being equal to that of the latter, the 
value of is the same for both. 

Secondly, any arc of the evolute is by a known property 
equal to the difference of the radii of curvature of the ex¬ 
tremities of the corresponding arc of the given curve. Hence 
if p 0 represent the radius of curvature at the origin of the 
given curve, we shall have 

s' = P - Po =/' W>) - /' (0), by (39), 
and, substituting <p r for <£, 

*'=/' (</>') ~/'( 0 ). 

Dropping the accents, we may therefore affirm that if the 
intrinsic equation of a curve is s = /{<$), that of its evolute 
will be 5 =/'(<£) - 

Ex. The intrinsic equation of the logarithmic spiral is 
s~a (e m $ — 1). Hence that of its evolute is 

s — mcte^ — ma 
— ma (€ m $ — 1), 
which also denotes a logarithmic spiral. 

Given the intrinsic equation of a curve in the form s — f(<p) 
wherein f(4>) vanishing with <p is supposed capable of expan¬ 
sion in the form 

f ((j>) = 4- A 2 <£ 2 + A & cf>* 4- &c.(41), 

required the general intrinsic equation of the involute. 

As to any curve there belong an infinite number of invo¬ 
lutes depending on the different values given to that initial 
tangent to the curve which forms the initial radius of curva¬ 
ture of the involute, we shall represent the arbitrary value of 
that initial tangent by G. 

Now if s = F(<p) be the intrinsic equation of the involute, 
we have by the last proposition 

0 ) =/(</>). 
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But jP'(O), being-the initial radius of the curvature of the in¬ 
volute, is equal to C. Hence the above equation may be 
expressed in the form 


dF(<f>) 

dcj> 


=/W>) + Q 


whence 


f (<f>) =J f (4>) d 4 > + c<t> + o’ 


2 






+ C<j> + O'. 


Hence F(cf>) vanishing with <p, we must have C' — 0. Thus 
the intrinsic equation of the involute, under the condition 
that its initial radius of curvature is a, will be 

s = Jf (</>) d<j> + a<fi .(42). 


If, for distinction’s sake, we represent the arc of the invo¬ 
lute by s’, the equation may be expressed in the form 

s' — J (a + s) d(f> .(43). 

It is to be remembered that the lower limit of the integral 
is 0. 

The following proposition from the memoir of Hr Whewell 
referred to, will illustrate the application of the above theo¬ 
rems. 

Let any curve be evolved, and the involute evolved, and 
the involute of that evolved, beginning each evolution from 
the commencement of the curve last formed, and with a “rec¬ 
tilineal tail” which is of constant length for all. The curves 
tend continually to the form of the equiangular spiral. 

Let Sj s', s", <fec. be the successive curves, <f> the angle which 
is the same for all, and let the tails represented in fig. 3, by 
AA', A' A", A"A'"y &c. be each equal to a. 
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Then representing the equation of the given curve by 
s (<£), we have for the first involute the equation 

s' =J(a + s) d<f> = a<f) + dcj>, 

s" =J(a+s')d<f> = a<f>+?£+JJ f(<f>)d<f>°, 

s'" =J(a + s") d<f> = a<f> + ^ ^ 3 JJf f 

and in general 

Now giving to the form (41), we have 


f/c<p) dr 


a? 


n+1 


■+ 


A<t> 


n+2 


+ &c. 


1.2...(n+1) 1.2... (n + 2) 

We see then that the first n terms of the expression for s (n) in 
terms of <£ are unaffected by the form of the function f (<£), 
while those which remain are affected with coefficients which 
tend to 0. Thus the limiting form of (44) becomes 

= a $ + 12 > + 1^273 + 

= a (e* — 1).(45). 

Now this is the equation of an equiangular spiral. 


EXERCISES. 

1. Determine the curve whose subtangent varies as the 
abscissa. 

2. Determine the curve whose normal varies as the square 
of the ordinate. 

3. Shew that the curve in which the radius of curvature 
varies as the cube of the normal is a conic section. 
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4. Find a curve in which the length of the arc is in a 
constant ratio to the intercept cut off by the tangent from the 
axis of x . 

5. Shew that the above is a particular case of curves of 
pursuit. 

6. Find the orthogonal trajectory of a system of circles 
touching a given straight line in a given point. 

7. Find the orthogonal trajectory of the system of ellipses 
defined by the equation ^ 4- p = 1, b being the variable 
parameter. 

8. Find the equation referred to polar co-ordinates of the 
curve in which the radius vector is equal to n times the 
length of the portion of the tangent intercepted between the 
point of contact and a straight line drawn from the pole to 
meet the tangent at a given angle. 

9. Required the form of a pendant in Gothic architecture 
supposed to be a solid of revolution, such that the weight to 
be supported by each horizontal section shall be proportional 
to the area of that section. 

10. Required the curve in which s — ax 1 . 

11. A curve is defined by this property; viz. that the 
radius of curvature at any point is a given multiple (n) of the 
portion of the normal intercepted between the point and the 
axis of abscissae; prove that the length of any portion of the 
curve may be finitely expressed in terms of the ordinates of 
its extremities. (Cambridge Problems , 1849.) 

12. Find a differential equation of the first order of the 
curve whose radius of curvature is equal to n times the nor¬ 
mal, and shew that this is always integrable in finite terms if 
n be an integer. 

13. Shew that if n = 2 the curve is a cycloid, if n — 1 a 
circle, if n = — 1 a catenary. 

14. The curve whose polar equation is r m cos mO — a m rolls 
on a fixed straight line. Assuming that straight line as the 
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axis of x, shew that the locus of the curve described by the 
pole of the rolling curve will have for its equation 


2m 



(Frenet, Eecueil d'Exercices sur le Calcul Infinitesimal.) 


Note. To solve problems like the above, we observe that if RTS, Fig. 4, 
represent the given curve rolling on the given line OX, and A PC the curve 
described by the pole P, then taking OX for the axis of x, and putting OM 
MP=y, the straight line PT joining that pole with the point of contact will 
be a radius vector of the given curve, but a normal of the described curve. 
Hence 


r=y 




Again, PM is the perpendicular let fall from the pole upon the tangent 
of the given curve, but the ordinate y of the required curve. Hence 


rHd 

V{* 2 + rW}~ y 



By means of (a), (ft), and the equation of the given curve, eliminating r 
and 6, we obtain the differential equation of the curve sought. 


15. In the particular case of m = | the rolling curve will 
be a parabola, the pole its focus, and the described curve a 
catenary. 

1C. If m = 2, the rolling curve is an equilateral hyperbola, 
the pole its centre, and the described curve an elastica. 
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ORDINARY DIFFERENTIAL EQUATIONS WITH MORE THAN 

TWO VARIABLES. 


1. The class of equations which we shall first consider in 
this Chapter, is represented by the typical form, 

Pdx + Qdy + Rdz = 0.(1), 

P, Q and R being functions of the variables x, y, z; and it 
is usually termed a total differential equation of the first order 
with three variables. 

Possibly the first observation suggested by the examination 
of this form will be, that it does not answer to the definition 
of a differential equation, as the expression of a relation in¬ 
volving differential coefficients. Chap. I. And certainly it 
does not exhibit their notation. If, however, we attempt to 
attach a meaning to the general form (1), we shall perceive 
that the idea of a limit is involved essentially. And if we 
study its origin, we shall see that this idea may be expressed, 
here as elsewhere, in the language of differential coefficients. 

For (1) is not understood as implying simply that the 
expression, 

PAx + QAy + RAz .(2), 

approaches to the value 0 when the increments Ax, Ay , Az 
approach that value, true though it be that the vanishing 
of the increments causes that expression to vanish with them. 
But what (1) is always understood to express is, that in the 
approach to the limiting state, (2) tends to vanish in conse¬ 
quence of the ratios which the increments Ax, Ay, Az tend 
to assume; it is, that if we represent (2) in any of the 
equivalent forms 


PAx + QAy 4- BAz 
Ax 


Ax, 


PAx + QAy + RAz 
Ay 


Ay, &c. 


the limit of the ratio expressed by the first factor of each is 0. 
And the problem of the integration of (I),is thatof the discovery 
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of the possible relation or relations among the primitive vari¬ 
ables which will secure this result, supposing Ax, Ay, Az to 
be so restricted as to preserve such relations unviolated. 

Now whether the primitive variables are connected by one 
equation or by two simultaneous equations (we cannot sup¬ 
pose them connected by three equations without making them 
cease to be variable), the relation (1) is fully expressible in the 
language of differential coefficients. If there exist one primi¬ 
tive relation which, as we shall hereafter see, can only happen 
under particular circumstances, then 


dz 


dz , dz , 
ax -J- ~y~ ay, 
dy 


dx 


while (1) is presentable in the form 

dz 




(3), 


R R 

Hence, since dx and dy are independent, we have 

dz __ JP dz _ Q 
dx R 3 dy R 

a system which in the supposed case is equivalent to (1). On 
the other hand if, as will usually happen, two simultaneous 
equations connect the primitive variables, e.g. 

4> (x, y, z) =0, ^ (x, y, z) =* 0 

then, since we have 

d(p 


w. 


, dx + dy + dz 
ax dy dz 


dty 7 d^lr 7 dylr 7 
1 dx -1- — 7 ~ dy + v dz 
dy 


dx 


dz 


0 , 


0 , 


the elimination of dx, dy, dz between these and the original 
equation gives 


p /'dcf) d-yfr d(f> dty\ ~ /d<f> dyjr __ d(f> d^\ 

\dy dz dz dy) * \dz dx dx dz ) 


, 7 i ( d< t> d± _ dcf> d^\ 
\dx dy dy dxj 


(5). 
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a result which is equivalent to (1), but is expressed in the 
language of partial differential coefficients. As it constitutes 
but a single relation between two unknown functions <f> and 
one of the two may be considered arbitrary, and a particular 
form being given to it, we should have a partial differential 
equation for determining the other. 

We propose indeed to discuss the equation (1) under its 
actual form, but it is not unimportant to shew that it con¬ 
stitutes no real exception to the definition of a differential 
equation. Treated by the methods proper to partial differ¬ 
ential equations, the forms (3) and (5) lead to the same 
solutions as those investigated in this Chapter. 

2. The foregoing remarks admit of geometrical illustrations. 

If x, y, z and x 4- Ax , y 4 - Ay, z 4- A z are the co-ordinates of 
two points, the value of the expression PAx 4- QAy 4- PAz, 
where P, Q, B are given functions of x, y, z, will depend 
solely upon the positions of the points. 

If we suppose the second point to approach the first along 
any path, the value of the above expression will approach to 0, 
in consequence of the quantities Ax, Ay, Az approaching to 0, 
and independently of the ratios which they assume in vanish¬ 
ing. But this is not in accordance with the understood 
meaning of the equation (1). 

The increments therefore not being independent, either they 
are connected by one relation, in which case one point being 
given the other must lie on the surface which that relation 
determines, and its approach to the first must be made along 
that surface, but is in no other way restricted; or the incre¬ 
ments are connected by two relations, and then, the first point 
being given, the second must be on the line determined by 
those relations, and its approach to the first must be made 
along that line, and therefore in a definite path. 

3. These considerations suggest to us the following ques¬ 
tions for analysis, viz. : 

1st. Under what circumstances is the solution of the equa¬ 
tion Pdx 4- Qdy 4- Bdz = 0 expressed by a single relation be¬ 
tween the primitive variables—a relation which with the 
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dz 


dy 


( 6 ). 


arbitrary constant of integration will represent a family of 
surfaces ;—and how is such a relation to be d etermined ? 

2ndly. How is the solution to be obtained when the above 
condition is not satisfied ? 

These questions we shall next consider. 

The equation Pdx + Qdy 4- Rdz = 0, derivable from a single 
primitive. 

From the given equation, we have 

Q 

R 

But the existence of a single primitive involves the sup¬ 
position that z is a function of x and y, and therefore that 
we have 

dz _ P dz _ Q 

dx~ R } dy~ R . (7 > 

P Q 

Hence, if and do not contain z, we have, by the 

property of differential coefficients, 

d P ^jd Q 
dy R dx R * 

P Q 

Should however and ^ both or either of them contain z, 

then, because we can still regard them as ultimately functions 
of x and y, for z is such by hypothesis, we must change the 
above into 

c IP dz d_P __ d Q dz d_Q 
dy It "** dy dz li dx R dx dz R * 

(I & cl $ 

Lastly, substituting here for ~ and their values given 
in (7), effecting the differentiations, and reducing, we have 


P 


/dQ dR 

\dz dy 


) 


+ Q 


'dR 

dx 


dP\ 

dz) 


.(»>. 


an equation of condition which, when identically satisfied, 
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indicates that the proposed equation admits of a single pri¬ 
mitive. 


4. To deduce the complete primitive of the differential 
equation Pdx 4- Qdy + Rdz — 0 when the equation of condition 
(8) is satisfied . 

The supposed primitive involving all the variables x, 
y, z, it is evident that if we differentiate it on the hypothesis 
that z is constant, we shall arrive at a result equivalent to 
Pdx + Qdy — 0. It is also evident that if the primitive con¬ 
tained a function of z for one of its terms, that term, whatever 
the form of the function might be, would disappear in the dif¬ 
ferentiation. 


Conversely then if we integrate the equation 

Pdx 4- Qdy =0.(9), 

regarding z as constant, and adding in the place of an arbitrary 
constant an arbitrary function of z, we shall arrive at a result 
which will necessarily include the complete primitive, and in 
which it will only remain necessary to determine what form 
must be given to the arbitrary function of z . 

Thus, if the integrating factor of (9) he p, and if, assuming 
z constant, we write 


fi (Pda + Qdy) = cfe + dy dy, 
then will the complete primitive be of the form 

r-*(.)...(io), 

in which it only remains to determine '<f> (z). And this will he 
done by differentiating' with respect to all tbe variables and 
comparing with the given equation. 

Differentiating (10) then with respect to x , y, z, and trans¬ 
posing, we have 


dV , 

—7— dx 4- 
ax 


dV 7 

djy d y + 



(£) } 
dz J 


dz s=s 0, 


p {Pdx 4- Qdy) 4- dz — 0. 


whence 
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Now by the given equation, Pdx -f Qdy — — Rdz. Substi¬ 
tuting, and rejecting the common factor dz, we have 


„it + d±(,) = 

dz dz 


whence 


d<f> (z) 
dz 


dV 
dz ' 


/j,R 


(ii). 


the second member of which must, on the hypothesis that a 
single primitive exists, be reducible to a function of z by 
means of (10). The solution of the equation thus reduced 
will determine cf> (z), the value of which substituted in (10) 
will give the complete primitive. 


Although we are fully entitled to affirm that the equation 
determining <p (z) must, whenever a single primitive exists, 
be reducible to a form not involving x and y ; it may be 
proper to verify this conclusion a ‘posteriori . 


Let us then inquire under what condition the function 

dV 

- C an be freed from both x and y by means of the 

equation V = </> ( z ). Evidently this can only be the case when 

— alt and V are so related that, considered with respect to 
dz 

x and ?/ alone, the one is a function of the other. Thus we 
have by the equation of condition (Prop. I. Chap. If.) 


d V d fd V_ 

dx dy \dz ^ 


dV d fdV \ 
dy dx \ dz ^ /l 7 


0, 


or 


dV d s V_dV d?V fdjt d V_ dR dV 
~dx dz dy dy dz dx ^ \dx dy dy dx 

'd V dp _ d V dp\ 
dy dx dx dy j 


i) 


jyfdv 

+i! U 


0 .( 12 ). 


dV dV 

Now since = fxP, ^ = pQ, wo have 
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dV d*V dV d?V <2 d 

dx dzdy ~ dy ~ ^dz _ W dz 


Thus also 

(dRdV_dBdV\ 


-"'( p f-ef). m- 


Lastly, 


\dx dy dy dx) ^ 


(Q 


dR 

dx 


,dR 

dy 


') .(14). 


7? /jjT ^ ___ -D ( n d/J, D cZyLt\ , 

Wy eta? cfo dy J fX * t \Qdx'~ P dy) .( 15 )* 


i since is the integrating factor of Pdx + Qdy we have, 
by Chap. Y. Art. 1, ^ * 

d(ju 
dx 


Q'g?_ F dy. = fdP__d L Q\ 
/hi l J * 


dy r V dy 
which reduces (15) to the form 

\dy dx dx dy) * M [dy dx) .( 16 )’ 

factor*^*there resuL^ 68 * (12) “ d rejeCting the COmmon 


•p dQ dP ~ dR 

* dz “ v ^ + y 






dy dy 


x d £-°’ 


P (dQ _ dR\ /dR dP\ [gp ftq, 

Wa dy) + ®{dx dz) +R \dy dx)~ °”-( 17 ); 

and this is identical with the equation of condition (8). The 
conclusion is therefore established. ^ 

to I annlv°^rec\T^rtf' t QOt Dee . essar y in an y proposed case 
to apply directly the above equation of condition. It is im¬ 
plicitly involved m the very process of solution. 

the‘folhiwing E!!l S e? ftte ab ° Ve iavesti « atioa are contained in 
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Rule. Integrate the proposed equation on the hypothesis 
that one of the variables is constant and its differential there - 
fore equal to 0, adding an arbitrary f unction of that variable 
in the place of an arbitrary constant. Then differentiating 
with respect to all the variables , determine the arbitrary func¬ 
tion by the condition that the result of such differentiation shall 
be equivalent to the equation given . The equation expressing 
such condition will, if a single primitive exist , be reducible by 
previous results to a form in which no other variable than the 
one involved in the arbitrary function will remain. 


Ex. 1. Given {y 4- af dx -f- zdy — (y-\-a) dz = 0. 

Here P = (y + a) 2 , Q —z, H — — y — a, values which identi¬ 
cally satisfy the condition (8). The equation therefore admits 
of a single complete primitive. 

Regarding z as constant we have first to integrate the 
equation 

(y 4- af dx 4- zdy = 0. 

Dividing by (y 4- a) 2 , we have 

dx , jjy _ o 
a + (y + ay • 

the solution of which is 

x - Z _~~ = <f> (z), 

y 4- a x 

c p (z) being an arbitrary function of z introduced in the place 
of an arbitrary constant. 

Now, differentiating with respect to all the variables, we 
have 

, z 

dx 4- 


4* a dz 


or 


(y 4- a) 2 ^ \y 4 
(?/ 4- a y dx + zdy — jy 4- a 4- (y 4- a) 


dz — 0, 

dcf> (, z ) 
dz 


| dz = 0, 


which agrees with the equation given, if we have 

^dcf> (z)\ 
dz J * 


or 


- (y + a) = - b + a + (y + «)’ 

dcp (a) 


dz 


= 0 . 
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Here then <f> (z) = c and the complete primitive is 


x — 


— c. 


.{a). 


y + a 

If we commence by regarding y as constant we obtain by 
a first integration 

whence, differentiating and comparing with the given equa¬ 
tion, 


x + 


d<f> (y) _ z 


or 


dy y +a' 

This equation involves both x and y, but it is reducible by 
the previous one to the form 

ffi(y) _ 4>(y) 

dy y + a’ 

_ dy 

<t>(y )" y + a’ 

of which the integral may be expressed in the form 

<Ky) = & (y + a), 

7 o being an arbitrary constant. Hence, finally, 

z — (y + a) x + b (y + a) 

= (y +a) (x + b), 

and this is equivalent to the former result (a). 

Ex. 2. Given zdz + (x - a) dx = {h* - ^ - (x - a) 2 }* dy. 
Integrating as if y were constant we have 

(x ~a) 2 = <f>(y) . ( a ). 

Differentiating and comparing with the given equation, 




= {h?-(f>(y)}\ by (a). 
dcf> (y) 


2 {A 2 — <j> {y))^ 


-dy. 


Hence 
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Therefore integrating 

- 4> {y)} h = -y + b, 

b being an arbitrary constant. Hence determining <j> (y), and 
substituting in (a), we have finally 

z* + (x- a y+ (y-&)* = #*, 

where b is arbitrary. 


Homogeneous Equations. 

6. When the equation Pdx 4- Qdy 4- Rdz =0 is homoge¬ 
neous with respect to x, y, z, its solution will be facilitated by 
a transformation similar to that employed for homogeneous 
equations with two variables. 

Assuming x = uz, y = vz, we obtain by substitution a result 
of the form 

fl £ 

X — = Mdu 4- Ndv .(18). 


If L be equal to 0 this simply gives 

Mdu 4- JSfdv = 0, 

which can always be made integrable by a factor, 
not equal to 0 we have 


dz M 7 
— = T aa 4- 
z Jb 



7 


If L be 


and here the first member being an exact differential the 
second will be such also if a complete primitive exist. After 

integration, u and v must be replaced by their values , -- . 


Ex. 3. Given {ay — bz) dx 4- {cz — ax) dy -I- (bx — cy) dz = 0. 
This equation satisfies the equation of condition (8). 
Assuming x = uz , y = vz, it becomes simply 
(av — b) du — {au — c) dv = 0, 
da dv 


or 


au — c av — b 7 
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the solution of which is 


au — c n 
— —— 0 • 
av —b 

whence the complete primitive sought will he 


Ex. 4. Given 


ax — cz 
ay — bz 



iy + yz 4- z 2 ) dx 4- ( x 2 + xz 4- z 2 ) dy -f (x 2 4- xy 4- y 2 ) dz = 0. 

Assuming x — uz, y = vz, we have on reduction 

dz ( v 2 4 * v 4 - 1 ) du 4 - ( [u 2 4 m 4 1 ) dv 

z (u 4 - v 4 - 1 ) ( uv u + v) 9 

or ~ s __ (y 4-1) du 4- (i£ 4-1) dy 

z u 4- t? 4- 1 uv-\- u + v 9 

whence integrating 


log z = log 


u 4 ~ v 4-1 
uv 4- u 4- v 


4 -a 


Finally we have 


xy + xz + yz _ 
x 4 - y 4 - z 9 

for the complete primitive. 

The last two equations might have heen integrated without 
preliminary transformation. (Lacroix, Tom. n. pp. 507_510.) 


Integrating factors. 

7. The equation Pdx + Qdy + Rdz = 0 can also, when 
there exists a single complete primitive, be integrated by 
means of a factor. 43 J 

If ft be that factor, then, since the expression 

H'Pidx 4 - fi Qdy 4 - fxUdz 
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must be an exact differential, we must have 

d(/juQ) d (puR) d (fJbB) d (/nP) 
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dz dy 9 dx 

d (vP) _ a 


dz 


dy dx 5 

equations to which we may give the forms 

~dpL dpi fdQ dR\ 

Q dz- li dy + IX {d,-dy) 

dpu ^du, . tdn a 


o, 


R 


dx 




dz 


pdf±__ Q dp, (dP 
dy V dx + ^\dy 


- 9 \ = o 

dx) ' 


Multiplying these equations by P, Q, and R, respectively, 
adding, and dividing by gu } we have 


P 


fdQ dR\ ~ fdR 
\dz dy) \ciLc 


dP\ 

dz ) 


t> fdP __dQ s 

+ \dy dx j 


0...(19), 


the same equation of condition which was before obtained. 

When this equation is satisfied a particular form of the 
factor pi will frequently suggest itself. 

1 i i 

In Ex. 3 the functions 


(ay — bz) 2> (cz — axf y (bx — cy )' 

1 

are integrating factors. In Ex. 4 the functions ;—:-:— v 

& (x + y H- zy 

1 

and t -are integrating factors. 

(xy + xz + yz) ° ° 


jE 'quojtions not derivable from a single primitive . 

8. To solve the equation Pdx + Qdy 4- lidz — 0, when the 
equation of condition (cS) is not satisfied. 
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In this case the solution consists of two simultaneous equa¬ 
tions between x, y, z, one of which is perfectly arbitrary in 
form. 


For representing an assumed arbitrary equation in the form 

z) = o .( 20 ), 

and differentiating, we have 

dx + 2A f) d + df (g y. z) dz _ a 
dx ay dz 


Now these two equations enabling us, when the form of 
f(x,y,z) is specified, to eliminate one of the variables and 
its differential, e. g. z and dz , from the equation given, permit 
us to reduce it to the form 


Mdx + Ndy = 0, 

ilfand Id being functions of x and y. Solving this, we obtain 
an equation involving an arbitrary constant, and this equation 
together with (20) will constitute a solution. By giving dif¬ 
ferent forms to / (a;, y, z) every possible solution may be ob¬ 
tained. What a solution thus found represents in geometrical 
construction is the drawing, on a particular surface, of a 
family of lines, each of which satisfies at every point the con¬ 
dition Pdx 4- Qdy 4- Rdz — 0. Now dx, dy, dz are propor¬ 
tional to the directing cosines of the tangent line. Hence the 
geometrical problem may be represented as that of drawing on 
a given surface a family of lines, in each of which the direct¬ 
ing cosines cos cj>, cos cos% at any point shall satisfy the 
condition 


P cos 4 - Q cos i/r 4- R cos % = 0.(21). 

Ex. Required the most general solution of the equation 

xdx + ydy + c (1 - ^ - | 2 )' J dz = 0. (a), 

which is consistent with the assumption that it shall represent 
a series of lines traced upon the ellipsoid whose equation is 

, y* , 23 _i 
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It will be found that (a) does not satisfy the equation of 
condition (8). 

Differentiating (5), we have 

xdx ydy zdz _ A 

r + -jJ- + —3 O, 


whence 


a 

dz 


b 


& (xdx 
z \ a 


. ydy\ 

* + 6 ” ) 


fxdx % 

G — s- + 

V ar 



x 

a 2 


bV 


and this reduces (a) to 


xdx + ydy — c 2 = 0.....(c), 

the integral of which is 




w, 


indicating that the projections of the proposed family of lines 
will be a certain series of central conic sections. 


If a — 6 = c = 1 the proposed equation admits of a single 
primitive, viz. x 2 + y 2 + z 2 = 1. And any line traced on the 
surface of which this is the equation will satisfy the differen¬ 
tial equation; for the equation (c) by which the lines are 
ordinarily determined is now reduced to an identity. 

The above method of solution is due to Newton. Monge 
has however remarked that the general solution may be ex¬ 
pressed by the equations (10) and (11) of Art. 4, viz. by the 


simultaneous system 

V = 4>{z) .(22), 

.(23), 


where fz is the integrating factor, and V the corresponding 
integral of the expression Pdx + Qdy. It is indeed shewn in 
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that Article that (22) does satisfy the differential equation 
provided that the condition (23) is satisfied. But there is no 
practical advantage in the employment of Monge’s form. 
Applied to the problem of drawing on a given surface lines 
satisfying the condition expressed by the differential equation, 
it makes the determination of the arbitrary function <b (z) 
itself dependent on the solution of a differential equation. 

Thus m the example last considered we have, on Bivins? 1 to 
fz the value 2, & 5 

r M 1 -£-£)'■ 

so that the general solution assumes the form 

cc 2 .+ y 2 = </> (£) 




ocr 7/ 

J + ¥ + c 5 


To apply "this to th© problem of drawing lines satisfying the 
conditions of the problem on the ellipsoid ^ 

J - 

1 .w, 

it is necessary from the above three equations to eliminate 

x aad V' From the second and third which here suffice 
we have ’ 

— 2 z = (/>' (z), 

whence <£ (*) = _ # + a 

Therefore x 2 + y 2 + z 2 = G .(y* ) # 

The particular solution sought is therefore expressed by the 
equations (e) and (/), which are together equivalent to the 
previous solution expressed by (b) and (d). 

variables ^^ eren ^ a ^ equations containing more than three 

,. H ™} 11 su hice to make a few observations on the equa¬ 
tion with tour variables n 

Pdx + Qdy + Bdz 4- Tdt = 0.(24), 

and to direct attention to the general analogy. 
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dt — 


T 


dx 


Q y 
T 


R 

T 


dz 


(25), 


it is evident that, in order that it should be derivable from a 
single primitive, we must have 

/ d \ Q __ fd\ P / d\ P _ /d\ Q /d\ P _ / d_\ R 
[dx) T~\dy)T’ \dy) T “ [dz) T' [dz) T~ [dx) T 9 

where refers to x not only as appearing independently, 
but also as implicitly involved in t ; and so on for the rest. 

Effecting the differentiations, and substituting for ™ ^ , 

~ their values implied in (25), we have 

rtf - f) + p (f - §) + «(f - f) - o 

\dx dyJ \dy dt J \dt dx) 


[dy dz) + ^ 


ulT dR\ 
[dz dt) 




....(26) 


+ n (f _■»") + p (f-f)-o 

Vcfe cfocy Vdic at/ \at dz J 

which are the equations of condition of existence of a single 
complete primitive. 


It is evident from the symmetry of the problem that the 
equation 


P 


'dQ. _ + Q 

K dz dy) * 1 


dtt _ + R ( d P_ §Q\ = 0 (27) 

.dx dz) \dy dx) 


must also hold here. But this is not a new condition. It 
may be deduced from (26), by multiplying the respective 
equations of that system by It, P, and Q, and adding the 
results. 
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It is obvious that when there exist n variables, the num- 
ber of independent equations of condition is - 2) 


being the number of ways of equating two partial differential 
coefficients in a system in which n—1 are contained. 


The solution of any such equation may be effected by an 
extension of the method adopted for equations with three 
variables. We must integrate as if all but two of the varia¬ 
bles were constant, adding, in the place of an arbitrary con¬ 
stant, an arbitrary function of the variables which remain. 
This function we must determine by differentiating with re¬ 
spect to all the variables, and comparing with the equation 
given. If a single primitive exist, such determination will be 
possible. If a single primitive do not exist, we must, follow¬ 
ing the analogy of the corresponding case of three variables, 
endeavour to express the solution by a system of simultaneous 
equations. And such is indeed its general form. Pfaff, in 
a memoir published by the Berlin Academy 1814—15, has 
shewn that, according as the number of variables is 2 n or 
2 n q- 1, the number of integral equations is n or n q- *1 at most. 
His method, which is remarkable, consists of alternate inte¬ 
grations and transformations. For important commentaries 
and additions see Jacobi ( Werlce, Tom. I. p. 140), and Raabe 
(i Crelle , Tom. xiv. p. 123). 


Ex. Given (2x+y 2 +2xy 2 ~y 1 )dx+2xydy-xdy l -\-x‘ 2 dy 2 =0. 

If we suppose the variables y x ,y 2 constant, we have to in¬ 
tegrate 

(2x q-y s q- %xy % — y x ) dx q- 2 xydy = 0, 

which, on substituting an arbitrary function of y x > y %i repre¬ 
sented by <j> } for an arbitrary constant, gives 

a? P xy 2 q- x 2 y % — xy x = cj>. 

Differentiating with respect to all the variables, we have 
(2a? + y*+ 2xy 2 — y x ) dx q- 2 xydy — xdy x q- x 2 dy % 
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Comparing this with the given equation, we have 

0 , 


dd> , . d<f> , 

d Vi + £ d v. 


dyr Jl ' dy 

whence <j> — c and the solution is 

x 2 + xy 2 + x*y 2 — 





Had we begun by making x and y constant, we should have 
had as the result of the first integration, 

— &yi = 4> .( 0 > 

(f> denoting a function of x and y. Differentiating with respect 
to all the variables and comparing with the given equation, 
we should find 


clcj> = — (2x + y 2 ) dx — 2 xy dy , 
whence <f> = — od — xy 2 + c, 

the substitution of which in ( b ) reproduces the former solu¬ 
tion [a). 


Equations of an order higher than the first. 

10. When an equation of the form 
Adx 2 4- Bdif + Cdz 2 + 2 Ddy dz + 2 Edxdz + 2 Fdxdy = 0... (28) 
is resolvable into two equations each of the form 

Edx + Qdy + Rdz = 0, 

the solution of either of these obtained by previous methods, 
will be a particular solution of (28), and the two solutions 
taken disjunctively will constitute the complete solution, which 
is therefore expressed by the 'product of the equations of 
these solutions, each induced to the form V — 0. 

The condition under which (28) is resolvable as above, is 
expressed by the equation 

ABC + 2DEF— AD % — BE 2 - CE* =0.(2D). 
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This is shewn by solving (28) with respect to dx, and 
assuming the quantity under the radical to be a complete 
square. 

Thus, the equation afdx* + y^dy 1 — z^dz* + 2 xy dx dy = 0, 
which will be found to satisfy the above condition, is resolv¬ 
able into the two equations 

xdx + ydy + zdz = 0, xdx + ydy — zdz = 0, 

whence a? 4- y 1 + z 2 = c . .. (a), v? H- — z* — c'.(&). 

Geometrically the solution is expressed by lines drawn in 
any manner on the surface, either of the sphere (a), or of the 
hyperboloid ( b ). 

When the condition (29) is not satisfied, the proposed 
equation does not admit of a single primitive, or of any dis¬ 
junctive system of primitives. But it does in general admit 
of a solution expressed by a system of simultaneous equations. 
Thus, if we integrate the equation dz 1 — m 2 (dx 1 4- dy 1 ), sup¬ 
posing x constant, we find z = my + C, or, replacing G by a 
function of a?, 

z — my + <£ (as) .(c). 

On substitution and integration, we find that this will 
satisfy the proposed equation if we have 

= + c.CO. 

the system (c) (cZ) will therefore constitute a solution of the 
equation given. We enter not into the question whether it is 
the most general solution or not, proposing merely to exem¬ 
plify the kind of solution of which the equation admits. 

To this we may add that all equations which do not satisfy 
the conditions of integrability, though they may present 
themselves in the form of ordinary, have a far more intimate 
connexion with partial differential equations ; and that this 
connexion affords the best clue to the solution of their theo¬ 
retical difficulties. 
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dx dy 
x — a y — b^~ z 


EXERCISES. 
*- = 0 . 


1. 

2. (x—3y — z) dx 4 (2 y — 3x) dy 4 (# — x) dz = 0. 

3. (y + z) dx + (z + x) dy + (x + y) dz — 0. 

4. yz dx 4 zx dy 4 xy dz = 0. 

5. (y -\r z) dxdy + dz = 0. 

6. ay 2 z 2 dx 4 l>z 2 x 2 dy 4 cx*y*dz — 0. 

7. (x 2 y — y 3 — y 2 z) dx 4 (xy 2 — odz — x 3 ) dy 4 (xy 2 4 x 2 y) dz = 0. 

8. (2x 2 4- 2 xy 4 2 xz 2 + 1) dx 4 dy 4 2 zdz — 0. 

9. (2x 4 2/ 2 "j" 2xz) dx 4 2xy dy — dw 4 x 2 dz = 0. 

10. Is the equation (1 4 2m) xdx 4 y (1 — x) dy 4 zdz — 0 
derivable from a single primitive of the form <f> (x, y , z) = c ? 

11. Shew that any system of lines described on the surface 
of the sphere x 2 4 y z 4 z 2 — r 2 , and satisfying the above equa¬ 
tion, would be projected on the plane xy in parabolas. 

12. Shew that Monge’s method would, if we integrate 
first with respect to x and z, present the solution of the equa¬ 
tion of Ex. 10, in the form 

(1 4 2m) x 2 4 s 2 = </> (y), 2y (1 — x) = - <f> r (y). 

13. Applying this form to the problem of Ex. 11, form 
and solve the differential equation for the determination of 
if> (y), and shew that it leads to the result stated in that Ex¬ 
ample. 

14. Find the equation of the projections of the same 
system of curves on the plane yz. 
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CHAPTER XIII. 

SIMULTANEOUS DIFFERENTIAL EQUATIONS. 

1. We have hitherto considered only single differential 
equations. We have now to treat of systems of differential 
equations. 

Of such by far the most important class is that in which 
one of the variables is independent and the others are depend¬ 
ent upon it, the number of equations in the system being 
equal to the number of dependent variables. Thus in the 
chief problem of physical astronomy—the problem of the 
motion of a system of material bodies abandoned to their 
mutual attractions—there is hut one independent variable, the 
time ; the dependent variables are the co-ordinates, which, 
varying with the time, determine the varying positions of the 
several members of the material system ; while, lastly, the 
number of equations being equal to the number of co-ordinates 
involved, the dependence of the latter upon the time is made 
determinate. 

Such a system of equations may properly be called a deter¬ 
minate system. 

We propose in this Chapter to treat only of systems of 
equations of the above class. And in the first instance we 
shall speak of simultaneous differential equations of the first 
order and degree, beginning with particular examples, and 
proceeding to the consideration of their general theory. 

Particular Illustrations. 

2. . The simplest class of examples is that in which the 
equations of the given system are separately integrable. 

Ex. 1. Given Idx 4- mdy 4- ndz = 0, xdx 4- ydy 4- zdz = 0. 

Integrating separately, we have 

lx 4- niy 4- nz — c, a? 4- y 1 4- z* = c ; 

and these equations expressing the complete solution of the 
given system may be said to constitute the primitive system. 
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Another class of examples is that in which, while the equa¬ 
tions of the given system are not all separately integrable, 
they admit of being so combined as to produce an equivalent 
system of equations which are separately integrable. 

dx 2x „ dii 9 

—- — x + y 4- 


Ex. 2. Given ^ + 


1 , 


:x 


1 . 


dt 1 t dt * ‘ t 

Here the first equation alone is separately integrable, and 
gives 

f. 


X 


t . c 
3 + ? 


Also by addition of the given equations, we have 

dx + dy 

dt =x+ y> 

therefore —~— — dt, 

x -b y 

log (x -f- y) — t + c .(/>). 

The primitive system is therefore expressed by (a) and (li). 

In both the above examples we see that the number of 
equations of the solution is equal to that of the equations of 
the system given, and that each equation of the solution in¬ 
volves a distinct arbitrary constant. And it is evident that 
this must be the case whenever we can combine the given 
equations into an equivalent system of integrable equations of 
the first order. But as we have not proved that such combi¬ 
nation is possible, the following question becomes important, 
viz. what is the nature of the solution of a system of simulta¬ 
neous equations of the first order and degree? 

This question will be considered in the next section. 

General theory of simultaneous equations of the first order 
and degree. 

3. We shall seek first to establish the general theory of a 
system composed of two equations between three variables, 
and therefore of the form 


JPdx 4- Qdy -l- Ttdz = 0,) 
P'dx 4- Q'dy + 11'dz = 0,} 


(i). 
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the coefficients P, P', &c. being functions of the variables, 
or constants. 


We design to consider the above system first, and with the 
greater care, because there is scarcely any part of the general 
theory which it does not serve to exemplify. 


Prop. The solution of the system (1) can always he made to 
depend upon that of an ordinary differential equation of the 
second order between two of the primitive variables , and it 
always consists of two equations involving two arbitrary constants. 

Py algebraic solution of the system (1) we have 



RP' - PR' 

? dx, dz = 


QE - RQ 


PQf - QP' 

QE - RQ' 



As the coefficients of dx in the second members of these 
equations are functions of a, y, z we may express the reduced 
system in the form 


dy=<f> (x, y, z) dx, dz = yfr (x, y, z) dx, 

whence, regarding a? as independent variable, 

0, y, z) . (3), 


dz 

dx 


= yfr (x, y, z) 



Thus the given system enables us to express 
known functions of x, y , z . 



and 


dz 

dx 



. differentiating (3), still on the assumption that x is the 

independent variable and representing for brevity d> (x v z) 
by <£, yjr ( x, y, z) by we have 

dffy = §ff dffdy dff dz 
dod dx dy dx + dz dx 9 


or substituting for 


dz 

dx 


its value 


given by (4), 


<Py _ d<fi dtp dy . d<fc 
dod dx dy dx ‘ dz 


(5). 
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This equation involves ^ and together with the quan¬ 
tities and which are known functions of x, y, 

and z. Hence eliminating z by means of (3) vve have a final 
equation involving —, , x, and y. The complete primi¬ 

tive of this differential equation of the second order will enable 
us to express y as a function of x and two arbitrary constants. 
Suppose the value thus obtained for y to be 

V = x( x > C 1> <h).(6). 

Then we have by virtue of (3) 

, , \ dx(x, c tf c„) 

cj> (pc, y, z) = —d .(/). 

These two equations involving two arbitrary constants con¬ 
tain the complete solution of the system given. 


4. It is important to observe that the system (2) may be 
expressed in the symmetrical form 

dx _ dy _ dz 
Qir-liQ' “ jRP'-P/? “ FQ' - QF * 

If we represent the denominators of the above reduced 
system by AT, Z } it becomes 

dx _dy _dz , 

X ~~y~ z . ( 

This, then, may bo regarded as the symmetrical form of a 
system composed of two differential equations of the first 
order. 


Again, the complete solution of such a system, as is expressed 
by ((>) and (7), consists of two equations connecting the varia¬ 
bles ./•, y, z with two arbitrary constants. If we solve these 
equations with respect to the constants, the solution assumes 
the form 

4>, <>, y, z ) = c 1 , <£., (*. y> z ) = .( 9 )- 

Thus a system of two differential equations of the first 
order may, without loss of generality, be presented in the 
symmetrical form (8), and its complete solution in the sym¬ 
metrical form (9). 
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Ex. 1. Given 

(5 y + 9z) dx + dy 4- dz — 0, (4sy + Sz) dx + 2dy — dz = 0. 
Here we find by algebraic solution 


dy _ 


whence 


dx 
dz 
dx 

dx 2 ~ 3 


3y — 4>z .(a). 


— 2y — 5s 
dx 


(*). 


dz 

dx 


dy 


= “ 3 1 + ^ +' 20 *’ by W- 

Eliminating a by (a), we have on reduction 

<Fy , a dy , ~ 

diC 2+8 rfa: +72/ °’ 

a linear equation with constant coefficients whose complete 
primitive is 

y — C x e~" + C z e~ 7x .(c). 

Equating the value of ^ hence determined with that given 
in (a) we have 

+ 4^ = (7,6"* + 7 G 2 6~ 7 *. (d). 

The complete solution is therefore expressed by (c) and (d). 

Theoretically it is of no consequence which of the primitive 
variables we assume as independent. But practically the 
question is of some importance as affecting the character of 
the final differential equation. 

Ex. 2. Given Sx + y = 0, ^j-x-y = 0. 


dt ~~ r * “ dt 
Differentiating the first equation we have 

O , iy _ n 

** ^ ' Jj. ~~ 'h 


dt ~ dt ‘ d* 
dy 
dt 
dx 


from which eliminating ~ by the second equation we lrnve 

dtx 
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Hence eliminating y by the first equation 

d*x A dx . ~ 

TT2 — 4 -77 + 4# = 0. 

dt* dt 

Integrating 

X=(C + C't) € Z \ 

and tliis value of x substituted in the first equation gives 

y = (C-C' + C't) e 2t . 

The last two equations constitute the primitive system. 

We choose next an example in which the given system in¬ 
volves functions of the independent variable in the second 
members. 

Ex. 3. Given ~ + 5a? — 2y = ^—x + Qy — e 2 ‘. 

Here, differentiating the first equation, we have 

d*x dx dy _ t 
dt" + dt ~ “ dt ~ 6 ' 

Eliminating by the second equation of the given system, 
we have 

1 K C), r I f <o 7/ _ p t I 

de + <£t +Jj ~ + • 

And, eliminating y by means of the first equation of the 
system, 

S +ii S +28 *= 7 * ,+2 ^ 

a lineal* differential equation of the second order whose solu¬ 
tion is 


x= C, 


e 4e 4- O z € 7t -f- €"• 


1 

27 


Hence, by the first of the given equations, 


\y — 5a? + 


4(7 e -« _ 7(7 e -^ . . e < + A € ** m 

t ^ 40 ~ 27 


The last two equations are the complete primitives of the 
system given. 
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5. The above theory may be extended to all systems -which 
are composed of n differential equations of the first order and 
degree connecting n + 1 variables. 

Assume x (independent) and x v x v (dependent) as the 
variables of the system. Then there exist n differential 
equations of the form 

Pdx + P x dx t + P 2 dx i2 ... + P n dx n = 0.(10), 

P, P x > &c. being functions of the variables. These equations 
exactly suffice to determine the ratios of the differentials dx } 
dx v ... dx n , and thus assume the symmetrical form 

dx __ dx x _ dx % _ dx^ . 

X ” X “X ■” “ X .^ 

X 2 71 

X, X x , & c. being determinate functions of the variables. 

This premised, the solution of the system (11) depends upon 
the solution of a single differential equation of the ?i th order 
connecting two of the variables. 

Let us select for the two x and x x . 


Now (11) gives 

dx x _ X x 
d^~~X 3 


dx X 3 





Differentiate the first of these n — 1 times in succession, re¬ 
garding a? as independent variable and continually substitut- 
dx dx 

mg for } • •• ~dx values as given by the 7 i — 1 last 

equations of the above system. We thus obtain, including 
the equation operated upon, n equations connecting 

dx x d 2 x x d n x x 
dx 3 da? ''' dx n 


with the primitive variables and therefore enabling us, 1st, to 
express the above n differential coefficients in terms of those 
variables, 2ndly, by elimination of the n — 1 variables, x f a \, 
"'^ni deduce a single equation of the form 


fU 


x 






dx x 
dx 3 


d 2 x x d n x x 
dp dx 11 



(13). 
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Now this being a differential equation of the n tli order, there 
exist, Chap. IX. Art. 1, n first integrals involving n distinct 
arbitrary constants and capable of expression in the form 


F. 


x, x x . 


1\ (x, x x , ° 


F 


n 


(x, X x , 


dx x 

d 2 x x 


dx ’ 

dx 2. 

dx n ~ x J 

dx x 

d 2 x x 

d n ~ l x\ 

dx ’ 

dx 1 

dx n ~ l ) 

dx t 

<Fx x 

d n -\\ 

dx ’ 

~dx- 

dx n ~ X ) 


a 


a 


G 


.(14). 


If in this system we substitute for ... ^ x * 

ax r ~ 


a x, a . . 

values in terms of the primitive variables above referred to, 
we shall obtain a system of n equations of the form 

4>i (x, x 1} x 2 ... x n ) = (7,1 

</> 2 (x, X x , X 2 ... x n ) = C 2 I 


(15). 


</>« *•* X n) = C'J 

This is the primitive system sought. 

And thus the following Propositions are established, viz. 
1st, that a system of differential equations of the first order 
connecting n + 1 variables is expressible in the symmetrical 
form (11). 2ndly, that its complete solution depends on that 
of an ordinary differential equation of the n th order (13). 
3rdly, that that solution consists of n equations connecting the 
primitive variables with n arbitrary constants and theoreti¬ 
cally expressible in the form (15). 

These very important propositions were first established by 
Lagrange, but the above demonstration of them is taken from 
a memoir by Jacobi*. 

^ It is not necessary, as is evident from the examples already 
given, actually to determine the n first integrals of the differen¬ 
tial equation (13). The complete primitive and the successive 
equations obtained from it by differentiation enable us to ac- 

* Ueber die Integration der partiellen I)ijj'ercntlal-Glcichungcn erster 
Ordnnng. Crelic, Tom. ii. p. 317. 
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complish the same object. Neither is it always necessary to 
proceed to differential equations of an order higher than the 
tirst. This point will be illustrated in the following sections. 


Linear equations of the first order with constant coefficien ts. 


6. The characters here mentioned have reference only to 
the dependent variables which are the true unknown quanti¬ 
ties of the system. Thus the equation 

a Tt +i Tt +ca: + ^ = ^ ( - t) 


would be described as linear and with constant coefficients. 


The solution of any system of n such equations is by the 
foregoing general method reducible to that of an ordinary 
linear differential equation of the 71 th order with constant co¬ 
efficients. And this method is in the two following respects 
the best of all, viz. 1st, because of its fundamental character, 
2ndly, because it leads directly to the expression of the values 
of the dependent variables. 

The solution of such a system may however also be effected 
by the method of indeterminate multipliers, and this we 
propose here to exemplify. Its advantage is that it generally 
presents the equations of the solution under a common type, 
so that their discovery is made to depend upon the discovery 
of a single general form. 


Ex. 


Given 


dx 

dt 


ax + by 4- a, 


~ a ' x + Vy + 


c . 


Multiplying the second equation by an indeterminate quan¬ 
tity m, and adding to the first, we have 


dx 4- mdy 
dt 


(a + ma') x 4- (h 4- mb') y 4- c 4- me' 


= (a 4- ma 



h 4- nib' 

-7 y 4~ 

a 4- ma a 


c 4- me 
a 4- ma 


— (a 4- ma') 


(x 4- my 4- 


c 4- mc\ 
a 4- may 
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provided that we determine m so as to satisfy the condition 

~b Hh KYlb 

m — - 

a + ma 


or dm* + (a—V) m — b — 0. 

Now (a) gives 

dx 4- mdy , , 

... . . , ■/ = (a + ma ) at, 

. c + mo v J 

x + my -i - 

a + ma 


(b). 


whence on integration 

log (x + my + C a ±~) j = (a + ma) t + C .(c). 

In this equation it only remains to substitute in succession 
the two values of m furnished by (b). The two resulting 
equations, in which the arbitrary constants must of course be 
supposed different, will express the complete solution of the 
problem. 

When the values of m are equal, the form (c) furnishes 
directly only a single equation of the complete solution. We 
may deduce the other equation, either by the method of limits 
(assuming the law of continuity), or by eliminating x from 
the given system by means of (c), and then forming a new- 
differential equation between y and t. It seems preferable 
however to employ the general method of Art. 5, by which 
all difficulties connected with the presence of equal or imagi¬ 
nary roots are referred to the corresponding cases of ordinary 
differential equations. 


7. Simultaneous equations are so often presented under the 
symmetrical form (11) that the appropriate mode of treatment 
deserves to be carefully studied, especially as it possesses the 
superiority, always in point of elegance, and frequently in 
point of convenience, over other processes. 

It is known that each member of a system of equal frac¬ 
tions is equal to the fraction which would be formed by 





302 LINEAR EQUATIONS OF FIRST ORDER [CH. XIII. 

dividing any linear homogeneous function of their nume¬ 
rators by the same function of their denominators. Hence if 
we have a system of equations of the form 


dx x __ c7x 2 _ dx n _ dt 

3 * .~~ ~X~ n ~~ T 



in which we suppose t the independent variable, and T a 
function of t only, then we shall have 


dt __ dx y + mdx 2 ... rdx n 
T “ ~X, + mX 2 ... + rX n 


(17). 


Hence, should the first member be an exact differential, the 
inquiry is suggested whether the multipliers m ,... r cannot 
be so determined, whether as functions of the variables or as 
constants, as to render the second member such also. Now 
when the system of equations is linear and with constant co¬ 
efficients this can always be effected. It may be observed 
that the charader ot the system is as manifest from inspec¬ 
tion of> the symmetrical form (16) as of the ordinary form. 
If the system be linear and with constant coefficients the de¬ 
nominators W 2 , ... X n will, when considered with respect 
to the dependent variables x 2 , ... x n , be linear and with 
constant coefficients. 


In the employment of this method it is often of great ad¬ 
vantage to introduce a new independent variable, and to 
consider all the variables of the given system as dependent 
upon it. We are thus enabled to secure the condition above 
adverted to, of having one member of the symmetrical system 
an exact differential. 


Ex. 1. Given -- - d V 

ax + hy + c cl x -j~ b y + g * 


Let us introduce a new variable t so as to give to the 
the form 


system 
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Here the third member being an exact differential, we shall 
write 

dt __ dx 4 mdy 

t ax 4-by 4- c 4- m {a!x 4 b'y 4 c) 

dx 4 mdy 

(c&4 md) x 4 -(b4-mh')y 4 c + me 

1 (a 4 ma) dx 4- (a 4- ma) mdy 

a 4- ma (a 4- ma') x 4 - (b 4- mb') y 4- c4~ me' * 

The second member of this equation will be an exact differ^ 
ential if we have 

(a 4- ma') m = h + mV .(£>), 

the integral corresponding to each value of m thus deter¬ 
mined being of the form. 


1 

log t 4- C= -, log f (a 4 -ma) x 4 (b 4 mb') y 4- c + mc], 

° a 4 - ma Q v 

i 

or C't — [ax 4 - b y 4- c 4- m (dx 4- Vy 4 c')} a+ma ' 

If the roots of the quadratic (b) are m % and m 2 , we thus find 

Cjt = {ax 4 by 4- c 4- m x (dx 4- b'y 4 c')} a+mi ®'l ^ 

Of = {ax + by 4- c 4- m 2 (dx 4 b'y 4 c )) a+m * a j 

for the primitive equations of the system (a). Those of the 
given system will be obtained by eliminating t. The result 
assumes the remarkable form 

i 

{ax 4 by 4 c 4 m t (dx 4 b'y 4 c')] a+m ' a ’ _ ^ ^ 

[ax 4 by 4 c 4 m. 2 (dx 4 Vy 4 c')} a+m * a ' 

-n ~ dx dll dz , 

Ex. 2. Given = y — y , where 

X = ax 4 by 4 cz 4 d 
Y = dx 4 b'y 4 dz 4 d' 

Z — a"x 4 b"y 4 c'z 4 d" 


(«)• 









( 8 ). 


we Lave 


.(e). 
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Introducing a new variable t, so as to give to the system the 
more complete form 

dt dx dy __ dz 

T~X . 

dt _ Idx 4- mdy 4- ndz 

J ” il+mlt 

1/dtx) 4” *mdy 4" Tzdx 
X (lx 4- wy 4- 4- t) 

Provided that we assume 

al 4 - am 4 - of'n — Xl 
hi 4* b'm 4 b"n = Am 
cl 4 cm 4 c'n — Xn 
dl 4 d 7Yi 4 d Tt == Ay* 

The first three of these may be written in the form 

(a — A) 1 4 a'm 4 ci'n = 0^ 
bl 4 (b' — A) m 4 b"n — 0 
cl 4 cm 4 (c" — A) n — oj 

whence eliminating l, m, n we have the well-known cubic 
(a - A) (U - A) (c" - A) - b"c’ (a - X) 

- ca" (b' - A) - ba f (c" - A) 4 ab"c 4 a'be = 0... (/). 


(d). 


(e). 


Now let the values of A hence found be X 1? X„, A 3 , and the 
corresponding values of l , m, r be l x , m ti n lt l„, m„, &e., 
then integrating (c) we shall have the system 

i 

cj; = (l x x 4 m x y 4 n x z 4 rj* 1 , 

1 

cj = (^a? 4 4 n 2 z 4 r 2 )\ 

l 

c 3 t = (Z 3 a? 4 w 3 y 4- w 8 z 4 r 8 ) A 3. 

Hence eliminating t by equating its values, we find as the 
general solution of the original system of equations 
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(l t x 4 m x y 4 n x z 4 rJ Xl = G (l 2 x 4 m 2 y 4 n 2 z 4 r 2 ) ; 


= O' Q„x+m s y + n s z + r 3 ) x » ...(g). 
In tine same way we may integrate the general system 


dx x _ dx 2 

X" 


dx 


n 


X*** XX 


n 


where X a , X 2 , ...X n are any linear functions of the variables. 


8. From the above results the solutions of various sym¬ 
metrical systems in which the denominators are not linear 
may be deduced. The most remarkable of such deductions is 
the following. 


Suppose that in the system 
dx dy 


dz' 


...(a), 


ax' 4" by 4 cz 1 dx 4 b y 4 c z a x ~\~b y c z 

the solution of which is known from what precedes, we sub¬ 
stitute 

x’ = xz, y = yz, 

x and y being new variables introduced in the place of x and 
y. The result is 

zdx 4 xdz _ %d y 4 ydz _ _ dz 

ax + by 4 c~ ax 4 b'y 4 c ct'x 4 b"y 4 c" 9 

to which we may obviously give the form 

zdx zdy 


ax 4 by 4 c — x (a"x 4 b"y 4 c ") a x-jrb y + c — y(a x 4 b"y 4 c) 

dz' 


if * 


a"x 4 b 'y 4 c 

Dividing the first equation of this system by z\ we have 


dx 


dy 


ax-\-by-bc—x(a''x-\-b"y+c") dx+b'y+c —y{a n x-)rb"y+c") 


•*(^ 0 * 


Now this on clearing of fractions will be found to be of the same 
form as Jacobi’s equation ( Crelle , Tom. xxiv. p. 1), whose 
solution on other grounds has been explained, Chap. v. Art. 8. 
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We see that the solution of ( b ) is deducihle fro m that of 

the system (a) by changing os' into xz, y into yzf, and elimi¬ 
nating z . 


And just in this way the solution of any symmetrical 
non-linear system of the form 


dx 


j_ 


dx n 


dx. 


- - n q\ 

£'”-x n -x n x .^ 


X 1 - x x X X 2 - x 2 

in which X, X x , X 2 ,X n are linear functions of the variables 

a 'i > ma y be made to flow from that of a symmetrical 

system of the form 


dx x _ dx 2 __ dx n+1 
v v *•* v 

X-% A ll+1 


( 19 ). 


in which X, X 2 ,... X n+1 are linear homogeneous functions of 
the variables x x , x 2 ,...x n+1 . The general solution of the sys¬ 
tem (18) seems to have been first obtained by Hesse (Crelle 
Tom. xxv. p. 171). ^ 


9. Lastly, certain systems of linear equations which have 
not constant coefficients may be solved by the above method. 

Thus the solution of the equations 

dx m , , „ 

^ + T(ax + hy) = T x 

dy — . ^.(®)? 

f t + T{a'x+b'y) = T 2 ^ 

where T, T x , T are functions of the independent variable 
may be reduced to that of an ordinary linear differential equa¬ 
tion of the first order. ^ 

For proceeding as before, we find 
d {pc 4- my) _ 

-jg—^ + \T(oc + my) == T x mT 2 .(&), 

provided that A and m be determined by the conditions 

A = a + ma'. Am = b + mb' .(cl 
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Hence eliminating X, we have 

m (a + ma) = b 4- .(c?). 


which gives two values for m. Integrating (b) regarded as 
a linear equation of the first order between x + my and t, and 
substituting for X its value in terms of m given by the first 
equation of the system (c), we have 

x+my = e -^ m ^S Tdt {O+j (2; + m T }<?«}...( e ), 
in which it remains to substitute for m its values given by (d). 
Ex. Given + -- (a* — y) = 1, - (pc + 5y) = £. 


The solution is 

35 + y = ? + i + 5 j’ *+-y-?C 0 * + g + 5j■ 

If in the system (a) we make 7 T = 1, it becomes a system of 
equations with constant coefficients hut possessed of second 
members. 

The general system analogous to (a) when the number of 
variables is increased, may be solved by the same method. 
It may be well to notice that the equivalent symmetrical 
form is 


^ X n f Ofn 

X+T~T . 1 


dx x _ dx,, 

where X lt X„...X n are linear homogeneous functions of the 
dependent variables, and T, T n are functions of t. 

Treated under this form, it is obvious that its solution will 
be made to depend upon that of a linear differential equation 
of the first order, and an auxiliary algebraic equation of the 
n th degree. 


Equations of an order higher than the first. 

10. Any system of simultaneous equations of an order 
higher than the first is reducible to a system of the first 
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order. And this reduction though not always necessary for 
the purpose of solution is theoretically important, because it 
enables us to predicate what hind of solution is possible. 

To effect this reduction it is only necessary to regard as a 
new variable and to express as such by a new symbol, each 
differential coefficient, except the highest, of each dependent 
variable in the given equations. The transformed equations 
will thus be of the first order, and the connecting relations of 
the first order also; and the two together will constitute a 
system of simultaneous equations of the first order. 


Ex. Given the dynamical system 
cFx _ y d?y __ 
df ’ df ~ ’ 



where X f T, Z are functions of the variables. 
Here if we assume 


dx , dy , 

di = *> dt = V’ 

the given system assumes the form 

dx _ ^ dy 
dt ~ dt 


Z 


dz t 

di~ Zy 



=z. 


Thus we have in the whole six equations of the first order 
between the six dependent variables x, y, z , x , y , z\ and the 
independent variable t. 


The complete solution of the latter system will therefore 
consist of six equations connecting the above system of varia¬ 
bles with six arbitrary constants. 

^ ui ' 0111 equations we eliminate the three new 

variables x, y , z, we obtain three equations connecting the 

original variables *, y, «, t with the above-mentioned six 
arbitrary constants. 


And thus it might be shewn that the complete solution of 
e ? L tllr ? € 'differential equations of the second order 

,. eri our varia bles will be expressed by three primitive 

stants!° GS C ° nneCtmg theSe variables with six arbitrary con- 
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And still more generally, the complete solution of a system of 
7 i differential equations containing n-\~ \ variables of which one 
is independent will consist of n equations connecting those 
variables with a number of constants equal to the sum . of the 
indices of order of the several highest differential coefficients . 


For let t be the independent and x one of the dependent 
variables, and let the highest differential coefficient of x 

d n <jc 

which presents itself be . Then in the reduction of the 

system of given equations to a system of equations of the first 
order it is necessary to introduce n — 1 new variables con¬ 
nected with x by the relations 


dx 

dt ~ x " 


dx x 

dt 


00 9 j • •« 


dt 


— x 


ft—1" 


Thus the number of variables in the transformed system cor¬ 
responding to x and its differential coefficients will be n , and 
as a similar remark applies to all the other variables, it ap¬ 
pears that the total number of variables of the transformed 
system will be equal to the sum of the indices of the orders 
of the highest differential coefficients of the several dependent 
variables in the system given. Such then will be the number 
of equations of the transformed system, and such the number 
of constants introduced by their complete integration. Art. 5. 

It is also evident that if from the equations by which 
the complete solution is expressed we eliminate all the new 
variables there will remain a number of equations equal in 
number to the original equations, and connecting the primi¬ 
tive variables with the constants above mentioned. JLhus the 
proposition is established. 

The transformation above employed is further important, 
because in the highest class of researches on theoretical dy¬ 
namics it is always supposed that the differential equations 
of motion are reduced to a system of simultaneous equations 
of the first order. 


At the same time it is not necessary for ordinary purposes 
to effect this reduction. Differentiation and elimination al¬ 
ways enable us to arrive at a differential equation, higher m 
order, between two of the variables. The method of indeter- 
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minate multipliers may also be sometimes used with advan¬ 
tage. No general rule can however be given. 

[The statement respecting the number of arbitrary constants 
is not universally true. Suppose, for example, that there are 
two simultaneous differential equations which connect x and y 
with the independent variable t. Let one equation contain 

differential coefficients up to and -y- inclusive; and let 


tlie other equation contain differential coefficients up to 
and d ‘ y 


d r x 
df 


dt 


inclusive : then it can be shewn that the number of 


arbitrary constants involved in the solution is the greater of 
the two numbers m -\- s and n + r. See Cournot, Traite Ele¬ 
ment air e de la Theorie des Fonctions... 1841. Vol. II. p. 318.] 


Ex. 1. 


Given 


d?x 

-~^ = ax + by, 


d?y 

df 


— a'x + V y. 


1st method. Differentiating the first equation twice with 
respect to t, we have 


d x d x T d 2 y 
= a + b * 


dt 4 


df dt ’ 


Eliminating y and from the above three equations, we 
have 


d*x r d*x , 7/ 

— (cc + b) -jj-g H- (ah — ab) x= 0.(a). 


dt 4 


integral of this linear equation with constant 
coefficients will determine x, whence y is given by the formula 


1 (d*x 

y ~b{s 


)■ 


2nd method. From the given equations we find 
d 2 x d?u 

+ m -yg = (« + ma ) x + (b + mb') y 


df 


= (a + ma' 



b 4 - mb' \ 
a + ma ^) 
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Let x 4 - my = u, then provided that we determine m by the 
condition 


b +* mb 

m — -, 

a + ma 


0), 


we shall have 


d*u 

dtf 


(a + ma) u , 


whence u — C % €^ a+ma '^ t + C l ,e~^ a+ma ') it . 

1 2t 

Let m t , m 2 he the values of m given by (h), then the complete 
primitive system is 

x + m x y = C^ aArm ^ Hj r 

x + m % y = C 3 e ( - a+m ^ h + C A e~ [a+m ^ it , 


and this is really equivalent to the previous solution, though 
more symmetrical. 


Ex. 2. The approximate equations for the horizontal mo¬ 
tion of a pendulum when the influence of the earth’s rotation 
is taken into account* are 


d 2 x 

di 2 

<Py 

dt z 


_ 9, 


+ 2 r 


dt + ~l 
dx gy 
dt + 1 




l representing the length of the pendulum, g the force of 
gravity, and — r being equal to the product of the earth’s 
angular velocity into the sine of the latitude of the place. 


As the equations have constant coefficients they admit of 
complete integration. If we differentiate so as to enable us 

to eliminate y 7 and , we find as the result 


d*x 

d¥ 


+ 2 



d 2 x 


dt 


(l 

a + ' p X 


0 ... 



* Jullien, Problemes de Mdcanique llationnclle , Tom. ii. p. 233. 
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the complete solution of which is of the form 

x — A cos (mj + a) + B cos + /3).(c), 

where A, cl, B, /3 are arbitrary constants, and m*, m* are the 
two roots, with signs changed, of the equation 

H ?-2 (W 2 + f) ^ = 0. 

From the above value of x that of y may be obtained by 
means of the formula 


y = _L^_if 2r+ 5 

3 Zrg df g\ + 2rl] dt .. 

which is readily deduced from the given equations. 

The above system may also be solved by assuming 

x = x cos rt + y r sin rt ] 
y — — x sin rt 4- y cos rt) . 


The transformed equations are 


d*x’ 

~df 


4 * ~^x > = 0 , 


ay 

de 


+*y=o. 




where 

whence we find 


r *+l. 
^ l 3 


oc — A cos A t + B sin \t \ 

y' = A' cos \t 4 B' sin \t j . C/)• 

11. In problems connected with central forces particular 
forms of the following system of equations present them¬ 
selves, viz. 

tfx_an d\j dR d*z dR 

df dx ’ df ~ dy 3 df~~d~z . (a) ’ 

where R is a given function of the quantity ^(af + y* + z 2 ) 
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or r. Multiplying the above equations by dx, dy, dz respec¬ 
tively, and integrating, we have 

M(t)’ + ®’ + ©]- s+J ’.(«■ 

B being an arbitrary constant. 

. . . dR dR dr cc dR „ ,, . , c 

Again, since = -g— ^ , &c. the given system ot 

equations may be expressed in the form 

tfx^xdR = 

dt? r dr 7 dtf r dr 7 dtf r dr ' 

dR 

Now if from each pair of equations we eliminate , we 
obtain 

d\j d?x A d?z d*y A cPx d?z 

00 Ss 3 " y df~ °’ y de ~ z d?~ ° J Z ~df~ X dtf ~ °’ 

of which it is evident that two only are independent. Inte¬ 
grating these, we have 

dy dx ~ dz dy „ dx dz „ 

x ~di- y Tt =G '’ y di~ z tt = C •' z di- x dt = C " 

0 19 C 2 , (7 3 being constants. 

Squaring the last three equations and adding, we obtain 
a result which may be expressed in the form 

<*• ^ -»•> {(ST-■<- -- (£>’}■- (■ £ -+ y %+ 4)' 

- CY 2 + cy + cy = a 2 , 

or, by virtue of (&) and of the known value of r, 

2r 2 (K + /J)- = ^.(c), 

dt = + bJZa:^ . 

4 + “ = J-7[2? (r + b)~ . 


whence 
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Again, it is evident that by means of (c) we can eliminate R 
from each, equation of the system (a). For (c) gives 


R^-.J3 + 


1 (A* , ,dr\*) 




(f) 


Substituting which in the first of the given equations, we 
have 

A 2 dr d dr} 


d 2 x __ cc 
dt 2 r 


r ' drdt/ 


Hence 


r 


?( 

d'\c 


A 2 rfV 




?)• 




«ZV ^ 2 £C 


+ 


dtf dv 2 -r 


„3 


0, 


or 


d ~ d x A 2 x _ 

dT Sir +^5-=°; 


therefore 


.2 ^ _ 2 


d fx 


dt dt \r 


-)+A- 


,x 

r 


0 . 


Adt 


If we now assume — ^ • = dcp>, the above becomes 


d s 


'a?' 




x 

ddST + r = °’ 


whence 


x 


= cq cos sin <f> .(/). 


In like manner, we find 


y 


— u 2 cos 4- & 2 sin cf> .(y), 


^ = a 3 cos <£ -h Z> 3 sin <f> .( h), 

in which we must substitute for cf> its value, viz. 

>_ (Adt _ f Adr 

V J r 2 Jr V(2r 2 (i2 + .£) - A 2 ].W* 
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To this expression it would be superfluous to annex an arbi¬ 
trary constant before that substitution. For each of the 
second members of (jf), ( < g ), (Ji) is expressible in the form 
C cos (<£ 4 * O'), in which <f> is already provided with an arbi¬ 
trary constant. 

The solution is therefore expressed by means of (e) and (i ), 
which determine r and the auxiliary <p as functions of t, and 
by (/), (g), (h) f which then enable us to express x, y, z as 
functions of t. As we have however made no attempt to 
preserve independence in the series of results, the constants 
will not be independent. If we add the squares of (f), (g), 
(h), we shall have 

1 = (a* + a* 4- ci*) cos 2 <f> + 2 {gfi x 4- a, z b 2 4- afi s ) sin <j> cos 

+ 4- b* 4- b 2 ) sin 2 <p f 

which involves the relations among the constants 

cl* 4~ cl* 4~ cl* = 1, b* 4~ b% -t* b* = 1, ci x b 1 4~ 4- cijb^ — 0 ...(Jc). 

The six constants in (f), ( g ), (< h ), thus limited, supply the 
place of only three arbitrary constants, and there being three 
also involved in (e), the total number is six, as it ought to be. 

In the same way we may integrate the more general system 

d\ _ dR d\v iJt dR d 2 x n = dR 

di l dx t 9 dt* dx^ **’ dtf dx n } 

where JR is a function of \/(x* 4- x* ...4- ccj). The results, 
which have no application in our astronomy, are of tire form 
which the above analysis would suggest. Binct, to whom 
the method is due, has applied it to the problem of elliptic 
motion. (Liouville, Tom. ir. p. 457.) For all practical ends 
the employment of polar co-ordinates, as explained in treatises 
on dynamics, is to be preferred. 

12. The following example presents itself in a discussion 
by M. Liouville*, of a very interesting case of the problem of 
three bodies. 

* Sur un cas particulier du Prohleme des trois corps. Journal de Math£- 
matiques, Tom. i. 2nd series, j>. SH8. 



316 


EXERCISES. 


[CH. XIII. 


Ex. 


Given 


d*u 

df 

d 2 v 

dI 


4- n 2 {u — Zx' (ux 4- vy)} — 0, 
4* rd {v — 3 y (ux' 4- vy')} = 0; 


where, for "brevity, x' is put for cos (at 4- b), y for sin (at 4- b). 
If we transform the above equation by assuming 
ux' 4- vy — Uj uy — vx' = V 3 
we find, after all reductions are effected, 


d?U 

de 


4 " 


dV 

dt 


-(a 2 + 2n 2 ) U=0, 


d*V 

dt 2 


2 a 


dU 

dt 


4- (n* - a 2 ) V— 0. 


And these equations being linear and with constant co¬ 
efficients, may be integrated by the process of the previ¬ 
ous section. 


EXERCISES. 

1. ^+4;s + f = 0, + 3y — x = 0. 

dt 4 dt * 

2. il + 7x-y=0, & + 2x+5y = 0. 

3. 4^ + 9^ + 44iB + 49y=i, 3-£ + 7-£+34x + 38y=e‘. 

4. + 5x + y = e‘, ^ + 3 y —x = e“. 

jg _ (h J = j f 

2y-ox + e‘~ x-6y+ e“ 


5 . 
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6 -dx= - dy — - — 

3y + 4* 2y + 5z* 

7. ^-~3a?--4y + 3 = 0, ^q-^-Sy + fi^O. 
3. —j£i — 3a? — 4y +3 = 0, + a? + y + 5 = 0. 

9. + m 2 a? = 0, — m 2 a? = 0. 


10 . 


Given 


dfo? _ dy __ dz _ dt 

JTVr % ~ Y+ 1\ ~ ~Z+ ~T~ ~ T 


where 


X.— ax + by + cz, 
Y — a'x + b'y + cz, 
Z— a'x + b"y + c"z, 


and T, T xi T 2> T a are functions of t 


11. What is the general form of the solution of a system 
of n simultaneous equations of the first order between n + 1 
variables ? 


12. What number of constants will be involved in the 
solution of a system of three simultaneous equations of the 
first, second and fourth order respectively between four 
variables ? 


13. Of the system of dynamical equations, 


d 2 x 
dt 2 + 



d 2 y 

dd 



0 . 


d 2 z 

de + 



o, 


where r = (a? + y 2 + z 2 )^, seven first integrals are obtained of 
which it is subsequently found that five only are independent. 
How many final integrals can hence be deduced without pro¬ 
ceeding to another integration ? 
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Given a 





Putting r—=£, — =w, —- =7i we find, on eliminating <f£, 
o-c c-a a-o 

lxdx=mydy-nzdz, 

from 'which 77 and z will be found in terms of x , and their values will reduce 
(1) to a differential equation of the first order between x and f. 

Or multiply the given equations, first by x, y, z, respectively, add the 
results and integrate; 2ndly by ax, hj ) cz , respectively, add the results and 
integrate. Then by means of the integrals obtained eliminate two of the 
variables from any of the given equations. 

15. Shew that in the example of Art. 12, the transform¬ 
ation 

x=x cos ( rt+e)+y sin (rt + e), 

y = -x sin (rt + e) + y cos (rt + e), 

e being an arbitrary constant, would not lead to a more 
general solution than the one actually arrived at. 






CHAPTER XIV. 


OF PARTIAL DIFFERENTIAL EQUATIONS. 


1. Partial differential equations are distinguished by the 
fact that they involve partial differential coefficients in their 
expression, and therefore indicate the existence of more than 
one independent variable. Chap. I. Art. 2. 

The nature of these equations will be best explained by 
one or two examples of the mode of their formation. 


Ex. 1. The general equation of cylindrical surfaces is 

x — Iz — cj> (?/ — mz) .(1), 


<fi being a functional symbol, and l and m constants deter¬ 
mining the direction of the generating line. As this is a 
relation connecting three variables we are permitted to regard 
two of them as independent. Choosing x and y as the inde¬ 
pendent variables, and differentiating with respect to them in 
succession, s being regarded as dependent on them both, 
we have 


-.dz 
1 cho 


dz 


m<p' (y - mz) 



1 jy = $'('!/~ mz ) (! 


m 


dz 


Eliminating the function <j>' (y — mz), there results 



l 


dz 

dx 


dz 

- 1 - m ..= 

dy 


1 



the partial differential equation of cylindrical surfaces. Of 
this equation (1) is termed the general primitive. 


In the above example a linear partial differential equation 
of the first order has been formed by the elimination of a 
single arbitrary function. 
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Ex. 2. If we assume as a primitive equation 

z = ax + by— ab .(5), 

and, regarding x and y as independent, differentiate with re¬ 
spect to these variables in succession, we have 

dz _ dz _ , 

dx ~~ dy ~~ 


Eliminating a and b by substitution in the primitive, there 
results 

dz dz dz dz ... 

e ~ a> dx +y d^ dxdy . 

a partial differential equation of the first order, but not linear. 


Now this equation has been formed by the elimination not 
of an arbitrary function but of two arbitrary constants. The 
equation (5) is here, by way of distinction, called the com- 
plete primitive. The epithets general and complete have been 
employed by Lagrange to denote the two kinds of generality 
which arise from arbitrary functions, and from arbitrary con¬ 
stants, respectively. 


Ex. 3. Given z = cf>(y + ax) + ^(y — ax), where <j> and 
are arbitrary symbols of functionality. 

Proceeding to differential coefficients of the second order 
we find 

= a? {$"(y + ax) +-f" (y - cue)}, 

d?z 

= 4>" (2 + aa>) + V (y- cue), 

whence 

drz 2 d*z 

= a a? .<*>• 

a partial differential equation of the second order and of the 
first degree. 

And this equation has been formed by the elimination of 
two arbitrary functions from the general primitive. 
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These examples illustrate the usual, and what may per¬ 
haps with propriety he termed the primary , modes of genesis 
of partial differential equations, viz. the elimination of arbi¬ 
trary functions, and the elimination of arbitrary constants. 
It is to be noted that these modes are perfectly distinct. 
Thus we might in Ex. 1, by specifying the form of the 
function <fi, eliminate the constants l and m from the primi¬ 
tive (1), and the derived equations (2) and (3), instead of 
eliminating the functional forms from the two latter; but 
the result would differ in character, as well as in the mode of 
its origin, from that which has been actually obtained. We 
must bear in mind that when from a primitive equation of 
given form different partial differential equations are derived, 
it is owing to a difference of assumption as to what is to be 
regarded as arbitrary; so that we are not permitted to say 
that to the same primitive, considered in the same sense of 
generality, different partial differential equations belong. 

In Ex. 1, a partial differential equation of the first order 
has been formed from a general primitive containing one arbi¬ 
trary function, and in Ex. 3 a partial differential equation of 
the second order has been formed from a general, primitive 
containing two arbitrary functions. These examples exhibit 
a certain analogy with the genesis of ordinary differential 
equations, the order of the equation being equal to the num¬ 
ber of constants in its primitive. But this analogy is not 
general. For let 

F{x, y, z, <j> O), \]r 0)} = 0, 

be an assumed primitive containing two arbitrary functions 
<f> ( it ), (y), where u and v are given functions of y, z. 

Then representing the first member by F, regarding x and y 
as independent variables, and forming all possible derived 
equations up to the second order, we have 


dF 

duo 

d?F _ d:F 


0 = () 

7 dy 7 


= 0 , 


d*F 
.2 


0 , 


da? 7 dxdy 7 dif 

which with the given equation make six equations. But these 
containing the six functions 

$ W> ^ k v )> ^ ( v ), V 'K'C'O* 
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do not, in general, suffice to enable us by the elimination of 
the latter, to form a partial differential equation of the second 
order free from arbitrary functions. 

We see then, 1st, that partial differential equations do not 
arise from the elimination of arbitrary functions only; 2ndly, 
that even as respects this mode of genesis, no general canons 
exist similar to those which govern the connexion of ordinary 
differential equations with their primitives. On both these 
grounds it will be proper, in considering special classes of 
equations, to examine their special origin and to seek therein 
the clue to their solution. 


Solution of partial differential equations . 


2 .. Before proceeding^ general theories of the solution of 
partial differential equations, it may be noticed that there are 
some equations of which the solution may be directly reduced 
to that of ordinary differential equations. 

This is the case when the partial differential coefficients 
have all been formed with respect to one only of the variables. 
We can then integrate as if this were in fact the only inde¬ 
pendent variable, provided that we finally introduce arbitrary 
functions of the other independent variables in the place of 
arbitrary constants. 


Ex. 1. Given oc-{■ y 


dz 

dx 


0 . 


Multiplying by <dx, integrating with respect to cc, and 
adding an arbitrary function of y, we have 

x* 

+yz = <f> (y), 

the solution required. 

It is permitted in the above, and in all similar cases, to 
complete the solution by adding an arbitrary function of ?/ 
because, with reference to the integration effected, y is con- 
sant, and it is necessary to add such a complementary func- 
tion m order to obtain the most general solution, because an 
arbitrary function of one of the variables is more general than 
an arbitrary constant not involving that variable. 
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fj & 

Ex. 2. Given y ^ - 2x — 2z — y = 0. 

ay 

This equation may be expressed in the form 

dz 2 _ , 2x 

-s = 1 4-, 

ay y y 

Involving no differential coefficient with respect to x, it may 
be treated as a linear differential equation of the first order 
in which y is the independent, and z the dependent variable; 
only instead of an arbitrary constant we must add an arbi¬ 
trary function of x. The final solution is 

x 4- y -f z — y 2 <j> (x). 

It sometimes happens that equations not belonging to the 
above class are reducible to it by a transformation, 

d*z 

Uj & 2 * 2 

— x + y\ 


Ex. 3. Given 


dxdy 


Let ~~ = w, then we have . - = ad 4- y 1 y whence integrating 
ctjc ay 

with respect to y, and adding an arbitrary function of x, 

7/ 3 

w — ady 4- 4 - <f> (x). 

o 

dz . 

Restoring to w its value , integrating with respect to x, 
and adding an arbitrary function of y, we have 


edit y*x 

z= 3 + V + 


J <l> ( x ) 


dx 4- (y). 


Now <j> (x) being arbitrary, j<p (x) dx is also arbitrary, and 

may be represented by % (x), whence 

adu 4- y z x ^ s . , , 

* = —+ % (x) + ir (y). 

[See the Supplementary Volume, Chapter XXIV. Art. 1.] 
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Linear partial differential equations of the first order . 


3. When there are but three variables, z dependent, x and 
y independent, the equations to be considered assume the 
form 


P 


dz 

dx 


+ Q 


dz 

dy 



P, Q, and R being given functions of x, y, z, or constant. 
This form we shall first consider. 


Usually the differential coefficients and — 

ax dy 


are repre¬ 


sented by p and q respectively. The equation thus becomes 

Pp 4- Qq = R .(1). 

The mode of solution is due to Lagrange, and was first 
established by the following considerations. 

Since z is a function of x and y, we have 

dz = pdx 4* qdy. 

Hence eliminating p between the above and the given equa¬ 
tion, we have 


Pdz — Pdx = q (.Pdy — Qdx). 

Suppose in the first place that Pdz —Pdx is the exact differ¬ 
ential of a function u, and Pdy — Qdx the exact differential 
of a function v , then we have 


du = qdv. 

Now the first member being an exact differential, the second 
must also be such. This requires that q should be a function 
of v, but does not limit the form of the function. Represent 
it by <fi'{v), then we have du — <f>'(y) du, whence 

u=<f>(v) .(2). 

The functions u and v are determined by integrating the 
equations 

Pdz — Pdx = 0, Pdy — Qdx — 0, 
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symmetrically expressible in the form 

dx _ dy _ dz . . 

-p-’Q-B . 

and of which the solution, Chap. xm. Art. 5, assumes the 
form 

u— a, v = b .( 4 ), 

a and b being arbitrary constants. 

Dismissing the particular hypothesis above employed, La¬ 
grange then proves that if in any case we can obtain two 
integrals of the system (3) in the forms (4), then u = cf> (v) will 
satisfy the partial differential equation, in perfect indepen¬ 
dence of the form of the function (j> . 

We shall adopt a somewhat different course. We shall 
first establish a general Rule for the formation of a partial 
differential equation whose primitive is of the form u = ( v ), 

u and v being given functions of x, y , and z. Upon the solu¬ 
tion of this direct problem we shall ground the solution of 
the inverse problem of ascending from the partial differential 
equation to its primitive. 

Proposition. A. primitive equation of the form u — (f> (v), 
where u and v are given functions of x , y y z, gives rise to a 
partial differential equation of the form 

Pp + Qq=Jl .(5), 

where P, Q, P are functions of x, y, z. 

Before demonstrating this proposition we stop to observe 
that the form u — cj> (y) is equivalent to the form 

/ O, V) = 0, 

f(u, v) denoting an arbitrary function of u and v. Dor solving 
the latter equation we have u = <p ( v ). 

It is also equivalent to 

F{x, y, z, </>(?;)} =0, 

<j> being an arbitrary, but F a definite functional symbol. 
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Eor solving the latter equation with respect to <f> (v) we 
have a result of the form 


(v) = (a>, y, z), or <f>(v) = u 

on representing F 1 (x, y, z) by u. Thus the proposition 
affirmed amounts to this, viz. that any equation between x, y, 
and z which involves an arbitrary function will give rise to a 
linear partial differential equation of the first order. 


Differentiating the primitive u = <f> (v), first with respect to 
x, secondly with respect to y, we have 

du du ,, . . (dv dv \ 

+ Tz P= t^{te + dzP)’ 


dx 

du 

dy 


du 

+ dz* 


¥ («) 


'dv dv 
j dy dz ^ 


)• 


Eliminating <j> (y) by dividing the second equation by the 
first, we have 


du du dv dv 
dy dz £ _ dy dz^ 
du du dv dv 9 


dx dz-P 


dx dz^ 


or, on clearing of fractions. 


fdudv 

du dv\ 

/du dv 

du di A 

\dy dz 

dz dy) P 1 

\dz dx 

dxdz) ^ 


du dv du dv 


(G). 


dx dy dy dx . 

Now this is a partial differential equation of the form (5). 
Eor wand v being given functions of x, y and z } the coefficients 
of p and q, as well as the second member, are known. The 
proposition is therefore proved. 


As an illustration, we have in Ex. 1, Art. 1, u = x—Jz } 
v — y — mZy whence 


du 

du 

o. 

du 

dx =1 ’ 

dy ~~ 

dz == 

dv _ 

dv 


dv 

dx~ 0. 

dy ~ 

1 , 

dz 
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Substituting these values in (6) there results, 

Ip + mq — 1 , 

which agrees with the result before obtained. 


4. The general equation (6), of which the above theorem 
is a direct consequence, has been established by the direct 
elimination of the arbitrary function. But the same result 
may also be established in the following manner, which has 
the advantage of shewing the real nature of the dependence of 
the coefficients P, Q, R upon the given functions u and v. 

[See a Note at the end of the volume.] 


Differentiating the equation u — cf> (v) with respect to all the 
variables, we have 


du , du , du , 
dx -f —ay + — dz 


dot 


dy 


dz 


<#>' (?) 


'*'d*+$tfy + g < Zr)...C7), 


Ax 


dy 


and as this equation is to hold true independently of the form 
of the function <fi (u), and therefore of the form of the derived 
function <f>' (v), we must have 


du , du 7 die 7 
dx +• dy + di 


dx 

dv 


dz 

dv 


0 


, dv 7 
7 dx 4- -j- dy + , 
dx dy dz 


dz — O' 


whence we find 



_ dx __ dy _ dz , . 

du dv du cTi) dudv dudv du~(lv du dv * ** 

dy dz dz dy dz dx dx dz dx dy dy dx 

Introducing now the condition that z is the dependent, 
x and y the independent variables, we have 

pdx 4- qdy = dz. 

To eliminate the differentials, let the terms of this equation 
be divided by the respectively equal members of (9), and we 
have 
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(du dv dudv\ (du dv _ du dv\ 

\dy dz dz dy) ^ \dz dx dx dz) ^ 


du dv du dv 
dx dy dy dx 


( 10 ), 


which agrees with (6). 

Now if in, the above general form we represent as before the 
coefficient of p by P, that of q by Q, and the second member 
by R, we see from (9) that P, Q, R are proportional to dx, 
dy and dz, in the system (8). But that system is precisely 
the same as we should obtain by differentiating the equations 


u 


a, v = b. 


a and b being arbitrary constants. Hence, the partial differ¬ 
ential equation whose complete primitive is u = <f> (y), may be 
formed by the following simple rule. 

Bule. Forming the equations u — a, v — b, where a and b 
are arbitrary constants, differentiate them, and determine the 
ratios of dx, dy, dz in the form 


dx _ dy ^ dz 


•(H)- 


Then will Pp + Qq — Rbe the differential equation required. 

Or, the Buie may more briefly be stated thus. Eliminate 
dx, dy, dz between the three equations, 

du = 0, dv — 0, dz —pdx — qdy =0.(12). 

. It is worth while to notice that the partial differential equa¬ 
tion here presents itself, like many other results of analysis, 
in the form of a determinant . 

Ex. The functional equation of surfaces of revolution, the 
axis passing through the origin, is 

lx -f- my + nz = <j) (od -}- y 1 -j- P'j » 
their partial differential equation is required. 
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Here, proceeding according to the Rule, we have 

Idx + mdy 4- ndz — 0, 
xdx + ydy + zdz = 0, 
dx _ dy _ dz 


whence 


mz — ny nx — Lz ly — mx ’ 

The partial differential equation therefore is 
(niz — ny) p •+• (nx — lz) q — ly — mx. 

[See the Supplementary Volume , Chapter xxiv. Art. 2.] 


5. We proceed in the second place to apply the above 
results to the inverse problem of solution. 

From what has been said of the origin of partial differential 
equations of the form Pp + Qq — P it is evident that their 
solution will be effected by the following rule. 


Rule. Form the system of ordinary differential equations 

dx_dy_dz . . 

P ~ Q ~ It . ^ h 

and express their integrals in the forms u — a, v — b; then will 
the equation, u=f (v), where f is a symbol of arbitrary function¬ 
ality t express the solution required. 

For, setting out from the assumed primitive, u=f(v), we 
should, by the application of the previous and direct Rule, be 
led to the partial differential equation in question. 

The difficulty of the process consisting therefore solely in 
the integration of the system of ordinary differential equations 
(13), is referred to the methods of the last Chapter. 

Ex. 1. Given xp + yq — nz. 

Here, the system of ordinary differential equations is 

dx dy dz 

x y nz* 

and the variables therein are separated. The integrals may 
obviously be expressed in the forms 


y 

x 
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Hence, the required solution is 



indicating that z is a homogeneous function of x and y of 
the n th - degree. 

Ex. 2. Given (mz — ny) p + inx — lz) q — ly— mx. 

Here the system of ordinary differential equations is 

dx _ dy _ dz 
mz — ny nx — Iz ly — mx * 

From these we readily deduce 

Idx -f mdy -f ndz = 0, xdx 4- ydy 4- zdz = 0, 
the integrals of which are 

lx 4- my + nz = a, a? + y 2, 4- z 2 = b , 
the final solution is therefore 

lx 4- my + nz ~ (f> (x 2 + y 2, 4~ -s -2 ). 

Ex. 3. Given (y 3 ® - 2.x 1 ) ^ + (2y 4 - xSj) ~ = 9 (x 3 - y s ) p. 

This is the partial differential equation on the solution of 
which would depend the determination of the general inte¬ 
grating factor of the equation (x*y - 2 y 4 ) dx 4- (y*x - 2x*) dy = 0. 
Chap. iv. Art. 3. 

The system of ordinary differential equations is 

dx _ d y _ dfju / x 

y z x — 2# 4 ~ 2y* — cdy ~ 9 (a; 3 — ~y r ) yu, .W* 

The first equation of the system is 

{x z y — 2 y*) dx + (y 5 x - 2x*) dy = 0, 
and of this the complete solution is 


x y 

-^4-^X5 


V 


x 


o, 
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We may also deduce from (a) 



of which the complete primitive is 

3 3 / 

x y fx — o . 

Hence the solution of the partial differential equation is 



and this agrees with the result obtained by other considera¬ 
tions in the Chapter referred to. 

We may note that in this, as in all similar cases, the differ¬ 
ential equation whose integrating factor is sought, presents 
itself as one of the equations of the system on whose solution 
the complete determination of the factor rests. 

To complete the theory of the linear partial differential 
equation JPp + Qq — II it ought to be shewn that the solu¬ 
tion u—f(v), or as it may be expressed, 

F (a, v)=0 .( 14 ), 

includes every possible solution. 

Let x ( x > V> z ) ~ or f° r simplicity % = 0, represent any 
particular solution. Differentiating, we have 


d X +. „ 

dx dz ^ 




dy 

a** 


o. 


and substituting the values of p and q lienee derived in the 
given equation 


P 


d % + 



d x = 0 

dz ' 


Similar equations being obtained from the particular in¬ 
tegrals u — a, v = b, we have, on eliminating P, Q, It, 

dx (du dv dm dv\ t dx fdn dv dn dv\ 
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How suppose the forms of u and v to be 

u=<f>(x,y,z), v =y[r (x, y, z) .(16), 

<f) (x, y, z) and n/r (x, y, z) being given functions. From these 
two equations some two of the quantities cc, y, z may be de¬ 
termined as functions of the other and of u and v. Suppose 
x and y thus determined as functions of z, u, and v ; then by 
substitution ^ (x, y, z ) becomes a function of z, u, and v, and 
we may write 

% 0, y, z) = Xi ( z > u > v ). 

Hence we find 

(7 x _ rI Xi du . <bCi jg 

dx dw dx dv dx ’ 

d X _ d x t du d Xl dv 
dy dx dy dv dy 9 

= dfi 4 <bCx dv , 

dz du dz dv dz dz 

Substituting these in (15) and reducing, we have 

d Xi (dfi ^ ^ dv \ _ A 

dz \dx dy dy dx) .' * 

But, were the second factor of the first member equal to 0, 
w would be a, definite function of v and .sr (Chap. n. Art. 1) and 
the equations (16) could not determine x and y as by hypothesis 

they do. We have then = 0, whence ^ does not involve 

z. Thus, x being expressible as a function of u and v , the 
equation ^ = 0 is included in the general form (14). 

[See the Supplementary Volume, Chapter xxiv. Art. 3.] 

6* The above theory may be obviously extended to partial 
dinerential equations of the first order and degree involving 
any number of variables. ° 
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Let x v a? 2 ... a* rt represent the independent variables and z 
tlie dependent variable. Let moreover the primitive func¬ 
tional equation be expressed in the form 

ii = (p (v l} v 2 . .. V M-1 ).(IS), 

where u, v. ... v , are known functions of the variables. 

; 1 1 2 n—l 

Differentiating with respect to all the variables, and for 
brevity representing <p (iq, v a ... v n _^) by <p, we have 

du = dv l + dv.,...+ . 


dv. 


U- I 


But <j> being an arbitrary function of the quantities ?»,, 
v. 2 ... v n _ lf it is evident that the supposition that the above 
equation is generally true involves the supposition that the 
system of equations 

du = 0, dv x — 0, dv t£ — 0, ... dv n _ t = 0, 
is true, a system of which the developed form is 


du 7 du 7 du 7 _ 

—- ax, ... d- -7— dx n + . dz — 0 

dx t 1 dx n n dz 

dv, 7 , dv 7 d(\ 7 .. | 

-• dx, ... •+ v L ax\. + , 1 dz — 0 ( \ <n 

dx, 1 dx n n dz f. 


dx,...+dx n +=o j 




c/.: 


Now this system may be converted into an equivalent sys¬ 
tem determining the ration of the differentials d,j\ y dx % ... dx n , 
ofe, in the form 


dx x __ fZ.r 2 


. d.: 


P x U A 


(- 0 ). 


where P 1? JP t£ ...JP n and It are functions of the variables or are 
constants. 

Introducing the condition that z is to be regarded as a 
function of x lt x l£ ,...x n , we have 

"h p./dx l£ ... + “ dz . 


( 21 ), 
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where p p 2 are the several first differential coefficients 

f ^m d BO wSi\ m 1 lna ^ ng the differ e^-tials dx x , dx 2> ... dx n , dz 
from ( 20 ) and ( 21 ) by division, we have 

+ + = .( 22 ), 

for the partial differential equation sought. 

Conversely, to integrate the above equation it is only neces¬ 
sary ^ to form and to integrate the system (20). Representing 
the integrals of that system in the forms 

w = a, v 1 = b lJ 'o^b 2 ,...v n _ x =b n ^ 

the final solution will be 

“ = •••»„-,).( 23 ). 

This solution may also be put in the form 

* (»,«„ *.,...0 = 0 .( 24 ). 

Ex. fy + z + t)-fa 0 + {z + x + t)~ j +(x + y+ t) < ?t=x+y+z. 


Lagrange, Memoires de VAcad&mie Boyale de Berlin 1779 
p. 152. ' ’ 

Here the auxiliary system of equations is 

jg _ dy _ dz _ dt 
y + z + t z -\-x + t X + y + t~~ x + y + ^ ' 

which is reducible to the form 

dt_ —- dx __ dt — dy __ dt — dz _dx + dy + dz + dt 
x-t y~t z-t ~ ’ 

f^+ir te i m n °w exact differential. The system of 

integrals -will evidently be J 


c i _ c* 


c 

= = ( v+y+z + t)h 


x~ t y — t z — t 
Or, representing the function a? + y + ^-f£by S, 
S4(*-f) = Ci , S*(y-t)=c„ iS$ (z — t) = c s 
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Whence the complete integral symmetrically exhibited 

will be 



The solution of all partial differential equations of the form 



dz -y dz 
dx\ u 2 dx< z 


+ X 


dz_ 
n dx. 



where X t , X 2 ,...X n and Z are any linear functions of the 
variables x lt x 2 ,... x n , z, may be completely effected. 

For it depends on the solution of the system of ordinary 
differential equations 



dx 

X 


dz 


Z 


7 


which has been fully discussed in Chap. xiir. 

Hesse has integrated the still more general equation which, 
according to the above notation, would present itself in the 
form 


X — -4- T ~ z 4- X — 
'dxfi A *dX '" + "dx 


+ x 


dz 


71 

dz 




dx\ + dx,- + *' 


dz 

dx 


X 


«+2 > 


where X x , X 2 ,... X n+2 are any linear functions of the variables. 
(Crelle, Tom. XXV. p. 171.) 

[Seethe Supplementary Volume, Chapter xxiv. Arts. 4... 7.] 


Non-linear equations of the first order with three variables. 

7. Partial differential equations of the first order witli 
two independent variables x, y 0 and one dependent variable 
have for their typical form 

F (pc, y, z,p 9 q) = 0.(1). 

Those which are linear with respect to p and q, we have 
considered apart. Those which are non-linear we proceed to 
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consider. The genesis of an equation of this class from a com¬ 
plete primitive involving two arbitrary constants has been 
illustrated in Ex. 2, Art. 1; and the mode is general. From 
a given primitive, involving x, y,z with two arbitrary con¬ 
stants, and from its two derived equations of the first order 
formed by differentiating with respect to x and y respectively, 
it is possible to eliminate both the constants. The result is a 
partial differential equation of the first order. Conversely the 
integration of such an equation consists mainly in the discovery 
of its complete primitive—not that this is its only form of 
solution, but because out of it all other forms may be de¬ 
veloped. From the complete primitive involving arbitrary 
constants arise, 1st, the general primitive involving arbitrary 
functions; 2ndly, the singular solution. The terminology of 
Lagrange is here adopted. (Calcul des Fonctions , Legon XX.) 

To deduce the complete primitive of a partial differential 
equation of the form F ( x , y, z, p, q) = 0. 

The existence of a primitive relation between x, y, ^ in¬ 
volves the supposition that the equation 

dz —pdx 4- qdy .(2), 


should satisfy the condition of integrability, 




(3), 


where represents the differential coefficient of p with 
respect to y on the assumption that p is expressed as a func¬ 
tion of x and y, and the differential coefficient of q with 


respect to x, on a similar assumption as to the expression of q. 
Now regarding p for the sake of greater generality as a 
function of x, y, z, s being at the same time an unknown 
function of x and y, we have 




dp dp dz 
dy dz dy 
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Again, suppose that by means of the given differential 
equation, q may be expressed as a function of x, y, z, p. Re¬ 
garding in such expression z as a function of x, y, and y as a 
function of x , y , and z , we have 

/dq \__dq dq dz_ dq_ /dp dp dz 


dx) dx dz dx ~ dp \dx dz dxj 

= dq clqdp> + dq dp 
dx dz^~*~ dp dx dp dz 

Substituting these values in (3), we have on transposition 

d 9 , d P . ( n __ d l'\ d P^ d l, d( l_ . (4T) 

dp dx dv v ^ dp) dz dx dz" 


dp dx dy 
Now the coefficients 


dp > 

$ , a — p — , and the second member 
dp ’ - 1 c dp 


being known functions of x , 2 /, p, since q as 

c/a? dz 

determined by the given equation is such, the above presents 
itself as a linear partial differential equation of the first order 
in which p is the dependent and x , y, z the independent 
variables. 

Applying therefore Ragrange’s process, Art. G, we have 
the auxiliary system 

dx dz __ dp 


<h 

dp 


dy 


<l 


dq 

Pdn 


dx dz 


(S); 


and this, it is to he observed, is a system of ordinary differen¬ 
tial equations between x, y, z, and p. It may further he 
noted that while it has been formed in order to secure the 
integrability of the equation dz ~pdx-{- qdy , it also includes 
that equation. For it gives 

dz=(q— p ( ^j dy = pdx + qdy f 
since by the equation of tlie first and second members 
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Accordingly if from the system (5) we can deduce a value 
of p involving an arbitrary constant, that value together with 
the corresponding value of q drawn from the given equation 
will render the equation dz —pdx + qdy integrable. Effecting 
the integration we shall obtain an equation between x, y, z 
and two arbitrary constants which will constitute a complete 
primitive. 

We say a and not the complete primitive, because the sys¬ 
tem (5) may furnish more than one value of p involving an 
arbitrary constant, and so give occasion to deduce more than 
one complete primitive. Lagrange had indeed proposed to 
employ the general value of p involving arbitrary functions, 
furnished by the solution of the partial differential equation 
(4). The sufficiency of a value involving only an arbitrary 
constant was remarked by Charpit and subsequently recog¬ 
nised by Lagrange. “ ° 

The practical rule for the discovery of a complete primitive 
of the equation F (x, y, z, p, q) = 0 is therefore the following. 
Express q in terms of x, y, z, p. Substitute this value in the 
auxiliary system (5), and deduce by integration a value ofp 
involving an arbitrary constant. Substitute that value of p 
with the corresponding value of q in the equation dz —pdx + qdy , 
also included in the auxiliary system (5), and again integrate. 

Ex. 1. Required a complete primitive of the equation 
z=pq. 


• & 

Substituting - for q, the system (5) becomes 


p*dx 

z 



pdz 
2 z 



The equation dp — dy gives p — y + a, whence q — — — . 

M y + a 

Therefore dz = (v + a) dx + dy, 

y -\r a ° 

of which the integral is 

z — (y + a) (x + b) .(C), 

a and b being arbitrary constants. This then is a complete 
primitive. 
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Another will be found by employing the equation 

pdz 7 

2 V = d P’ 

integrating which, we have 

1 z 2 

V^cz-, q = ~> 

whence dz = cz^ dx 4- — du. 

c J 

Integrating, we find 


_ i x 

2 s 5 — cx + — y 4- e, 


(cx + - + e) 2 

or 2 = - \ . .(7), 

e being a new arbitrary constant. It will be found on trial 
that both (6) and (7) satisfy the equation z — pg» 


8. Prop. Given a complete primitive of a partial differ¬ 
ential equation of the first order , to deduce the general primi¬ 
tive and the singular solution. 


Expressing the complete primitive in the form 

z =/(#, V> <*> ty .( 8 ), 

a and h being its arbitrary constants, the partial differential 
equation is itself obtained by eliminating a and h between the 
above equation and the derived equations 

df(x, ?/, a, h) df(x, ?/, or,, h) 

V ~ ‘ d.c ’ q ~ ' dy ’ 


or, as we may for brevity w r rite, 

d f a __ d f 

dx * q ~ dy 


P 



Now reasoning as in Chap, viil, the effect of the elimination 
will be the same if a and h } instead of being constants, are 
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made functions of x and y, so determined as to preserve to tb„ 
SEVett" a0tUal f0rm - But “ b being made 


p = 

dx del dx db dx ’ 

a = &4,& t2a ' d f db 

a dy'* da dy + db dy ’ 

Hence the equations for determining a and h are 


df da dfdb 

dadx + dbdi = 0 .(10), 

df da dfdb 

da dy + db Ty = 0 .(11). 


Now this system may be satisfied in two distinct ways, 
1st by assuming 1 


df.. 

da 


f-0 


( 12 ). 




2ndly, Supposing and + . , 

. da db not to vanis ^, we have, on 

elimination of them from (10), (11) 


da db __ da db 
dx dy dy dx 


= 0 . 


.(13). 

teach JlKfSa * hat a . !mdl are constant, which 
an arbitrary function of a. CharTii^Art°1 that \ ) s 

plying (10) by and (11) by rf/and Idling, we^Tv’e™^ 


df , df 77 

'da da + db db = 0 


(14). 
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Thus the system (10), (11) is now replaced by the system 
(13), (14). 

Making then, in accordance with (13), h — (a), the expres¬ 

sion for z in (8) becomes 

z=f{x, y, a, <f> (a)}, 

while (14) becomes 

y, a > <t> («)} = °- 

And these together constitute what Lagrange terms the gene¬ 
ral primitive. To apply them it is only necessary to give a 
particular form to cj> (a), and then eliminate a. Hence the 
following theorem. 


Theorem. A complete primitive of a partial differential 
equation of the first order being expressed in the form 

z =f(x, y , a, b) .(15), 

the general primitive will be obtained by eliminating a between 
the equations 

2 =f{ x > y> a > (“)} "I 

o= y> “> .£_(?)) [.< x 9« 

da 


the singular solution, by eliminating a and b between (15) and 
the equations 


df( x, y , a, b) 
da 


df (x, y, a, b ) 
db 


0.(17). 


It will be observed that the process for obtaining the general 
primitive is virtually equivalent to that by which we should 
seek the envelope of the surfaces defined by the corresponding 
complete primitive, the constants a and b being treated as 
variable parameters connected by an arbitrary relation, while 
the process for obtaining the singular solution is that by 
which we should seek the envelope of (15), supposing a and 
b to be independent parameters. 






342 


NON-LINEAR EQUATIONS OF THE FIRST [CH. XIV. 

Thus, of the system of solutions which consists of a complete 
primitive, a general primitive, and a singular solution, the 
complete primitive must be regarded as forming the basis, 
and the system itself geometrically interpreted includes the 
surfaces represented by the complete primitive together with 
the whole of their possible envelopes. 


Ex. To deduce the 
of the equation z — pq. 


general primitive and singular solution 


A complete primitive being 

* = {y + a) (x + b) .( a), 

the corresponding general primitive will be expressed by the 
system 

z ~ (y + a) {x + cf> (a)} | 

0 = x + (j> (a) •+ (y +• a) <f> (a) J .^ 

from which a must be eliminated when the form of <f> (a) is 
assigned. Another form of the complete primitive being 


z = 


(cx + 2 -f. e y 
c ' 

4 


to: 


the corresponding form of the general primitive will be 


z i ~ ~h ip' (c)} : 

0 = x-K + ^'(c) 


(<*), 


J 

Ssi^nld! Cil ° mUSt be eliminated wheri the form of ^ ( c ) is 

To deduce the singular solution, we have from (a), 

dz 

da - X + b = 0, 


dz 

db - y + a = 0. 
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Hence, 6 = — sc, a —— y which, substituted in (a), gives 
z — 0, a singular solution. The same result is deducible 
from (c). 

9. In the last example, two complete primitives, two cor¬ 
responding forms of general primitive, and one common form 
of singular solution are presented. Two systems of solution 
appear, and the question arises: Does either system suffice 
alone ? The answer is given in the following theorem. 


Theorem. All possible solutions of a partial differential 
equation of the first order, are virtually contained in the system 
consisting of a single complete primitive, with the derived gene¬ 
ral primitive and singular solution. 

As before, we shall represent the proposed differential 
equation and its given complete primitive in the forms, 


F{x, y } z } p, q) =0.(18), 

z=f{x, y, a, b) .(19). 


We shall also represent the form, 

•s = % («, y) . 


( 20 ), 


some solution of (18), of which nothing more is known than 
that it is a solution. We are to shew that such solution is 
included in the system of solutions of which the common 
primitive (19) constitutes the basis. 

If we represent for brevity the values of £ in (19) and (20) 
by y and % respectively, we shall have, since both are solu¬ 
tions of (18), 


F (x, y, f, 

f (*. y > x- 



From the form of the above equations it appears that if 
a and b are so determined as to satisfy two of the conditions, 

df = dx .(23), 

dx dx * dy dy 


f=X> 
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they will satisfy the third. For suppose they satisfy the first 
two, then the system (21), (22) maybe expressed in the form 


F (?’ y ’ x ’ dx‘ dy) °’ F { x> y ’ x ’ dx’ dy) 
in which the truth of the third equation of (23) is involved. 


Now, as (19) satisfies (18) whatever constant values we 
assign to a and b , it still will do so if, after the differentiations 
df df 

by which and ~ are found, we substitute for a and b 

ay 

any functions of x and y. 


But a and b can be determined so as to satisfy two con¬ 
ditions. Hence they can be determined so as to satisfy the 
system (23). Differentiating the equation f — X on the hypo¬ 
thesis that a and b are functions so determined, we have 

df_ df da dfdh d K 
dx da dx db dx dx 9 


df ^ df da ^ dfdh __ dx 
dy da dy dbdy~ dy * 

df df 

Here, dx ) dy k ave the same values as in (23), being ob¬ 
tained by differentiating as if a and b were constant. Hence, 
reducing by (23), we have 


dfda^ 0 " 

dadx dbdx 

df da dfdh _ ". \~ D J- 

dady dbdy 

Hut these are the equations (10), (11), Art. 8, by which the 
system of solutions founded upon the complete primitive is 
constructed. 


The argument then is briefly this. If z = x V) is a 
•solution of the given partial differential equation, it is possible 
to determine a and b in the given complete primitive so as 
to satisfy the equations (23) ; therefore so as to satisfy the 
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equations (25); therefore so as to indicate a necessary in¬ 
clusion. of z = % fa’ V ) fh® system which is founded upon 
the given complete primitive. 


COR. 1. Hence the connexion of a given solution with a 
given complete primitive may he determined in the following 
manner. Adopting the foregoing notation, determine the 
values of a and b which satisfy the system (23). If those 
values are constant, the solution is a particular case of the 
complete primitive; if they are variable, but so that the one 
is a function of the other, the solution is a particular case of 
the general primitive; if they are variable and unconnected 
it is a singular solution. 


Cor. 2. Hence also any two systems of solutions founded 
upon distinct complete primitives are equivalent. For each 
is virtually composed of all possible particular solutions. 


Ex. The equation z = pq, has for its complete primitive 

(qj .| 

Z — (x -f a) (y + b), and for a particular solution s — -. 


What is the connexion of this solution with the complete 
primitive ? 


We have by (23), 

(*+<*) (y + b) = ( ^ xY , 


y+b 


y + x 
2 


x + a 


__ y 4- x 

_ _____ 


These equations are not independent, the first being the 
product of the last two. Any two of them give 


a = 




y-y 

2 


whence b — — a. Thus, the values of a and b being variable, 
but such that b is a function of a, the proposed solution is 
a particular case of the general primitive. 

Some general questions, but of minor importance, relating 
to the functional connexion of different forms of solution, will 
be noticed in the Exercises at the end of this Chapter. 
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In quitting this part of the subject, we may observe that 
there are two modes in which the questions it involves may 
be considered. The first consists in shewing that the gain 
of generality, which in Charpit’s process accrues in the trans¬ 
ition from the complete to the general primitive, is equal to 
that which Lagrange’s original but far more difficult process 
secures by the employment of the general value of p drawn 
from (4), instead of a particular value drawn from its auxiliary 
system. The proof of this equivalence, as developed with 
more or less of completeness, by Lagrange and Poisson 
{Lacroix, Tom. n. p.. 564, in. p. 705), and recently by Prof. 
De Morgan (Cambridge Journal, Yol. vn. p. 28), is, from its 
complexity, unsuitable to an elementary work. The other 
mode is that developed in the foregoing sections. 


Derivation of the singular solution from, the differential 
equation. 


10. The complete primitive expresses z in terms of x, y , 
a, b. The differential equation expresses z in terms of x, y, 
P, q- Either is convertible into the other by means of the 
two equations derived from the complete primitive by differ¬ 
entiating with respect to x and y respectively. Hence it is 
not difficult to establish the two following equations. 


dz dz d?z 

dz __ da dbdy db dady 

dp dfz^ d 2 z d?z d*z 
dadx dbdy dady dbdx 
dz d*z dz ddz 
dz _ da dbdx db dadx 
dg. d‘z d l z ~~¥z dFT 

dadx dbdy dady dbdx 


( 20 ), 


in the first members of which z is supposed to be expressed 
m terms of x, y, p, q by means of the differential equation, 
m the second members, in terms of x, y, a, b by means of the 
complete primitive. 
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Now the singular solution is deduced from the complete 
primitive by means of the equations 


^=0 — = 0 
da ’ db 



and it is evident from the form of (26), that this will gene¬ 
rally involve the conditions 





Such then will generally be the conditions for determining 
the singular solution from the differential equation. 

The conditions (28) will not present themselves, should the 
denominator of the right-hand members of (26) vanish identi¬ 
cally. But it may be shewn that in this case the conditions 
(27) do not lead to a singular solution. And analogy renders 
it probable that whenever the conditions (28) are satisfied the 
result, if it be a solution at all, will be a singular solution. 
The complete investigation of this point, however, would in¬ 
volve inquiries similar to those of Chapter VIII. 

The Buie indicated is then to eliminate p and q from the 
differential equation by means of the equations (28) thence de¬ 
rived. 


[See the Supplementary Volume, Chapter XXIV. Art. 8.] 


11. The following geometrical applications are intended 
to illustrate the preceding sections. 

"Ex. 1. Required to determine the general equation of the 
family of surfaces in which the length of that portion of the 
normal which is intercepted between the surface and the 
plane x , y, is constant and equal to unity. 

As the length of the intercept above described in any sur¬ 
face is z (1 +p* + ff, we have to solve the equation 

s 2 ( 1 +^ + 2 2 ) = 1 . (a). 

Hence q = (s -2 — 1 — p ?)^>and the auxiliary system (5), Art. 7, 
becomes, on substitution and division by (z~ 2 — 1 —p 2 )~, 
dx _ dy _ dz _ z*dp 

p (z-*-i-py z--i P 
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From the last two members we have on integration 

■ c (!_**)& 

P = —- 

z 

Substituting this, with the corresponding value of q derived 
from (a), m the equation dz —pdx -+• qdy we have 

cfe = 1*? + (1 _ (l^!L 4 dy> 

integrating which in the usual way, we find 

(1 - z *)±=z- CX -(l-c~)^ y - c\ 
or, changing the signs of c and c\ 

(1 - = CX - (1 - c 2 )^ y + c'.(c), 

which is a complete primitive. The corresponding' form of 
the general primitive will be 


(1 - z a )* = c*r - (1 - c^y 4 - <f> ( c ) 
0 = £e-f-c(l c 2 ) - ^ y-\~$ (c) 


W, 


from which c must be eliminated. 


But another system of solutions exists ; for from the first- 
third, and fourth members of ( b ) we may deduce 

pdz -f- zdp dx~ 0, 

whence pz + x = a, from which, and from the given equation 
determining p and q , we have to integrate 

The result is 

(a;-a) 5 + (y-S)* + « s = 1.( e ), 

a complete primitive. The corresponding general primitive is 

(x - a y+{y-^ (a)]* + s* = 1) 
x ~ a + {y — 'fr (a)) t[r (a) = OJ 


(/)• 







ART. 11.] FROM THE DIFFERENTIAL EQUATION. 349 

To deduce the singular solution from the differential equa¬ 
tion (a) we have 

^ = -i ) (l+F'+s’) -l=0 > ^ = -2(1 +p‘ + <f) S =0, 

whence p — 0 , q — 0 ; substituting which in (a) we find 

z = ± 1. 

The above example illustrates the importance of obtaining, 
if possible, a choice of forms of the complete primitives. TIig 
second, of those above obtained, leads to the more interpret¬ 
able results. It represents a sphere whose radius is unity and 
whose centre is in the plane x, y, while the derived general 
primitive represents the tubular surface generated by that 
sphere moving but not ceasing to obey the same conditions. 
The singular solution represents the two planes between which 
the motion would be confined. All these surfaces evidently 
satisfy the conditions of the problem. 

Ex. 2. Required to determine a system of surfaces such 
that the area of any portion shall be in a constant ratio 
(m : 1) to the area of its projection on the plane ay. 

The differential equation is evidently 

1 + p 2 4 - q* = m*, 

and it will readily be found that it has only one complete 
primitive, viz. 

z = ax + *J (m 2 ~ a? — 1) y + b. 

Thus the general primitive is 

z — ax + */(m* — a* — 1) y H- ( a ), 

°=*—5 y + *' (o); 

and this represents various systems of cones and other develop¬ 
able surfaces. 
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Similar but more interesting applications may be drawn 
from the problem of the determination of equally attracting 
surfaces. 

12. Attention has already been directed to the different 
forms in which the solution of a non-linear equation may 
sometimes be presented. It may be added that linear equa¬ 
tions admit generally of a duplex form of solution. The ordi¬ 
nary method gives directly the equation of the system of 
surfaces which they represent; Charpit’s method leads to a 
form of solution which exhibits rather the mode of their 
genesis. 

Ex. Lagrange’s method presents the solution of the equa¬ 
tion 

(mz — ny) p -f (nx — lz)q — ly — mcc .(a), 

in the form 

lx + my — (; x 2 + »* + *■).(&), 

the known equation of surfaces of revolution whose axes pass 
through the origin of co-ordinates. 

Charpit’s method presents as the complete primitive of (a) 

(x — cl) 2 + {y — cmY + {z — cn) 2 = r 2 .(c), 

c and r being arbitrary constants. This is the equation of 
the generating sphere. The general primitive represents its 
system of possible envelopes. 

These solutions are manifestly equivalent, 

Symmetrical and more general solution of partial differential 
equations of the first order . 

13. The method of Charpit labours under two defects. 
1st, It supposes that from the given equation q can be ex¬ 
pressed as a function of x, y, z,p; 2ndly, It throws little light 
of analogy on the solution of equations involving more than 
two independent variables—a subject of fundamental import¬ 
ance in connexion with the highest class of researches on 
Theoretical Dynamics. We propose to supply these defects. 
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It will have been noted that Charpit’s method consists in 
determining p and q as functions of x, ?/, z, which render the 
equation dz —pdx 4 qdy integrable. This determination pre¬ 
supposes the existence of two algebraic equations between 
x, y, z, p, q ; viz. 1st, the equation given, 2ndly, an equation 
obtained by integration and involving an arbitrary constant. 
Let us represent these equations by 

F (x, y, z, p, q) = 0, <£> (x, y, z, p, q) = a... (29), 

respective^. And let us now endeavour to obtain in a general 
manner the relation between the functions F and <E>. 


Simply differentiating with respect to x, y, z, p, q, and 
.. dF , v d® r dF tt'i 1 __ ™ 


re- 


dp by P, by P', &c. 


aw . ™ dF ’ d<& 

presenting by X, by X , -j- by P 

we have Xdx 4 Ydy 4- Zdz 4 Fdp 4 Qdq — 0, 

X' dx 4 Y'dy -I- Zdz 4 F dp 4 Q dq = 0 j 

or, substituting pdx 4- qdy for dz, 

(A 4* pZ') dx 4“ (Y 4" qZ) dy 4- Fdp 4" Qdq = 0.... (30), 
(X' 4 pZ') dx 4 ( Y' 4 qZ') dy 4 F'dp 4 Q'dq = 0. ...(31). 


d“Z LI Z , Uj 4 , , 

But, representing for brevity > dxdy ana ^ S} ty 

respectively, we have 

dp = rdx 4 sdy ) 
dq — sdx 4 tdy ) 

Substituting these values in (31) we have 

(X' 4 pZ' 4 rF 4 s Q') dx 4 ( Y' 4 qZ' 4 sF' 4 tQ') dy = 0, 

which, since dx and dy arc independent, can only be satisfie 
by separately equating to 0 their coefficients, lheso fuinis 
then the two equations 

_ .. r /-V f N 

.(S3). 




d\ 


(32). 


- (. X ' + pZ') = rP' + sQ’ 1 

- ( Y' + qZ') = sP' + tQ. 
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Now these equations are of the same form as (32). They 
establish the same relations between the functions 

- (X' +pZ')> -(Y' + q2T), P\ Q', .(34), 

as (32) does between the differentials dp, dq, dx, dy. 

It follows that if we give to dx and dy, which are ai'bitrary, 
the ratio of the last two of the functions (34) then will dp and 
dq have the ratio of the first two, so that the following will be 
a consistent scheme of relations, viz. 

dx _dy _ d,p _ dq 

JC~+pZ'~~ ¥' + q Z' . 

Now dividing the successive terms of (30) by the successive 
members of (35) we have 

(X+ pZ) JP' + (F+ qZ) Q - P (. X ' + pZ’) 

- Q(Y’+qZ') = 0.(36). 

This is the relation sought. It might be obtained by direct 
elimination by multiplying the equations of (33) by P and Q 
respectively, and the corresponding equations derived from 
(30) by P' and Q respectively, and subtracting the sum of 
the former from the sum of the latter. 


It is obvious too, and the remark is important, that we 
might pass directly from (30) to (36) by substituting for dx, 
dy, dp, dq, the functions of (34), and that this substitution 
is justified by the identity of relations established in (32) 
and (33). 


If in (36) we substitute for X, Y, &e. their values, and 
transpose the second and third terms, we have 

7 . dF\ d<P 


(dF dF\ 

.d<3> 

/d<£> 

f?<E>N 

, dF [i 

\efce ^ dz j 

' dp 

\dx +P 

dz / 




fd< E> 

<ME>\ 

dF . 



\dy + ^ 

dz J 

MS 

II 

C 

• 


,(37). 


Such is the relation which connects the functions F and <E>. 
When F is given it assumes the form of a linear partial differ- 
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ential equation of the first order for determining <E>. If from 
its auxiliary system we can deduce any integral involving an 
arbitrary constant, and such that in conjunction with the 
given equation it enables us to determine p and q as functions 
of x, y i 2 , the subsequent integration of dz — pdx 4- qdy will 
lead to a form of the complete primitive. 


14. Analogy now points out the method to be pursued 
for the solution of equations involving more than two inde¬ 
pendent variables. 


Prop. To deduce the complete primitive of the partial 
differential equation 


where 


F (x 1} a? 2 , 


z » JPx > > •••!>«) = ° 


Pi 



Pr 


dz 

dF' 

n 





In the first place we must seek to determine values of 
p lt p 2 , . •. p n in terms of the primitive variables x lt x. n , z, 

such as will render integrable the equation 


dz = 2 \dx l +pJX' Z ... +p n dx H .(30). 

Suppose one of the equations requisite in conjunction with 
(38) for this determination to be 


( I> (x 


O'? 

1> 




n > 


Z, p> X ) p 2 y "‘PfO <% x 


Then representing the first members of (38) and (40) by their 
characteristics A and d>, differentiating, and substituting for 
dz its value given in (30), we have results which may be thus 
expressed, 



where 2). represents summation from i = 1 to i — n. 


But since p i — 


dz 

dXi 


we have 
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, d?z , d?z , d?z _ 

dp ‘ =dx >+^ **• • •■■■+.(43)- 

Substituting this value in (42), we shall be permitted, in con¬ 
sequence of the independence of the differentials dx v dx„.. .dx n , 
to equate their respective coefficients to 0. 

It is easy to see that the coefficient of dx r will be 

d<£> , v d*z 

■^+VrZTT + 2 , 


dz x dpi dXidx r ' 
Equating this to 0, we have, on transposition, 


'd& 
\ dx~ 


+i>, 


gg' 

dz . 


= 2 ,- 


d?z d<t> 


djcflx, dpi 


Hence, changing i into r and r into i, 


(d& cZ4>\ 

UxT + *< -dz) 


d?z d<$> 


r dx r dx i dp r . 

Now comparing this with (43), and observing that 

d*z 


.(44). 


d*- 


dx\dx r dx r dx i 5 

we see that the systems of differentials represented by dp 

th5±^ eSP f f tlVe1 / are connected h y tlle * relations as 
tne systems of functions represented by 

__ fd<i> d<S>\ d<t> 

\dx t +p ‘ dl) and ~d Pr respectively. 

Hence, by the reasoning of the previous example, it is per¬ 
mitted to substitute in (41),for the differentials, the correspond- 

i»g A - +* f) f„ r . „ d f „ 

We thus find a ^ >i 

2, \( 


!( dP + „ _ dF f d <t> , <?<Ja 1 

[Kdx, 1 dz ) dp t dp ,< \dx, dz )\ 


0 


(45), 
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the summation extending from i = 1 to i = n. This is the 
relation sought, and it is seen to be symmetrical with respect 
to F and <3>. When F is given, it becomes a linear partial 
differential equation for determining <E>. From its auxiliary 
system of ordinary differential equations it suffices to obtain 
n — 1 integrals. 






a 


11 -1 


( 46 ), 


such as, in conjunction with the given equation, will enable 
us to determine p x ,p 2 , ...p n in terms of the original variables; 
then integrating (39), we shall obtain the complete primitive 
in the form 


/(aq, a?,,... x n , *, a t , ct 2 , ... a n ) = 0.(47). 

All other forms of solution are hence deducible by regarding 
cq, a 2 , ... a n as parameters varying, independently or in sub¬ 
jection to connecting relations, but so as to leave unaffected 
the forms of p lf p 2 , ... p n . 

It is proper to observe that the given equation F—0 is 
itself included among the particular integrals of (45). In fact 
F is one of the forms of which make <3> = a a solution, as 
will be found on trial. The given equation is therefore a 
particular integral. And therefore the n—1 integrals of the 
system (46) must be independent of it in order to render the 
determination ofyq, p %2 , .. .p n possible. 

The equation (45) may be expressed as follows: 
v (dFd® dFd<S>\ dF v cIF 

^ \dXi dp] d Pi dxj + dz dp] dz ~ iPi d Pi “ °* 

And under this elegant form, obtained however by a more 
complex analysis, the solution is presented by Brioschi {Tor- 
tolini , Tom. vi. p. 426, Intorno ad una proprietd delle equa- 
zioni alle derivate parziali del primo ordine ). 

The problem of the integration of partial differential equa¬ 
tions of the first order, irrespectively of the number of the 
variables, appears to have been first solved by Pfaff, but the 
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most complete discussion of it will be found in a memoir by 
Cauchy (Exercizes d’Analyse, Tom. u. p. 238. Bur Vintegra¬ 
tion des equations aux derives partielles du premier ordre), in 
which the determination of the arbitrary functions of the 
general primitive so as to satisfy given initial conditions is 
fully considered. The connexion of the subject with Theo¬ 
retical Dynamics was first established by the researches of 
Sir W. Hamilton and Jacobi. The truth, illustrated above, 
that the solution of a partial differential equation of the first 
order is reducible to that of a system of ordinary differential 
equations, and the truth that the solutions of certain systems 
of differential equations (including that of dynamics) may be 
reduced to the discovery of a single function defined by a 
partial differential equation, are correlative. The researches 
above referred to, together 'with those of Liouville, Bertrand, 
and Bour, founded partly upon their results and partly upon 
the allied discoveries of Lagrange and Poisson concerning the 
variation of the arbitrary constants in dynamical problems, 
contain the most important of recent additions to our specu¬ 
lative knowledge of Differential Equations. For this reason 
we have dwelt upon their history. Fuller information will be 
found in Mr Cayley’s excellent Report on the recent Pro¬ 
gress of Theoretical Dynamics. (Meport of British Associa¬ 
tion, 1857.) 

[In an Appendix to the first edition Professor Boole pre¬ 
sented Art. 14 in the following form.] 

Art. 14. The most important form of the problem of this 
Article is the following, and the reader is requested to sub¬ 
stitute it for the one in the text, sufficient account not being 
there taken of the conditions among the constants. 

Required a value of z as a function of x x , cr 2 , ... which 
shall satisfy the partial differential equation 

F(x x , x 2 , ... ar n , z, p x , jp a , ... jp n ) = 0.(1), 

and shall, when x n = 0, assume a given form, 

z — <p (aq, x 2 ,.., 


( 2 ). 
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rich 

Representing the second member of (2) by <fi, and -j~- 
by <f> 1} See., we shall have, when x n = 0, 

= <#>!» P* = = .( 3 )> 

cLjz* €$,'& cL^jf 

for, in seeking the forms which ' assume 

when a? u = 0, we are permitted to make x n — 0 in the general 
value of z before differentiating. 


Now the auxiliary system of the linear equation, (45) in 
the text, yields 2 n integrals connecting x x , ... x n , z, p v ...p n 
with 2 n arbitrary constants. But since one of the integrals 
is F —c, and since to make this agree with (1) we must 
have c —0, the 2n integrals will effectively contain 2n—l 
arbitrary constants. This however being the number of 
the variables contained in (2), (3), namely of the variables 
a? iv ... x n _ t , z, p ± , ... p n _ x , we may express, and so replace, 
these arbitrary constants by initial values of the above vari¬ 
ables corresponding to x n = 0. 


Let ,... % u _ x , f, t r t ,... t t„_ x be th e new constants in question; 
then, substituting these for the variables whose initial values 
they represent in the n equations (2), (3), we obtain n con¬ 
ditions connecting the above constants. 


Thus we have finally 3n equations, consisting of 2?i inte¬ 
grals with n equations of condition connecting the 2 n — 1 
constants which those integrals contain. From these 3a 
equations we can eliminate the above 2 n — 1 constants toge¬ 
ther with the n quantities p t ,p 9 , *•* p n • The result will be a 
final relation between z, x v ... x n , which will be the solu¬ 
tion sought. 

If we regard the function <f> (x 1 , x 2 , ... x n _ x ) as arbitrary, the 
above solution will constitute a general primitive ; but if we 
give to it a particular form involving n arbitrary constants, 
we shall obtain a complete primitive. (Cauchy, Fxercices , 
Vol. II. p. 238.) 

[Important additions on partial differential equations of 
the first order are given in the Supplementary Volume, Chap¬ 
ters xxv., xxvi., and xxvii.] 
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EXERCISES. 


1. How are equations, in which all the differential coeffi¬ 
cients have reference to only one of the variables, solved ? 


2 . 


dz y 

dx vCy 2 — # 2 ) * 


3. 


jg ; y 

dx x + z * 


4. The partial differential equation of the first order which 
results from a primitive of the form u — f (v) t where u and v 
are determinate functions of x, y, z , is necessarily linear. 
Prove this. 


5. ap + bq — 1. 


0. p + q = - . 
± x a 


7. yp + xq = z. 

8. x^p-xyq+y* = 0. 

9. Integrate the equation of conical surfaces 

(a — x) p + (b — y) q = c — z. 

10. xzp -f yzq = icy. 

11. (y 2 -f- a 2 — # 2 )^? — 2xyq 4- 2xz — 0. 

12. Required the equation of the surface which cuts at 
right angles all the spheres which pass through the origin of 
co-ordinates and have their centres in the axis of x. 

It •will be found tliat this leads to the partial differential equation of the 
last problem. 

13. z — xp — yq — a (x* + y* 4- z z ) K 
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14s. Find the equation of the surface which cuts at right 
angles the system of ellipsoids represented by the equation 

Ax* + By* + Gz* = D\ 


where D is the variable parameter. L&cvoix, Tom, II. p. 678. 


15. Find the equation of a surface which belongs at once 
to surfaces of revolution defined by the equation py — qx — 0, 
and to conical surfaces defined by the equation px + qy — z. 

In problems like the above we must regard the equations as simultaneous, 
determine •p and q as functions of y* 2, and substitute their values in the 
equation dz-pdx + qdy, which will become integrable by a single equation if 
the problem is a possible one r but not otherwise. 


16. 


dz dz 


dz 

dt 


az + 


t " 


17. Explain the distinction between a complete primitive 
and a general primitive of a partial differential equation of 
the first order. 


18. Find the complete and the general primitive of 

z — px-{-qy+ pq. 

19. Deduce a singular solution of the above. 

20. pq = 1 . 

21. q—xpAp*. 

22. Shew from the form of its integral that q-f{p) 
belongs only to developable surfaces. 

23. Deduce two complete primitives of 

pq —px + qy. 

24. Deduce two complete primitives of 

aJ p -f - hjq— 2x. 
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25. Given two general primitives of a partial differential 
equation of the first order, in the forms. 


1st. z = F{x, y, a, <j> (a)), 0 = M) 


2nd. 2 ; = <3> [x, y 7 c, ^ (c)], 


f?<I> {x, y y c, yfr (c)} 

dc 


shew that the dependent of the functions (c) and <j> (a), 
when the two primitives lead to the same particular integral, 
may he determined by the following rule. Eliminate x and y 
from any four independent equations of the system 

, dx dx 3 dy dy 3 da 3 do 

The two resulting equations will involve the relation required, 
and when the form of <f>{a) is given, the elimination of a from 
both will give a differential equation for determining the form 
of (c). 


26. The equation z — pq has two general primitives, 

1st. z= (y+a) [x+ <f>(a)} y 0 = ^[{y + a} (# + <£(<*)}], 

2nd. 42? = [cx + ^ (c)] 2 , 0 = [cx + — -f- (c)) 2 ; 

shew hence that the relation between <j> (a) and ^ (c) is ex¬ 
pressed by the equations 

( a ) + “a “ 0, c^r (c) - (c) = 2 a. 

. t^ 11 interesting problem involving partial differential equa¬ 
tions of the first order is discussed in the Bujwlementciru 
Volume , Chapter xxxiil] 



CHAPTER XV. 


PARTIAL DIFFERENTIAL EQUATIONS OF THE SECOND ORDER. 

1. The general form of a partial differential equation of 
the second order is 

F(x, y, <b r, s, t) = o.(i), 

-where 

dz dz cVz __ __ d 2 z 

& dx 1 ^~dy* r ~~da?’ $ dxdy 9 dy 2 * 

It is only in particular cases that the equation admits of 
integration, and the most important is that in which the dif¬ 
ferential coefficients of the second order present themselves 
only in the first degree; the equation thus assuming the form 

Mr 4 - Ss + Tt = 7.(2)> 

in which M, S, T and V are functions of y, z, p and q . 
This equation we propose to consider. The most usual method 
of solution, due to Monge, consists in a certain procedure for 
discovering cither one or two first integrals of the form 

u = f(v) .( 3 )> 

u and v being determinate functions of x ., y, z, p, q, and/an 
arbitrary functional symbol. I rom these first integrals, singly 
or in combination, the second integral involving two aibitrary 
functions is obtained by a subsequent integration. 

An important remark must here be made. Monge s method 
involves the assumption that the equation ( 2 ) admits of a first 
integral of the form (-3). Now this is not always the case. 
There exist primitive equations, involving two arbitrary func¬ 
tions, from which by proceeding to a second differentiation 
both functions may be eliminated and an equation of the form 
( 2 ) obtained, but from which it is impossible to eliminate 
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one function only so as to lead to an intermediate equation 
of the form (3). Especially this happens if the primitive in¬ 
volve an arbitrary function and its derived function together. 
Thus the primitive 

+ — x)-x{<f>'(y + x) ~^(y — #)}••-( 4 )> 

leads to the partial differential equation of the second order 


r 



( 5 ), 


but not through an intermediate equation of the form (3). 

It is necessary therefore not only to explain Mongers 
method, but also to give some account of methods to be 
adopted when it fails. 

[Part of the present Chapter is treated on a larger scale in 
the Supplementary Volume, Chapters xxvm. and xxix.] 


2. It is not only not true that the equation (2) has neces¬ 
sarily a first integral of the form (3), but neither is the con¬ 
verse proposition true. We propose therefore, 1st, to inquire 
under what conditions an equation of the first order of the 
form (3) does lead to an equation of the second order of the 
form (2); 2ndly, to establish upon the results of this direct 
inquiry the inverse method of solution. And this procedure, 
though somewhat longer than that usually followed, is more 
simple, because exact and thorough. 

Prop. 1 . A partial differential equation of the first order 
of the. form u —f (v) can only lead to a partial differential 
equation of the second order of the form 

Mr + Ss-\- Tt—V .(C), 

when u and v are so related as to satisfy identically the con¬ 
dition 

du dv _ du dv_ 

dp dq dqdp~~ .. 

For, differentiating the equation u — f(v) with respect to x, 
and observing that ^ =p, -J2- = r, = s, we have 
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, aw , ctu . (dv . rtv , dv 

d* + v-d 3 +r dp +s dr f(v) \d-K +p d Z +r d P + 


dv dv\ 

dq) 


In like manner differentiating w ~f(v) with respect to y, 
we have 


dh* dfo du . du 

dy + < Ij Z +S dp + t d<r f(:V) 




+ s 


dv 

dp 


•h t 


dv\ 

dq)' 


Eliminating f'(v) there results 


du du du du\ (dv dv , dv dv 

dx ^dz r dp 5 dq) \dy ^ dz S dp dq 




On reduction it will be found that the only terms involving 
r, s, and t in a degree higher than the first will bo those which 
contain rt and s\ The equation will in fact assume the form 


Rr + 8a + Tt + U{rt - s 2 ) = V, .(9), 


in which Z7= , > — , • The forms of the other co- 

dp dq dq dp 

efficients it is unnecessary to examine. 

Now this equation assumes the form (6) when the con¬ 
dition (7) is satisfied—and then only. 


3. The proposition might also be proved in the following 
manner. Since u =/(v) we have du=f(v)dv , an equation 
which, since f(v) is arbitrary, involves the two equations 
du — 0, do = 6. Hence 


du y du y du y 

dJ X+ d/y + ’ d 


dV y dl) y , 

• . dx + , - d q + 
dx dy J 


dz 

dv 


dll y , du y 

* + - T - dp + j-dq 


dp 

dv 


dq 

dv 


= o] 


V...( 10 ). 


d 2 dz + dp dl) + d i dq = 0 
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But dz — pdx + qdy, dp — rdx + sdy, dq = sdx 4- tdy. 


Whence on substitution 








/ du 

du 

du 

du\ 

dx -f -1 

/ dll 


du 

du 

du\ 

II 

p 

\dx 

+p Tz 

+ r~r- 
dp 

+s w 

\dy 

+ 

q dz 

+ s 

dp 

+ t dq ) 

fdv 

dv 

dv 

dv\ 

dx 4* 

fdv 


dv 

dv 

,dv\ 

dy = 0. 

\dx 


4- r -j- 
dp 

+ S dq) 

\Ty 

+ 

q dz 

- 4 - Q 

dp 

-4- t j 

dq/ 


Whence eliminating dx and dy, we have the same result 
as before. 


4. ^ A consequence, which, though not affecting the present 
inquiry, is important, may here he noted. It is that it would 
he in vain to seek a first integral of the form u —J\v) for any 
partial differential equation of the second order which is not 
of the form (9). 


Prop. 2. To deduce when possible a first integral, of the 
form u = f(v), for the partial differential equation (6). 

_By the last proposition u and v must satisfy the condition 
(7), which is expressible in the form, 

du du dv dv 

dq * dp dq ' dp .(H)* 

Hence, if we represent each member of this equation by m, 
we have 


du du dv dv 
dq~ m dp> d^ = m dp 


( 12 ). 


L... (13); 


Substituting these values in (10), we have 
d u , d u 7 du y du , , 

dx dx+ Ty dy + dz dz + d}f d P + md <l) = ° 
dv , dv y dv y dv 

~dx dx + dy d V + dz dz+ dp ( dp + 5=8 0 

and we are to remember that this system, being equivalent 
to du = 0, dv = 0 modified by the condition (7), can only have 
an integral system of the form, 


u 


a, v — b. 


.. .(14), 
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a and h being arbitrary constants, and u and v connected by 
the condition (11). 


Malting dz — pdx 4- qdy in (13), we have 



(dp 4 mdq) = 0 
(dp + mdq) = 0 



From these and from the equations 

dp = vdx 4- sdy, dq = sdx 4 tdy .(ib)» 

if we eliminate the differentials dx, dy , dp, dq , we shall 
necessarily obtain a result of the form (6). lor in thus 
doing we only repeat the process of Art. 3, with the added 

condition (7). 

To effect this elimination, we have from (10), 

dp 4 mdq — (r 4 ms) dx 4- 0* 4- mt) dy ; 

or, rdx 4 s (dy 4 rndx) 4 -1truly — dp 4 mdq .(1 / )* 

Now the system (15) enables us to determine the ratios of 
dy and dp 4 mdq to dx, and these ratios substituted in (17), 
reduce it to the form (0). 


But in order that it may be, not only of the form (6), but 
actually equivalent to (6), it is necessary and suflicient that 
we have 

dx _ d y 4 mdx __ mdij __ dp 4 mdq , j ^ 

ll~"~ B " T ~~ V .^ 

This system of relations among the differentials must thus 
include the equations (15). The same system (14), together 
with the equation dz =pdx 4 qdy, must therefore include the 
system (13). It must therefore in its final integral system 
include the equations u = a t v = b with their implied con¬ 
dition. 
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We conclude then, that if the equation Hr + Ss Tt~ V, 
result from an equation of the first order of the form u — f (■ v ), 
the system (18) 4 together with the equation, 

dz —pdx + qdy .(19), 

must admit of an integral system determining u and v in 
equations of the form u — a, v — b. 

To eliminate m from (18) we have, on determining its value 
from the first and third members, substituting it in the 


second and fourth, and reducing, 

Rdf - Sdxdij + Tdx 2 =0.(20), 

Hdpdy H- Tdqdx — Vdxdy =0.(21), 


and these, with (19), make three ordinary differential equations 
among the five variables x, y, z, p } q. But among five vari¬ 
ables there ought to exist four ordinary differential equations 
in order to render the final relations determinate. And this 
confirms what was said in Art. 1, of the hypothetical 
character of Mongers method. It is only when the proposed 
equation originates in an equation of the form u—f (v), that 
the above system admits of two integrals of the form, 

u = a, v = b. 

As (20) is of the second degree it will, unless it is a com¬ 
plete square, be resolvable into two equations of the first 
degree, and either of these in conjunction with (21) and (19) 
may lead to a final integral system determining u and v. It 
follows that when the given equation admits of a first integral 
at all, it will admit of two such—excepting the case in which 
(20) is a complete square. 

5. As yet no account has been taken of the quantity m. 
The mode in which it is involved in the equation (18), leads 
however to a remarkable consequence developed in the follow¬ 
ing Proposition. 

Prop. If by the last proposition we obtain two first in¬ 
tegrals of the form 

U l =/ (»i)> (v,) 


( 22 ), 
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and if, regarding these as simultaneous, we determine p and q 
as functions of x, y, z, those values will be such as to render 
the equation dz = pdx -b qdy integrable, and thus to lead to 
the second or final integral. 

For simplicity, we shall represent — f (v t ) by F, and 

(y^) by <E>. Thus the supposed first integrals are simply 

F = 0, 4> = 0.(23). 

Now reverting to the system (18), and representing the 
ratio dy : dx by n, its first two equations assume the form, 

1 __ n -f- m _ nm 
Tt ~ ~T ’ 

and shew that m and n are the two roots of the equation 

Jly*-S /m + T^O. 

Hence, the value of the ratio dy : doc corresponding to one 
of the first integrals (23), is the same as the value of m cor¬ 
responding to the other. 

Now for the value of m corresponding to the integral 
F=* 0, we have by definition, 

du t d?) 1 



Again, seeking the value of the ratio dy : dx> correspond¬ 
ing to the integral <3> =» 0, wo have 
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d& d<& d< I> d<& \ , 

d^^d^P + ^ r+ ^ s ) dx 


/d<£> d<& d® d<$> 

+ \d^ + ^' 1 + d^ S+ ~dq 


f) dy = 0. 


Equating the value of dy \ dx hence found to that of m 
given in (24), we have, on reduction, 

^^ + <W^ + dFc?& dFd£> 
dp dx dy dy dp dz ^ dy dz ^ 


. dFd<3> (dFd<5> dFd <$> 

dp dp \dp dy dy dp 


, dF d<P - /am . 

S+ dq dq ° •" 


In like manner equating the values of m corresponding to 
the integral = 0, and of dy : dx corresponding to the in¬ 
tegral F — 0, we have 

dF d<t> dF d<& dF d<& dF d<& 

dx dp dy dy dz dp ^ dz dy ^ 


dFd® 

dp dp r ~^ 


if**+¥%:), + ¥*t,. „... (S6) . 


dy dp dp dq. 


Subtracting (25) from (26), there results 

dFd& _ dFd<fr dFd<P dFd<& 
dx dp dp dx dy dy dq dy 

.(dFd^ , ( d F dtf? dF d<&\ A /c> _ 

+ \dz dp dp dz) P + \dz dq dq dz J 2 _ ° 

Now this is identical with the equation (37), Chap. XIV. 
Art. 13, expressing the very condition which must be fulfilled 
in order that the values of p and y given by F — 0, <t> = 0, 
may render the equation dz = pdx -f- ydy an exact differential. 
Hence the proposition is established. 

It is interesting to observe that the two first integrals stand 
in a certain conjugate relation. Each of them satisfies that 
partial differential equation, of the first order and degree which 
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we should have to construct in attempting, by the process of 
Charpit, to integrate the other. Hence also, although tfie 
knowledge of both is desirable, that of either is sumcient to 
enable us to proceed by integration to the final solution. 


6. The statement of Monge’s method, as derived from the 
above investigation, is contained in the following Rule. 


Rule. The equation being Hr + Ss-\- Tt — V, form first, 
the equation 

Rdf - Sdxdy + Tdx 2 = 0.(28), 

and resolve it, supposing the first member not a complete 
square, into two equations of the form 

dy — m x dx = 0, dy — m l2 dx = 0.(29). 

From the first of these, and from the equation 


Hdpdy + Tdqdx — Vdxdy — 0.(80), 

combined if needful with the equation dz = pdx -f qdy, seek 
to obtain two integrals u t — a, v x — b. Proceeding m the same 
wav with the second equation of (29), seek two other integrals 
u Vo = /3, then the two first integrals of the proposed 

equation will be . . 

Wi=/iW> M . = /.W. 

To deduce the second integral, we must either integi ate 
one of these, or, determining from the two p and q m terms 
of x, y, and z } substitute those values in the equation 


dz = pdx ~j~ qdy, 

which will then satisfy the condition of integrability. Its 
solution will give the second integral sought. 

If the values of m x and m 2 are equal, only one first integral 
will be obtained, and the final solution must be sought by 
its integration. 

When it is not possible so to combine the auxiliary equa¬ 
tions as to obtain two auxiliary integrals u = a , v = b, no first 
integral of the proposed equation exists, and some other pro¬ 
cess of solution must be sought. 
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We may observe that the determination of p and q from the 
two first integrals is facilitated by the fact that u and v satisfy 
the condition (7). Interpreted by Chap. u. Art. 1, that con¬ 
dition implies that p and q enter, in some single definite com¬ 
bination, in both u and v. 


E,.!. Given g- a <g =0 . 

, 0 Here^ = l, 0, T = — a 2 , V= 0. Hence we have by 
(28) and (30), J 

dy 2 — a 2 dx 2 = 0, dpdy — cddqdx =0. (a). 

The former of these is resolvable into the two equations 

dy + adx =0, dy — adx =0. (b) 7 

of which the first gives y-hax = c, and at the same time 
reduces the second equation of (a) to the form dp q- ado = 0 of 

which the integral is p + ay = C. Thus a first integral of the 
given equation is 


p -f aq = (f> (y + ax) .( c ). 

Pr°eee d ing in like manner with the second equation of (b), 

we hnd as another first integral w 

p - aq = (y _ ax) .(rf). 

leeo q me a s ti0m determinin ^ and * the equation 

dz = | ±(y+ax)-^(y- ax ) 7 

2 9rr dy. 


Or 


cUs = ( &± (dy - adx) 

2a 


Hen06lf and -~Jir W* = ^(i), 


we have 


Z — < Pi(y’ i r ax) + (y — 

Here are arbitrary functions since £ and * are such. 







ART, 6.] OF THE SECOND ORDER. 371 

It is seen that, in each of the first integrals, the condition 
(7) is satisfied, and assuming 

p+aq-4>(y + ax)^F, p - aq - ^ (y - ax) = <£, 

it is easy to verify the condition (27). 


Ex. 2. Given r + as + ht — 0. 


Proceeding as before, we find 

p + nq = <j>(y — mx), p J r mq = '^r(y~ nx) } 

as the two first integrals of the proposed, m and n being the 
roots of the equation f -at + 6 = 0. Hence, determining p 
and q, substituting in the equation dz — pdx+ qdy, integrating 
and reducing we have 

z — 4> x (y— mx) + (y — nx). 


But when m and n are equal we have only one first in¬ 
tegral, viz, 

p +• mq — <p(y — mx). 

Treating this by Lagrange’s process, we have the auxiliary 
system 

dy dz 


dx — 


m <f> (y —- mx) 


From the first two members we find y — mx = c. This 
enables us to reduce the equation of the first and third to the 
form 

, dz 
cLoc = - — - . ■■ y 

•M c ) 


whence 


z — xcb (c) + c . 


Therefore, restoring to c its value, 

z — x<p (y — mx) = c'. 

Thus we have for the final integral 

z — x<fi (y — mx) —^(y— Vix) - 
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Ex. 3. Given 

(b 4 cqf r — 2 (b 4 eg) (a 4 cp) s 4- (a 4 cpft = 0. 

Here the auxiliary equations are 
(b 4- cqfdy 2 4 2 (5 4 eg) (a 4 cp) dydx -f (a + cp^dx 1 — 0...(a). 


(6 4 cqfdpdy + (a+ cp) 2 dqdx — 0 .(6). 

The first of these equations gives 

(6 4- eg) cZy 4 (a 4 eg?) dx = 0 . (c) f 


which the equation dz~pdx + qdy reduces to the form 

adx 4 bdy 4- cdz — 0; 

whence 

ax 4- by 4- cz — a . (d). 


Again, eliminating dy and dx from (b) and (c), we have 

(b 4- cq) dp — {a 4- cp) dq = 0, 
whence, integrating, 


Qj -f- Cjp 


& 


b 4- eg 

Thus a first integral of the proposed equation is 


■w- 


~~^=4>{ax+by + cz). 


or 

cp — c<j> (ax 4 -by + cz) q~b(f> (ax -\-by+ cz ) — a ; 

and this must he integrated by Lagrange’s process. 

The auxiliary system is, on representing <j>(ax+by+cz) by <p, 

dx _ dy __ dz 
c C(p b<j> — a' 


From these we find adx 4- bdy 4- cdz = 0, whence 

ax 4- by 4 cz = C , 

4> (ax 4- by 4 cz) — <p> (C)< 


and thus 
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Hence substituting dy = — <j) (C) 

whence y 4- <f> (O) x = O', 

or y + cc4> (ax 4- by + cs) = G\ 

Thus the final integral is 

y + xcf) (ax 4- by 4- cz) = (ax 4~ by *1- ez). 

This solution may also be expressed in the form 

z = x(f> 1 (ax 4- by 4* cz) 4 - y^r l (ax 4' by -f cc), 

in which it is in fact presented by M ongo, (A pylimtion da 
VAnalyse d la GtfonuUrie, Liouville’s edition, p. 7b). The 
equation solved is that of surfaces formed by the motion of a 
straight line which is always parallel to a given plane, and 
always passes through two given curves. 


7. In the above examples V is equal to 0, and this a 1 wa vs 
facilitates the application of Monge’s moth*id. The following 
is an example in which V is not equal to 0. 


Ex. 4. Given r — t = — / 

oc -f- }f 

The auxiliary equations being 

dy z — dx* = 0, dpdy — d</dx 
one of the systems hence derived is 


4 p 

x 4 y 


dxdy (), 


> y 

dy — dx = 0, dp — dq •{- j dx 


0 . 


There is also another system, but it is not integrable in the 

form u — a, v ~b . 


From the first of the above equations we get, 

* o 


y — x — a, dp — dq 4- 



0 . 


the latter of which may, since dz = jnlx 4- qdx, be reduced to 

the form 


d (2 y ~ a) (p - q) + 2 dx = 0, 



374 PARTIAL DIFFERENTIAL EQUATIONS. [CH. XV* 


whence (2 y a)(p — q) + 2z —J>> 

or, replacing a by y — x, 

(x + y)(p-q)+2z = b. 

Hence a first integral of the proposed equation will be 

(* + y){p~q)+ 2* =/(y - as). 

How this being linear, we have, by Lagrange’s method, the 
auxiliary system 

dx __ — dy __ dz 
x + y x+y f(y — x) — 2z* 


The equation of the first two members gives y + x — a, and 
this reduces the equation of the second and third to the form 

— dy _ dz 

a f (2 y — a) — 2z ’ 


or 


dz 2#_ f{2y—a) 

dy a a 


whence 


z 



f(2y — a) dy-b b. 


The final integral will therefore be found by substituting in 
the above, after integration, y + x for a, and F(yj + x) for b. 


8. Monge’s method fails in so many cases, owing to the 
non-existence of a first integral of the assumed form u =f(v), 
that it becomes important to inquire how its defects may be 
supplied. And various methods, all of limited generality, 
have been discovered. Thus Laplace has developed a method 
applicable to all equations of the form 

Hr + S's 4 - Tt 4 - Pp + Qq 4* Zz = U ; 

R, S, T\ JP, Q y Z, and JJ being functions of x and y only,— 
which consists in a series of transformations, each of which 
has the effect of reducing the equation to the form 

s + Pp+ Qq + Zz — U, 
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P, Q, Z and U being functions of x and y, to which each 
transformation gives new forms. It may be that among 
these successive forms, some one will be found which will 
admit of resolution into two linear equations of the first 
order. But there are probably no instances in which this 
method has been applied in which the solution may not he 
effected with far greater elegance, and with far greater sim¬ 
plicity, by the symbolical methods of the following Chapters. 
And even Laplace’s method is better exhibited in a symbolical 
form. The subject will be resumed. See Chap. xvii. Art. 14? 

The following sections contain miscellaneous but important 
additions. 


Miscellaneous Theorems . 


9. Poisson has shewn how to deduce a particular integral 
of any partial differential equation of the form 

P ~ {rt — s 2 ) n Q .(45), 

where P is a function of p, q, r, s, t, homogeneous with respect 
to the three last, n a positive index, and Q any function of 
x, y , z y and the differential coefficients of z of any order, which 
does not become infinite when rt — s 2 = 0. 


Assuming q = <f> (p ), we have 

*—4> ( p) r > (p) s = W(l>)V r .(46). 

values which make rt — s 2 — 0 . Hence, substituting in (45), the 
second member vanishes, while in the first, which is homoge¬ 
neous with respect to r, s, t, some power of r only will remain 
as a common factor. Dividing by that factor, we shall have 
an equation involving only p, <fi(p), and ** e * P» T an< ^ 

. Integrating this as an ordinary differential equation we 

obtain a relation between p, q and an arbitrary constant; and 
this, integrated as a partial differential equation of the first 
order, gives the solution in question. 

Ex. Given r z — t 2 = rt — sK 
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Proceeding as above, we find 1 — {<£' (^)} 4 = 0 ; 
therefore 1 — {<t>'(p)Y = 0, 


whence 

therefore 


do 

dp = ±1 > q = ±P + c; 
z-cy = <j>(p ± a?), 


a particular integral. 

The above method is applicable to all equations of the 
second order which are homogeneous with respect to r, s, t, 
for then we have only to suppose Q — 0. 


10. There exists in partial differential equations a remark¬ 
able duality, in virtue of which each equation stands con¬ 
nected with some other equation of the same order by relations 
of a perfectly reciprocal character. As respects equations of 


the first order the principle may be thus stated. 

Suppose that in the given equation 

4> y> p, q) = 0 ...( 47 ) 

we interchange x and p,y and q, and change z into px + qy — 
giving 

<f> (p> qy px + qy —z, x, y) = 0 .(48) ; 


then, if either of these equations can he integrated in the form 
z — yjr (x, y ), the solution of the other will he found hy elimi¬ 
nating X and Y between the equations 

dt (X, Y) . dt (X, Y) 

dX ’ y ~ dY 


z = Xx + Yy - -f (X, Y) .(40). 

Por, since dz — pdx + qdy, we have 

z =px + qy — f (xdp + ydq) .(50). 


Hence xdp + ydq is an exact differential. Represent it by 
dZ ’ and assume Z for dependent variable. Assume also two 
new independent variables X and Y, connected with the 
former ones by the relations X — p, Y — q. Then 

dZ— xdp + ydq = xdX -f yd Y. 
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Hence 
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dZ dZ __ 

Jx~ x ’ dY J - 

Z—j(xdp +ydq) =px + qy — 3 ’>y 


«*i i 


therefore z = px 4- QV — Z — xX 4* y ' > * 

On examining the above equations: wo see that ./, y, • l!l * 
X, , Y; ^ are reciprocally related. Anting, side by sitlr-, Ue 
equations which are conjugate to each other, we i«ia< 

dz dZ 


1 =&}> V~dY' 

Z — Xx + Yy — z, s « xX 4 y Y - Z. 

We see too that the equations (4D) which express one set 
of the relations suffice to convert any relation found by inte¬ 
gration between AT, i r , Z \ where Z stands lor -xfr (A, 1 ), nit*» 
a corresponding relation between x, ?/, z. 

Ex. Given z = pq. 

Here the transformed equation is 

px 4 qy — z — ary. 


xX - 4 y V- Z. 



of which the integral is £ = ay 4 xf 


■f (x, r) = iT+J/(! 


. t'lKV 


and we have to eliminate X Y y between the equati 


«»n:: 


y Y .,( Y' 

x=Y- ../ .. 

xx V A j 


, y — Y \ j" ( ^ j, 


z=XY. 
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Each particular form assigned to f gives a distinct par¬ 
ticular integral. If we assume / (j0 = a -^ + b, we find 

<c=Y+b, y = X+a, z = XY, 

from which, eliminating X and Y, we have z = (as — b) (y - a) 
and this is one form of the complete primitive assigned in 
Chap. xrv. -Art. 7. "We may observe that the elimination 
effected as to lead to general primitives. 

e 2 ua ^ ons of the second order we should have , in 
addition to the above transformations, to change 


r into 


rt —s 


.2 i 


s into 


rt 


r.2 > 


t into 


rt 


(ol). 


in order to form the reciprocal equation. Then the second 
integral of either being found in the form z =yjr (x, y), that 

of the other will be found as before by eliminating X and Y 
from (49). For since 


x — 


dZ 

dX> 


dZ 
V dY l 


therefore dx = MX + Sd Y 9 dy = SdX + Td Y } 
whence dX = 


RT-S 2 ’ 
But X=p, Y — q, therefore 


jt y_ Sdx 4" Rdy 


dp = rdx + sdy = T< t~ Sd V 
3 RT — S* ’ 

dg = sdx + tdy = - ^ + 

y RT — S 2 9 


whence, equating coefficients, 


r 


T_ 

n 02 ) ® 




RT-S* 5 


£ = 




- £* * 
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The extension of the theorem to higher orders involves no 
difficulty. 


12. It is an immediate consequence of the above, that 
any equation of the form 

cf>(p, q)r + ^ (p, q) s + X (p> ?) t = o.(52) 

can be reduced to an equation of the form 

X ( x > V) r “ ^ 2/) 5 + </>(#, y) £ = 0.(53), 

usually more convenient for solution. Legendre’s solution of 
the equation 

(1 4 -q 2 ) r — 2 pqs 4 (1 4 p a ) t = 0, 

by the aid of the above transformation, will be found in 
Lacroix (Tom. II. p. G23). 

The same transformation makes the solution of any equa¬ 
tion of the form Hr 4 8s 4 Tt = V (rt — s 2 ) dependent on that 
of an equation of the form 

Hr -f- Ss 4 Tt — V, 

but with different coefficients. The subject of these trans¬ 
formations has been most fully treated by Prof. De Morgan 
(< Cambridge Philosophical Transactions, Yol. viii. p. 606). 


13. Legendre also shews how, by a transformation for¬ 
mally resembling the above, to integrate the equation 

r=f(s, 0 * 


Assuming s and t as independent variables, and v — sx 4 ty — q 
as dependent variable, the equation is reduced to the form 


<Pv ~ cPv _ r „ <Pv _ 
df + ^ ds dt ds* “ 


(54), 


Chi'* * I 

where S and T are the values of and furnished by the 
given equation. Lacroix , Tom. II. p. 631. 
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EXEECISES. 


1. To what condition must u and v be subject, in order 
that u*=f(v) maybe a first integral of an equation of the 
form Rt 4- 8s + Tt— VI 

Integrate by Monge’s method the following equations : 

2. x V 4- 2 xys 4- yH — 0 

3. <fr — 2 pqs 4- pH = 0. 

4. Integrate ps — qr = 0. 

5. Integrate by Monge’s method the equation 

q (1 + q) r - (jp + q + 2 pq) s+p (1+p) t=^ 0. 

6. The solution of Ex. 3 may, by the law of reciprocity, 
be made to depend on that of Ex. 2. 

7. Monge’s method would not enable us to solve the 

equation 7 — t = ^2. 

x 


8. Deduce by Poisson’s method a particular integral of 

(1 + cj 2 ) r — 2 pqs + (1 + p E ) t = 0. 

9. Shew that the equations 

rt — * =f(p, q), and rt — s 2 = {/ (cc, y)}" 1 , 
are connected by the law of reciprocity. 


10. The solution of the equation r — t 




p + q 


may be derived from that of the equation r — t 4- -- = 0, 

** nr* i nt 


(•rt — 8*) 
4 p 


Art. 7, Ex. 4 


x + y 



CHAPTER XVI. 


SYMBOLICAL METHODS. 


1. The term symbolical is, by a restriction of its wider 
meaning, applied more peculiarly to those methods in Ana¬ 
lysis in which operations, separated by a mental abstraction 
from the subjects upon which they are performed, are ex¬ 
pressed by symbols in whose laws the laws of the operations 
themselves are represented. 


Thus ^ is written symbolically in the form u, the Byrn¬ 

es 

bol denoting an operation of which u is the subject. In 

thus expressing an operation by a symbol, in studying the 
laws of that symbol, and in founding processes and methods 
upon those laws, we introduce no strange or novel principle 
of Language; for it is the very office of Language to express 
by symbols the procedure of Thought. 


Thus also we may write 


du 
dx ~ r 


au — 



(i), 


d?u du , 
—5 + ct ~ + ou 


do? 


dx 


' d 2 d / 

% + & r + o 
,dx ax j 


u 



and^ so on. It will be observed that the symbol precedes the 
subject on which it operates. 

Operations may be performed in succession. Thus 

+ a\ + b) u 
\ax J \dx ) 

denotes that we first perform on the subject u the operation 
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denoted by 
denoted by 



—}- 1), and then on the result effect the operation 
dx 

d 

d —Ha. Thus a and b being constant, we have 



=S + ( a+&) £ +a6M . (3) - 


When an operation is repeated, the number of times which 
it is understood to be performed is expressed by an index 
attached to the symbol of operation. Thus 




A 

dx 


+ a 



u 


d?u , » du t o 
-n + 2a — + aru 
ax 


dx 



If in the second member of (3), as in the first, we separate 
the symbols from their subject, we have 



Now the symbolic expressions for the equivalent operations 
performed upon u in the two members of this equation are in 
formal analogy with the algebraic equation 

(m + a ) (m -f Z>) w = {m 2 + (a + b) m + ah] u , 

and this is a particular illustration of a general theorem to the 
statement and demonstration of which we shall now proceed. 


2 . 


If we compare the symbolical expressions 


(6), 
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whose equivalence is stated in (5), we see that each involves 

G? * 

^ together with constant quantities. Each might therefore, 

to borrow the language of analogy, be described as a function 

d 

of ^ and constant quantities, or more briefly as a function 

of ^, and expressed in the form f • Again, each ex¬ 
presses a system of operations in the performance of which 
the presence of the symbol only indicates differentiation, 
not integration. We may with propriety term any function 

of ~ possessing this character a direct function of . The 
ax ax 

theorem in question is then the following. 

Theorem. Any direct function of ~ and constant quan- 

J ax u 

tities may be transformed as if — were itself a quantity. 

In the first place it is evident that any direct function of 
d 

the symbol ^ according to the above definition is, in form, 

what we should term a rational and integral function of , 

were that symbol merely algebraic. 

Now the laws, according to which algebraic symbols com¬ 
bine with each other in the composition of all rational and 
integral expressions, are the following, viz. 

1st, the distributive, expressed by the equation 

m (u + v) = mu + mv .(7), 

2ndly, the commutative, expressed by the equation 

ma — am .(8), 

3rdly, the index law, expressed by the equation 

m a+ * .( 9 ). 
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These determine, and alone determine, the forms, or, to speak 
more precisely, the permitted variety of form, of algebraic 
expressions of the above class. 

But the symbol ~, when employed in combination with 

ctoc 

constant quantities to operate on subjects which are not con¬ 
stant, is subject to laws formally agreeing with the above. 
For we have 

i^ u+v)= i u+ i v . (10) ’ 

(d /i “i \ 

-rrau—a-j-u .( 11 ;, 

ax ax 

©•(S‘-(£)“. (12) - 

the last of these, however, expressing, not any distinctive pro¬ 
perty of the operation — , but only the fact that it is an 

operation capable of repetition. These laws, in like manner, 
determine the possible forms of symbolic expressions involv¬ 
ing — with constants, and representing direct systems of 
operations. 

Hence the variety of form permitted in the one case is the 
same as that permitted in the other. In other words, the 
same transformations are valid. 

Among the consequences of the above theorem the follow¬ 
ing may be noted. 

1st, We can reduce any symbolical expression of the form 

d n d n- 1 d n-2 . ^ 

da? 1 + 0,1 dxT 1 + ch!r ~ 2 ' * * + a * 9 m whlch a n are con¬ 

stants, to an equivalent expression of the form 

(d \fd \ ( 


d 
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where m x> m 2 ,... m n are the roots of the equation 

m n + a x mT~ x + a 2 m n " 2 ... + a n = 0. 

2ndly, The order, in which the component operations 
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d 


d 


d 


dx 1 dx 2 dx n 


are written, is indifferent. 

d l 


u 


Ex. Thus — a?u — 0 may be reduced to either of the 
forms 

d \ / d \ / d 


(d ^ 

\dx + a J \dx 


°) u=o ’ a 

3rdly, The complex operation 

dr 

dx 


dec a )[di + a ) U = 0 - 

/ \ CviA/ J 


Jn Jn-X rJ n ~* 

“-__ -4 -J 




is itself, like the elementary operation > distributive; i.e. 
representing that complex operation by f ^ > we have 

/©(•+.)-/(£)«+/(i). .(■=»■ 

This conclusion may be verified, by substituting for f (jfy 

the expression for which it stands, and performing the 
operations. 


Inverse Forms. 

3. All that is said above relates to the performance of 
operations, definite in character, upon subjects supposed to be 
given. But an inverse problem Ls suggested, in which it is 
required to determine, not what will be the result of perform¬ 
ing a certain operation upon a given subject, but upon what 
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subject a certain operation must be performed in order to 
lead to a given result. Thus, in the equation 

/ d . \ 


4- a \u = v. 


(14), 


if u be given, the performance of the operation —b a deter- 

mines v ; but if v be given, then the inquiry arises, what is 
that unknown subject u, the performance of the operation 
d 

^ + a upon which will lead to the result v ? 

As any procedure for determining u from v is inverse to 
the procedure by which v is determined from u t analogy sug¬ 
gests the notation 

fd \~ x 


cl 


(15), 


/ d V 1 . 

\dx a ) representing the inverse procedure in question, 

but representing that procedure only in its inverse character, 
i.e. conveying no information as to how it is to be performed, 
but only telling us that it must be such, that if, having per¬ 
formed it on v, we perform on the result the operation + a 

\XjtAs 

to which it is inverse, we shall reproduce v. For, substituting 
in (14) the expression for u given in (15), we have 


+ a 


+ CL 


V = V. 


The inverse procedure is thus presented as one, the effect of 
which the direct operation simply annuls. This is its definition. 

Thus in Arithmetic, division is inverse to multiplication. 
What is meant by dividing a by h is the seeking of a third 
number c, which when multiplied by h will produce a. And 
the very procedure by which this is effected consists not in 
any new and distinct operation for determining the subject c, 
but in a series of guesses, suggested by our prior general 
knowledge of the results of multiplication, and tested by 
multiplication. 
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And generally, if n r represent any operation or series of 
Operations possible when their subject is given, and then 
termed direct , and if, in the equation 7 tu = v, the subject u be 
not given but only the result v > then we may write 

U — 7T~ l V. 


And the problem or inquiry contained in the inverse notation 
of the second member will be answered, when we have, by 
whatsoever process, so determined the function u as to satisfy 
the equation 7 tu = v or 7r7r x v — v. By the latter equation 
the inverse symbol 7 r -1 is defined. Thus it is the office ot 
the inverse symbol to propose a question, not to describe an 
operation. It is, in its primary meaning, interrogative, not 
directive. 


Suppose the given equation to be 

d n , d*" 1 


A 'dx”- 1 + V .( 1<3) - 

Then on the above principle of notation we should have 

.) v > 


u = 


dr , „ d "~' A 
?>•■» + A * dx n -' ■' ■ +A ' 


or, with not less propriety of expression, 

1 


u 


d 


d 


a —1 


■v, 


r a 4- A 


dx 


the last two equations differing in interpretation from (16), 
not at all as touching the relation between u and v, but only 
as more distinctly presenting u as the object of search. 

Of what avail then, it may be asked, is that analogy upon 
which the expression of the last two equations is founded? 

If a convention, it is at least a very natural one, that we 
should express an operation performed upon a subject, by 
attaching, in some way, the symbol denoting the. operation 
to the symbol denoting the subject. The order of writing, 
in that family of languages to which our own belongs, has 
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doubtless determined the mode of connexion actually adopted, 
and which is the same as if the symbol of operation were a 
symbol of quantity employed as a coefficient or multiplier. 
It comes to pass, moreover, that the formal laws of combina¬ 
tion in the direct cases investigated in Art. 2 prove to be the 

d 

same for the symbol as for a coefficient or multiplier. But 

J dx 

inverse symbols derive their meaning from the direct opera¬ 
tions to which they stand related: they are forms of inter¬ 
rogation, the answers to which are to be tested by the per¬ 
formance of the direct operations. Hence it may be inferred 
that the laws for the transformations of inverse expressions 

involving with constants will be the same as for the cor¬ 
responding forms of ordinary algebra. The analogy consists, 
not in the mere adoption of a common notation, but, as all 
true analogy does, in the similitude of relations. 

4. Solution of Linear Equations with constant Coefficients. 
If the equation -ajw = Xbe given, we have 


u = 


'A 

dx 


-1 


<* x. 


but, the known general solution of the given equation being 

u = e“ f-" x Xdx, 


we see that 


/ d_ 
\dx 


a) X = e ax e~ ax Xdx 


(U), 


an arbitrary constant being introduced by the integration in 
the second member. 


If X = 0, we have 

fd 




( 18 ). 


These results we shall have occasion to refer to. 
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Ex. Now suppose the given equation to ho 


du 


(a + b) y' + aim = A", 


d 2 u 

dx* 


we have, on separating the symbols. 


I dx 2 


(cl Hr Id) H - ^ ’ 


or, by Art. 2, 


td 

\dx 


d_ 

dix 


b 1 u = A" 


Hence 


(s- - i ) .-(£-)"• 

i ro£-“)" A ' 
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( 20 ). 


On comparing this with (19) we see that, in inverting a system 
composed of two operations performed in succession, the oi< < i 
of the operations themselves is inverted. 1 his is evident y 
true whatever may be the number of successive opeiatmns, 
the last to be performed being always the first to be inveitet . 

From (20) we might deduce the actual value of u by suc¬ 
cessive applications of (17). Such was the method once em¬ 
ployed. But it is better to proceed as follows. 


From (19) we have 


u = 


' d 

jIjc 


— a 


d 

,<lx 


X 


( 21 ). 


Now by the known theory of the decomposition of rat ional 
fractions 


{(m-d) (m — b)}~ x — A r t (m - a)~ x + (m - b)~ l ... (22), 

JST t , JV" 2 being functions of a and b, which may be determined 
in various ways, but most di recti // by multiplying both sides 
of the equation by (nt — a) (m — b), and equating coctlicienls. 
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Now the suggested transformation of the expression for v, 
given in (21) is 


{(*-) 




And, from the very definition of inverse forms, the proper test 
of the validity of this transformation is, that the performance of 

the direct operation — aj — b^j on the second member 

shall reduce it to X. 

Effecting this operation, and remembering in so doing that 

d d ^ 

— a and ^ — b are commutative, and that by definition 

(J [— a ) (Jfx ~ a ) -^ == -5T* the second member becomes 


*)*+*•& 


dX 


ajX, 


W + ^~ (bX, + aXJ X 


( 24 ), 


and this reduces to X if 


N. + N^Q, bX i + a X z 


,( 25 ). 


But these equations for the determination of and N 2 are 
the same, and necessarily the same, as we should have found 
by multiplying, as above indicated, (22), by (m — a) (m— b), 
and equating coefficients. The two series of operations only 

differ in that ^ occupies in the one the place which m occu¬ 
pies in the other. Determining N x , iV 2 , we see that u may 
be expressed in the form 


u = 


a —b I \dx 


) -i 

X- 


5 X 


( 26 ). 
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Hence, by (17), 



and as, on effecting the integrations, two arbitrary constants 
will be introduced, this is the most general value of u. 


5. In like manner if there he given the general linear 
differential equation with constant coefficients 

{S-* a -£»+ a -S'- +a -)'‘- x .<«>• 

and if we represent by a x , a 2 , ... a n the roots, supposed all dif¬ 
ferent, of the algebraic equation 

m n + A x m n ~ l + A 2 m n ~ 2 ... -f- A n = 0.(29), 

then the given equation may be expressed in the form 


’d 

dx a1 


d 

Ax 


whence 

d 




U 5= 






“I 


.., -h-iVi, 




-1" 


X*... (30), 


or 

O 


the decomposition in the second member formally resemblin 
that of the rational fraction. 

If the equation (29) have r roots equal to a, there will 
exist in the resolved expression for u a series of terms of the 
form 


{*« (as - a T +N *(£ ~ “ a T] 


X 


(31), 


* This theorem was first published in the Cambridge Mathematical Jour¬ 
nal (1st series, Vol. ii. p. 114), in a memoir written by the late D. F. Gregory, 
then Editor of the Journal, from notes furnished by the author of this work, 
whose name the memoir bears. The illustrations were supplied by Mr 
Gregory. In mentioning these circumstances the author recalls to memory 
a brief but valued friendship. [See a note on page 108 of Boole-’s Finite 
Differences, I860.] 
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or, which is preferable, a single term of the form 

(^ 4 * 4 -* *£) d - •)'■*■.<“>• 

A, B,... H being determinate constants. 

Now since, by (17), — aj X= e aas je"** Xdx; 


therefore 




16"“* Xdx 


*) £ ‘i e 

= e°* j e-** (e ax je^ Xdx) dx 


e— Xdx*. 


Proceeding thus, we have 


(± 

\dx 


a) X = e“|...e-“ Xdx r .(33). 

Bx. i. Giveng + 4g + 3^|-4g-4y = X. 


This equation gives, on decomposing the complex operation 
performed on y , 

a 


{i + V (jh +1 


) (dx *) y X '’ 


therefore 
Now 


y 


u 


+ 2 



d 


+ 1 


dx 

4m+ll 


a_ 

dx 


- 1 


X. 


(m+2) 2 (m+l)(?7i—l) 9(m+2) 2 2(m+l) 18(m—1)‘ 

Therefore 

N ' 2 1 fd N_1 


'-K 

-K 


4-^-+ 11 

ax 


d_ 

Ax 


* Je* JTcfo: + ^£” A”* Xdx. 




■//• 
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Ex. 2. Given ^ ^ + n 2 u = X. 




Here 


/<? , 2 

M= U? +n 


f x 


Now («? + ti*)~ 1 = ^ [{«*—nV(—I)} -1 — [«+»V(-1)}" 1 ]- 

^(-i)}‘jr-{^w(-i)pr] 


Hence w = 


2 7iV(- 1) 

1 


_d 

|<&C 


2n^{— 1) 

But e "*‘^ J6~ nx ^‘~ 1) Xcta 


| 6 «*V(-d je^^Xdx - e^^Je^^Xdxj. 


sa [cos 72 £c 4- \/ (— 1) sin ?i;c} -jj*<cos na? Xdx — V(— 1) J >sin wa; Xc?a;|* 
€ -nr^(— 1 )J e nx ^-V Xdx 

= {cos wa; - V(“ 1) sin »*} | f cos nxXdx +V(“ 1) j"sin fix Xcfoj, 

whence, on substitution and reduction, 

w = — jsin wa? J cos wa; Xc&c — cos was Ji sin nx Xdfoj-. 

6. When the second member X is a rational and integral 
function of x, the final integration may be avoided. For, 

representing the given equation in the form y* j u = A 4- 0> 

we have 


“= M <£)} JC+ { / (: 


sF a 


,(34). 


A particular value of the first term will be obtained by de¬ 
veloping {/in ascending powers (so to speak) of 

and then performing the differentiations on X, while the 
general value of the second term will introduce the requisite 
number of arbitrary constants. 
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y?^/l y 

Ex. Given -t-* 4 rfu = 1 4 x 4 x\ 
ax 4 


Here w — 


<2 3 


+ « 


\daf 
(n~ 2 — 71“ 4 


^ (1 4 x 4 a? 2 ) 4 ^~a d" 0 


+ a? + a;' 
_ 9 d* 

da? 


4 ^- 4 — &c.) (1 4 a? 4 sc 2 ) 


4 G x cos nx 4 <7 2 sin rase 

= rcr 2 (1 4 sc 4 a? 2 ) — Zn~ 4 4 C x cos nsc 4 <7 2 sin nx. 


The validity of the transformation of the inverse form 

( V 1 

l do? 4 n *) ^y development, as of its other transformation by 
decomposition, is tested by performing on the result the direct 
operation 4 n*. We take occasion to notice that different 


transformations, while equally valid, do not of necessity con¬ 
duct us to solutions equally general, nor have we any right to 
expect that they should. Each solution is an answer to the 
question contained in the given inverse form, but that question 
may admit of different answers, and no solution is general 
which does not include them all. 


The final integrations may also be avoided when X consists 
of a series of exponentials of the form e mx with coefficients 
which are either constants, or rational and integral functions 
of x. 


Since 



= m n e m “ we have, for all interpretable forms 



the relation 



€ mx =/(m)e m * 


(35), 


the second member expressing the complete, because the only, 
value of the first member when is rational and integral. 
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but a particular value of the first member when f * s 

inverse, the test being as before. 

Hence, if the given equation be / u = SA m e”“, we have 


u 


_ (,(d _\\-\ 


'2A m e™ + 


MS’ 


-1 


0 


= 2U W {/(m)}-V + |/(S} *°.< 36 )’ 

the second term introducing the requisite number of arbitrary 
constants. 

Again, if, in any expression of the form f € we 
~ into where 

dx dm dx’ dx 


convert into , where ^ operates on a; only as 

contained in e mx } and — operates on x only as contained in A, 
we have 


s(Qs-x-s{i + ty x 

=/(m+J,)e”“X,hy (35) 

Hence, dropping the suffix which is no longer necessary, 
since X alone follows the operative symbol, we have 


f(J£) e m ‘X= e m ’f + m) X. 


(37). 


When therefore A is a rational and integral function of x, a 
particular value of the first member may be found from the 
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second, by developing tbe functional symbol and effecting the 
differentiations. And that particular value may be made 
general, as in the following example. 

Ex. Given — 3 +2u = xe mso . 

ax ax 

H «~ — {(a - J ) (a- 2 )}"'”"* Kst- 1 ) (a - 2 )}"' 0 

— € mx f_1_ nj .__i. &c.} x 

{(m — 1) (m — 2)} 2 dsc J 

+ C t €* + < 7 /* 

_ gg _ (2m-3)e- gx 

~ (m - 1) (m - 2) {(m - 1) (m - 2)} 2 + 1 2 ’ 


Again, the theorem (37) relieves us from any difficulty arising 
from cases of failure referred to in Chap. ix. Art. 9. 

Ex. Given — aj u = e ax . 

Here “ •= (a - a )" e “=(a) ” 1 by 


.as 


• • • + c ,/- 1 + xt 2777 ^ J • 


When the second member X involves terms of the form 
Acosmx, Bsinmx, &c., we may either substitute for them 
their exponential values, or we may employ directly the easily 
demonstrated theorem 




sm 

mx. 

cos 
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WITH CONSTANT COEFFICIENTS. 

d*u 


tm 


Ex. Given 4- n s u = Xci m cos (mx 4- b ). 


Here u = + n ^j cos ( mx + &) + Q^a + ^ 

,a &>? ”. & gg.+- 6) + a, COS ,«* + P„ sin MiT. 

/Vl ** _ /VY% " * 


n — m 


In this example, however, the failing ease which represents 
itself when m — n , is most simply, though not most satis¬ 
factorily, treated by the methods of Chap. ix. Art. 11. 

The reduction of an integral of the n th order by tin* fort*- 
going theory is not devoid of elegance. 

We have 

fj... Xdx n = (J^ ” X. 

Now let x = e e , then 


dX _ e dX 
dx 6 d& ’ 

d\X _ 0 d _ 6 dX 
dx “ 6 d0 e d9 

Proceeding thus, we have 







cl n 

dx n 


X= €~ n6 



n 4- 1 






and therefore the operation denoted by 
pound operation denoted by 


'd' 

x/,v, 


, and tin* mm 


.-nO 


cl 


de 


x — n 4- 1 


d 

dd 


n 4 


dO ' 


are absolutely equivalent. Hence inverting both, and ob¬ 
serving that the inversion of the latter involves the inversion 
of the order of its component symbols, we have 
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\dx , 




X: 


d . J\ / d 


M 


71 ~}” 1 


)(: 


dd 


7i -f- 2 




d to +1 ) *— (n — 1) ( 


1.2... (re-1) (\d0 

(n— 1) (n— 2) / e? 


^ _re+2 ) 


+ 


1.2 


{fe- n + s 




e« e X 


= r g.-.-.V-D 

= 1.2 V-l) I®”* 1 - (»- !) ^ f Xxdx 


+ ~ —y-^—^ x n - 3 jXx*dx ...± JXx n ~Wx [•, 

the result in question. 

From (38) we have the theorem 

*" far = de {w ~ *) "• {dd~ n * x ).( 39 )> 

which is important in the transformation of differential 
equations. 


Forms purely symbolical. 

7. In any system in which thought is expressed by sym¬ 
bols, the laws of combination of the symbols are determined 
from the study of the corresponding operations in thought. 
But it may be that the latter are subject to conditions of 
possibility as well as to laws when possible. And thus it may 
be that two systems of symbols, differing in interpretation, 
may agree as to their formal laws whenever they both express 
operations possible in thought, while at the same time there 
may exist combinations w'hich really represent thought in the 

other. For instance, there exist forms 
of the functional symbol/, for which we can attach a meaning 
to the expression / (m), but cannot directly attach a meaning 
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to the symbol /Q”) • And the question arises: Does this 
difference restrict our freedom in the use of that principle 
which permits us to treat expressions of the form 

~ were a symbol of quantity? For instance, we can attach 

no direct meaning to the expression € ***/(»), but if we de- 
velope the exponential as if were quantitative, we have 


.‘*/(*) — ( 1 + 4 :,. + 




=/ (a; + /i) by Taylor’s theorem. 


Are we then permitted, on the above principle, to make use 
of symbolic language; always supposing that we can, by the 
continued application of the same principle, obtain a final 
result of interpretable form? 


Now all special instances point-to the conclusion that this 
is permissible, and seem to indicate, as a general principle, that 
the mere processes of symbolical reasoning are independent ot 
the conditions of their interpretation. In the few instances 
we may have occasion to employ, verification will be easy. 
We take occasion to notice that, whatever view may be taken 
of this principle, whether it be contemplated as belonging to 
the realm of a 'priori truth, or whether it be regarded as a 
generalization from experience, it would be an error to regard 
it as in any peculiar sense a mathematical principle. It 
claims a place among the general relations of thought and 
Language. 

On the principle above stated we should have 


,i , a 

h , + 

Ux 


e ^^f{x,y) = e 


. d v £ 
Ux J dy 

c 


/ (*> y) 


=f(x + h,y + k). 
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d! <2 * 

dx ay r»rk *» 


And here, the expression e ax dy , which is without meaning 
in. itself, is to be regarded simply as the representative of the 
expression 

1 + h dx +k dy + Tl,^ l Tx + k T^ + l^&{ h d^ +k d^) +&C -’ 

which has meaning. And the proper test of the validity of 
the symbolic equation 

d, & _ d . riE 

Ti— Tc~ 

€ dx dy _ g dx e dy 

consists in substituting for each exponential form the series 
it represents, and comparing the finally developed results, 
just as we should, by developing the exponentials, verify the 
algebraic equation, 

hm+7cn Jittl Jen 

€ — € € * 

d d 

It must be noted that -j~ and -=- are commutative, and 

dx dy 

combine, in all respects, like symbols of quantity. We are 

*+- - d 

not permitted to write e dx = e x e dx , because x and ^ are not 
commutative. 

8 . The above principle is illustrated in the solution of 
the following partial differential equations. 


Ex. Given 


a* = </>(*, y). 


( d 2 2 C? 2 \ 1 , , s 

Here “ = u? - ° dtf) 

= ( 2a |/) l {d~ a £) * 


( 2a 4) {{i~ a £) ~{jx + a dy) 

( 2a dy) °* dv $ ^ 4> (x, y) 

\( x > y + ax) - 4 > 2 (a!, y — ax) | dy, 


<p (x, y)dx■ 



aht. 8 .] forms purely symboi.k-.u.. 

the forms of O, and 4’ 2 being given by the <'.pi.it ’ 

*, (*. y) - J* ( s x,y-"*)' } -* + + M’ 

<b 2 (*, y) =J<f> (*> V + ar ) ,h ' + x '• v; * 

* (,) and X (y) being arbitrary functions of 
If <f> (x, y) = 0, we hence find 


•{.til 


u — 



y + «.<•)- x(y, ' / .V. 


2 a J } r ~~ '> 

or, if we represent <hjV (y) ,7 .'/ b >' an,t 2n j x 


by Xi (y)< 


tt = fa (y + cw) + X'. 0/ “ 


* < * s 


As ifr and x are arbitrary, and X. : “'c <->• T1 “ s ! '~ r 

with the result on p. 370. 

cl?it d i ti , <7‘h. ,v 

Ex. Given ^ ^ = “• 

We may put this in the form + "" ‘ °> " liere <» stands 

for-^+ fi,and integrate with respect to ir, as if o wiv a 

constant quantity. Remembering tlia1 1 wo a r]>l * r :‘ p 
stants of the complete integral must then he replace*! »\ w 
arbitrary functions of y, z, we get t he symbola-a s<> u am 


, , d? d? 
U = C 0 S \ X {W + 'dz* 


( f <P <i \ / , r 
<l> (y> ~) -i- Kin 1 o..v) t '//• >• 


</ ,J Y I , 

</.; v j J * 


Developing the cosine ami the sine, ami replacing 


'd? < 1 * Y 4 r / „\ 

/ s+ i,«) ^ (//’ ") 

g/y (/. 1 


by a new arbitrary function % (//, -)> %v< ‘ ha vt* 
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£C 2 

it = <£ (y, 2) - 



s * & *> 

_ 3:4 I 

1 . 2 . 3 . 4 \df ^ 


£?*<»*- 


&c. 


. . cc a / d* d?\ , » 

+ »x (y. *) -17273 ( 35 * + a?J X (y. *) 


W 
*+ 


ar 


<P . cP\ 


+ 


1.2.3.4.5W3/ 1 d« ! 


»J % (y» *) 


&c. 


Under this form, the solution is presented by Lagrange in the 
Mecanique Analytique, Tom. 11 . p. 320. 


Generalization of the foregoing theory, 

9. All equations, whatsoever their nature or subject, 
which are expressible in the form 

(tt w + Agr*" 1 + A 2 7r n ~ 2 ... + AJ u~X. .(1), 

where 7 r is an operative symbol subject to the laws 

n-au = aim, nr (u + v) = nru + 7 rv } nr m ir n u = nr m+n u, 

a being a constant and u and v functions of cc, admit of trans¬ 
formations analogous to those of Art. 5. 

Tinas, since u = Qir" + A l tt* -1 + J. 2 7 r n ~ 2 ... +al n ) _1 X, 

we shall have, when the roots a t , cr 2 ,...a„ of the auxiliary 
equation 

m n + Agri n ~ x -f A 2 m n ~ a ...+A b = 0 

are real and unequal, the transformation 

u — A x [nr — a a ) 1 X 4- A 7 ( 7 r — oj -1 X... 4-X n (w—<x n ) _1 X... (2), 

the coefficients X,, A 7 2 ,... N n being determined as in Art. 5. 

The legitimacy of this transformation is proved by operatin 
on both sides of (2) with 7 v n + Agr 71 " 1 ... + A n , and shewin 


ciqcrQ 
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ART. 9.] 

that (1) is reproduced with the same conditions for deter¬ 
mining JS r 1 ,JS r 2 , ...M n as if 7 t were a symbol of quantity. But 
the question of its completeness, of its conducting, through the 
performance of the inverse operations ( 7 r — &c., to the 

most general solution of (1), is one that we are not called upon 
to determine a priori. In all the cases we shall have to con¬ 
sider, its completeness will be obvious. 

tin 

Ex. The equation — (2x + 1) ^ -h (x* + x — 1) u = 0 

is reducible to the form ir (gr — 1) u = 0 where 7 r = ~ — x. 
Hence 

u = (gr — l) -1 0 — 7 T _1 0. 

Let (7r — l)" 1 0 = y, then, since (tt — 1) y = 0, we have 


^-<® + l)y = 0, 2/ = c l6 


(ar+1) 3 
. 2 


In like manner, if tt x 0 = z, we find 

dz n t 

di~ xz=0 > s=c * e ■ 


(^+D 2 

Therefore u~c x e 2 — c 2 e 2 


A very interesting application of the same theory to the 
solution of partial differential equations is afforded by what 
Mr Carmichael has termed the index symbol of homogeneous 
functions. Cambridge and Dublin Math. Journal, Vol, vi. 
p. 277, 

Since, if u a represent a homogeneous function of the a th 
degree of the variables x x , x & ,...x n , we have 


du a du a du n 

+ ^ Ac, + *• dx n ~ aU “ 


( 3 ), 


it follows that, if we represent the symbol x t ... +x n -j— 

by 7 r, we shall have 

7ru a = au a , 7 r\ = a\, &c. 
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and therefore, in accordance with the reasoning of Arts. 3 
and 4, 

/ <» «. —f (a) u a .(- 4 ), 


an equation of winch the second member expresses the com- 
plete, because the only, value of the first member when/* ( 77 -) 
is rational and integral, but a particular value when the first 
member contains inverse factors. 

Hence, if we have any equation f (ir) u — X , where/(w) is 
of the form r rr n + A^nr n ~ x 4- A f pr n ~ 2 ... 4- A n , and -A is a series of 
homogeneous functions of the variables, suppose 

X=X a + X 4 +...&c., 

we get 

“-{/00P-* +{/wro 

- t/wr +{/wrx....+{/( tt)}-o 

= if («)P + {/ 0>)}- x X b ••• + {/MPO, by (xl). 

To find the value of the last term, we proceed, as in Art 5, 
to reduce it to a series of terms of the form A* (tt — a)-*0, 
i being the number of roots equal to a of the equation/ (m) =0. 
Now it may, by an induction founded on successive applica¬ 
tions of Lagrange’s method for the solution of linear partial 
differential equations of the first order, be shewn that 

(t r “ aP 0 — u a (log ccj- 1 4 v a (log... H- 

u a> Va) . w a being arbitrary homogeneous functions of 

x i> x 2 > .°f the a th degree. 

To this result we may give the symmetrical form 

(tt - a )~ l 0 = u a U~ x + vjl™ ...+w a) 

L, RI, &c. being logarithms of any homogeneous functions 
which are not of the degree 0. 

It remains to shew how it may be ascertained whether a 

proposed partial differential equation can be reduced to the 
iorm / (tt) u = X. 
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Let us resolve each symbol -, entering into tt, into two, 
d' d * 

and let -j- represent as operating on oc i only as entering 
* d* f Z 

into u, and only as entering into tt. Also let 


d! 61 d" d" 

cc 1 j -h oc 2 ~j — ... 4- &c. — tt' ? and x t ~r—b x 3 -j -h &c. = t r". 

It is easily seen then that tc-tt-V 7r". "We have therefore 

7TU — (yr — 7 T J ) U = 7TU ; 


therefore 


'2 f f/\ 

7T ^ = QtT — 7T J 7Tlt 


(C). 


Hut as 7 r", in (C7), operates on the variables only as entering 
into 7 r, which is a homogeneous function of those variables of 
the first degree, we may replace it by unity. "We have there¬ 
fore 7 r ,2 u— (tt — 1 ) 7 ru. In the same way it may be shewn 
that 7 v r u —(rr — r + I) (tt — r +• 2) ... nru. And thus it is seen 
that any partial differential equation which is expressible in 

the form f( tt) u= X y on the hypothesis that , &c. 

operate on the variables only as entering into u, is reducible 
to the form cj> (w) u — X } independently of such restriction. 
This reduction having been effected, the solution can be found 
by means of (A) and (2?), whenever the second member con¬ 
sists of one or more homogeneous functions of x x> x 2 , ... se n . 


d?w „ dht o dlu ( dw . da 


•n n u* w ^ v v uw i 

E S . 


/ dw . au\ , 

r ’Td^ + ydy) +nU 

— x 2 4 - 2 / 2 ■+ X s 


Here we have ( 7 r' 2 — n 7 r' + n) u = x 2 4 - y 2 + a ; 3 


Therefore (7r (w — 1) — 9i7r + 91 } = as 2 4* y* 4- x 3 , 


(7T — 9?) (V — 1) U = £93 2 +■ 9/ 2 4* X 3 , 
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whence 

u = {(tt - n) (tt — l)} -1 {a?+ y*+ « 3 } + {(n- -n) (tt - 1)} _I 0 

a? 2 4- V 2 . . 

= (2 —w)(2—1) + (3 — ra) (3 — 1) + 

% n , denoting arbitrary homogeneous functions of the degree 
n and 1 respectively. 


10. We may, by simple transformations, reduce to the 
above case various other classes of equations differing from 
the above only as to the form of tt ; e. g. the class in which 

7 r = a,*, ^ ■■■ + a A 5 tut, passing over such 

special forms, we shall consider the general equation jf( 7 r) w=X, 
where 


w = X.S + 

1 dx, 2 dx a 


4 X 


A 

dx n 1 


and each of the coefficients X 1 , X 2% ... X n , as well as X> may 
be any function whatever of the independent variables. And 
we design to shew, first, how it may be determined whether a 
given equation admits of reduction to the more general form 
above proposed; secondly, how, then, to integrate it. 


Suppose the given equation of the n th order; then the 
symbolical form in question, should the proposed reduction be 
possible, will be 

(7r tt 4- A-iTt*" 1 4- A 2 7r n ~ 2 ... + A n ) u = X. .(4). 

Now the highest differential coefficients in the given equation 
will arise solely from the symbol 7 r", and the terms in which 
they occur will enable us to determine the form of 7 r. Thus, 
for two variables, we have 


( 


ax ay) 


2 


u 


ax axay 


+iV 2 


tPu 

dtf 


+ 


\ dx dy J dx \ dx dy) cLy 
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d?u d?u 


d?u 


are the same 


M' dxdy 9 dy* 
as they would he, if, in the first member, ^ were sym¬ 
bols of quantity. And this law is general for the highest 
differential coefficients. 


Again, the form of tt being, determined, the values of 
A xy ... will, whenever the proposed reduction is possible, 
be found by effecting the operations implied in the first 
member of (4), and comparing with the first member of the 
equation given. 

Suppose the equation reduced to the form (4). Then, if 
the auxiliary equation 

m n + A x m n ~ x + ... + A n = 0.(5) 

have its roots all unequal, we have a series of terms of the 
form (tt — a)~ l X; and each such term involves the solution of 
a partial differential equation of the first order of the form 


X 


du 


1 dx 1 


+ X 0 


du 

dx a 


...+X.$^-au=X. 


n dx, 


7t 


But, if the auxiliary equation (5) have equal roots, partial 
differential equations of higher orders will present themselves. 
We deem it therefore important to shew how this difficulty 
may be avoided, or, to speak more precisely, how its solution 
may be made to flow from that of the corresponding case of 
linear differential equations with constant coefficients. 


Introduce a new system of independent variables y xi y 2 , • 
so conditioned as to give 7 r = * To prove that such a sys¬ 

tem exists, aud to discover it, let us assume y^y^ y2/ n > 
succession, as subjects of the above symbolical equation, and 
examine whether the results are consistent. And first, assum¬ 
ing y x as subject, we have 

v j_ v ^y_i 




( 6 ). 
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Secondly, assuming y i} representative of any of the remain¬ 
ing variables y 2 ,y a ,...y w , as subject, we have the equation 

T ^ 4 . T 4 . Y ^ — ft CD 

^dx x + ^dx 2 . + dx n *~ 0 . ( ''> 

It follows from the above that, if we integrate the auxiliary 
system 

dx x _ dx * _ / Q x 

K . (8}y 

the values of y 2> y 3) ... y n will be the first members of the 
integrals of that system expressed in the form 

y 2 y$ ~ * *• y« = ....(9). 

And it follows from (6) that if, from the system 

dx x dx 2 dx n 7 , v 

- ~dy x .(10), 

1 2 

differing from (8) only in that it contains one additional mem¬ 
ber dy x y we deduce an additional integral equation connecting 
y x with the original variables x x , x 2 , ... x n , that equation will 
give the value of y x . We see that the number of distinct 
auxiliary equations is precisely equal to the number of quan¬ 
tities to be determined, so that the scheme is a consistent one. 

The solution of the problem is therefore virtually dependent 
on the partial differential equation (6), from the auxiliary 
system.of which, (10), it suffices to deduce n integrals, one 
expressing y x in terms of x x , x 2 ,... x n , the others determining 
2/*> as functions of at lf x 2 ,...x u , in the forms (9). To 
the arbitrary constant m the value of y x we may give any 
value we please. J J 

sumeftJe form 1 " 6 " the 6< l Uation S iven as " 

f (ciy) u ~ 4* (y i> y 2 > • y„), 

which must be integrated as if u and y were the onlv varia- 

th:Vace a of l * ralT v + n0ti011 ° f ^> -£ b«ng introZced fn 

to « p v f „ th a „ r ; b T y C0ns * ant Finall y. we must restore 
their values m terms of x.. x ... x . 

* 7 2^ It* 
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Ex. Given (1 ~ g + 2 (1 - *0 (1 - «y) ^ 


+ a-x2/Yj£-2*a-x*) du 


dy‘ 


dx 


(x +y - 2xY) ^~ + n 2 u = 0 . 


Here, the form of the first three terms shews that we must 

d d 

have 7 r = (1 — a 2 ) ^ 4 - (1 — xy) , and the equation assumes 
the form 

(V 2 4 - w 2 ) u = 0. 

To avoid the difficulty arising from the imaginary factors 
of 7 r 2 4 - w*, let us assume two new variables, x and y, such 

d 

that we may have 7 r = . Then by (10) 


dx 


dy 


1 — x 2 1 — xy 


dx'. 


corresponding to which we have the integral systems 

-^- 0 , *'-.og v /(^) + «- 

Hence, if we assume 

f t / f 1 4 xi\ / y — 

^ = lo s y (rr^J • y-^r-^ 

we get the transformed equation 

f \ 

V 2 4* W 2 J — 0 ; 


3\ » 


/ dF* 

W 


therefore w = cos ( 3 /) 4- sin nx (y)> 
or, restoring to x' and y their values, 

*=° os \ n i °" * vfr-^) 

nn {n log J (J44)} * vfl -% • 


4 - sm 
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EXERCISES. 


i i d y 

do? “do?^dx 




2 . ^“-5^ + 6* = *”“. 

ax ax 

3. Determine the solution of the above equation when 
m =» 2. 

4. jg_ 9 *f + 2 0w-«V. 


5. 


ePu . „ eZw. 


+ 3 t- + 2m = cos mrr. 


^ ' dx 


d 


a ) u — cos mx. 


6. Solve the equation 
In the above example it will be most convenient to proceed thus \ 


O' 


f d /d 

a=l^-aj cos 0 


(£*•)' 


( 


} f ,? \ -n 

cos mx + e a:c (3- J 0 


i* sY 

&~ a ) 

(_ wt s_ a ‘2)n mas + e«*(c x +c & x...+ c n x n ~'). 


7. 


S. 


Solve the equation — a)j 


a\ u — e x cos mx. 


x 


9. 


s?u 

dx 2 

,d?u 


^ , ,d 2 w ( du du 

+ y dxdy + y dy* n Vd^ + y dry 


4- 2xy 


d 2 u 


dx 2 ~ r dxdy ^ dy 


dy 8 


( £ 


dx 

(®* + 2 /T- 


= O. 
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CHAPTER XVII. 


SYMBOLICAL METHODS, CONTINUED. 


1. The classes of equations considered in the last chapter 
might all be gathered up into the one larger class rejnro- 
sented by 

/<*■)«=x, 

7r being a symbol combining with constant quantities as if 
it were itself a symbol of quantity. But linear differential 
equations do not, except under particular conditions, admit 
of expression in this form. Those which are of the ordinary 
species involve in their general expression two symbols, cc and 

operating in combination on the sought and dependent 

variable y ; and no substituted form of such equations is 
general which introduces fewer than two symbols in the place 

of x and ^ . We propose in this chapter to employ a trans¬ 
formation which is general, and which is adapted in a very 
remarkable degree to the development of general methods of 
solution. A somewhat fuller account of it will be found in 
a memoir on a General Method in Analysis (.Philosophical 
Transactions for 1844, Part II.). Other principles and. other 
methods will also be noticed. 

The following theorems, demonstrated in Chap, xvl, will 
frequently recur. 

cL 

If a: = e°, and if be represented by D, then 


as 


d"u 

dx" 


Z>(-D-l) ... {D-n + X)u 


( 1 ). 


d 

while the relations connecting and e® become 
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f(D) e m6 = f(m) e md .( 2 ), 

f (JD) e m9 u — e m9 f(D + on) u .( 3 ). 


The latter of these relations enables us to transfer the ex¬ 
ponential € m * from one side of the expression f(JD) to the other, 
by changing D into D + m, according as the transference is 
from right to left or from left to right. Thus, as another form 
of (3), we should have 

e md f(D) u —f{J) — 772 ) e m9 u .( 4 ). 

It is an immediate consequence of the above theorem that 
every linear differential equation which can be expressed in 
the form, 

rJ n n s7 n ~ l o> 

(a+bx+cx\..)~^+(a'+Vx+c'x\. .)^ + &c. = X...(5), 

can be reduced to the symbolical form, 

fo (£) ^ +/x iP) A +/ 2 (D) e™u + &c. = T.( 6 ), 

where T is a function of 9. 

For multiplying the given equation by x n , and assuming 
x — e e , the first term of the left-hand member becomes, by ( 1 ), 

(a + be 9 + ce 20 + &c.) I) (Z> - 1 ) ...(Z)- 7 i+l)w, 

and this is reducible, by (4), to the form 

aD (D — 1) ... (Z? — n -I- 1) u 4- b (D — 1 ) (Z) — 2 ) ... (D — n) e 9 u 
+ c(Z>-2) (D — 3) ... (Z) —7i — l) e 2e u + &c., 

each term of which is of the general form <f> (Z)) e i9 u. The 
other terms of the first member of (5) admitting of a similar 
reduction, while the second member becomes a function of 9 , 
the equation itself assumes the symbolical form ( 6 ). 

Ex. 1 . Given 2 — ri*u = 0 . 

Multiplying by x*, and transforming as above, we get 

D(D- 1 ) u - n 2 e 26 u = 0 . 
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du 

dai* ' "'"'(to 


flu'll (J1 / 

Ex. 2. Given (1 + acc 2 ) ^ + ax ~ ± n\i = cf> (V). 


Multiplying by o? 3 we have, by (1), 

(1 4- ae 29 ) D {D — 1) u + ae 29 1 Du + n 2 e 29 u — e 29 <j> (e 0 ). 
But 


e 29 D(D—l)u— (D — 2) (D — 3) e 2 ®w ; and e 29 JDu = (Z> - 2)e 2 *«, 

whence, substituting, and collecting together terms like with 
respect to the exponentials, we have 

D (Z> — 1) u + {a (Z> — 2) 2 + w 2 } e 2 * ^ = e 20 <£ (e*) 

as the symbolical form. 


To return from the symbolical to the ordinary form of a 
differential equation, we must, by (3), transfer the exponentials 
to the left of each symbolic function f(D), convert the latter 
into a series of factorials of the form D (D — 1) ... (D — n + 1), 
and then apply the transformation (1). 

Ex. 3. Given D (D — 1) u + D (D +1) e e u = 0. 

We have in succession, 


D {D- 1) u + e 9 (£> + 1) (D + 2) u = 0, 

D (D - 1) u + {D (£> - 1) + 4Z> + 2} u = 0, 


2 d?u z d\i . du n . 

x " n + x ( x -fat + -jz + 2<u ) 


da? 


dx 


0 . 


Therefore, dividing by x 3 

(a, + a,) ^ + 4a: ^ + 2 “ = 0 - 

A symbolical equation which has only two terms in its first 
member may be^ termed a binomial equation; one which has 
three terms a trinomial equation, and so on. We may deter- 

Y‘ ^ ns P ec-fc i 01 t which of these classes an ordinary 
i eren la equation is reducible. Eor multiplying it by such 
a power of x as to jiermit its expression in the form 



ART. 2.] 


415 


SYMBOLICAL METHODS, CONTINUED. 


Ax n 


d n y 


doc 


7 t Hh JBx 


n-l _ y 


dx n ‘ 


i 4- &c. = 



where A, B, &c. are algebraic polynomials with respect to x , 
the number of distinct powers of x involved in those polyno- 
mials will determine the number of terms in the reduced 
symbolical equation. 


Ex. 4. Thus the equation 

(a+5iB) ap + (° + ex ^ Tx +=o, 

being expressed in the form 

(a + lx) x *^ + (ox + ex 1 ) x^ + ( S x s ) u, 

it is seen that its symbolical form will be trinomial, since 

the terms within the brackets involve x in the degrees 0 
1, and 2. G * 

[See the Supplementary Volume, Chapter xxx. Art. 1.] 


Finite solution of differential equations expressed in 

the symbolical form. 

2. If we affect both sides of the symbolical equation (6) 

thea for foWYiW write 4>fl)) &c. and for 
LfoWr? write U, we shall have 


u + $ x (D) e 9 u + cf> u (D) e 2d u ... + <f> n (D) e nd u = U. .(7) ; 

and^ under this form the equation will be discussed in the fol¬ 
lowing section. 


Prop. I. The equation 
u + a i (f> (J9) e e u 4- aff (D) <f> (_Z) — 1) e 29 u ... 

+ a n <j>(D)<f>(D- l)..,<£(Z>-«4 1 )e nd u= Z7...(8) 
may be resolved into a system of equations of the form 

u — qcf> ( D) e e u = U, 
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the values of q being determined by the equation 

q n -f- a t <f 1 + a vQ n 2 • • • Hh a n = 0. 

For 

<f> (D) <f> (Z> -1) e 20 w = <f> ( D) e° (D) €*w = (0 (Z>) 
and in general 

(D) <f> (D - 1) ... $ (D - n + 1) e n9 u = {<£ (D) €*} n w. 

So that, if we represent the symbol <f> (2>) e 0 by p, the equation 
in question becomes 

(1 + a x p + ct 2 p 2 * ■. + a n p n ') u — IT, 

therefore u = (1 + cqp + a 2 p 2 ... + a n p n )~ l U 

= pr, (1 - ffxP)' 1 + N, (1 - sJT - + KO- v.pT'} U 

provided that q x , q 2 --.q n are roots of the equation 

2 ” + “ i ?”" 1 + “ 2 ? n_2 ••• +«„ = «. 

and that N lt A T 2 ... N n are of the forms 

JV 7 " =__ 

1 (?! “ 2 2 ) (?! - &) * • * (tf 1 “ qn) 


jsr __SkU_ 

(2* “ 2l) (2n “ 2 J — (?« - 2«-l) ‘ 

Let (1 — q x p)~ x U— u x , (1 — y 2 p)~ x TJ = u 2 , and so on, then 

u — JSF x u x + 2T 2 u 2 ... + TT n u n , 

where, in general, is given by the solution of the equation 

«i-2i* (D)e\=U .(9). 

The solution of the general equation (8) is therefore dependent 
on that of the binomial equation (9). 

When cf> (D) is of the form ZT 1 the equation (8) corresponds 
to the ordinary linear differential equation with constant co¬ 
efficients. 






ART. 2.] EQUATIONS IN THE SYMBOLICAL FORM. 


417 


Thus the equation u — —-pj e 20 w = 0, which may be 

integrated by the above process, is only the symbolical form 

d?u 

of the equation ^ — q*u — 0 (see Ex. 1); and its solution, 
expressed in terms of x, is 

u = Ce qx + C'e qx . 


In like manner the equation u + 


D(D~1) 


e 2d u — 0 has for 


its solution, expressed in terms of x , 

C cos qx + C' sin qx. 

But, when <f> (D) is not of the form JD” 1 , the equation (8) 
will represent an ordinary equation with variable coefficients. 

Ex. 5. Given 

(ix 2 — 3x 3 4- 2x 4 ) ^2 + (4cc — 6x 2 ) ~ 4- (2 + 6x) u — ax n . 

The sjunbolical form of this equation is 

(D 4- 1) (Z> + 2) u - 3 (D +1) (D - 2) e°u 

4- 2 (Z> - 2) (Z> - 3) = ae**, 

whence 

~n9 


D - 2 A. ^ o ( J-2)(J -3) J.,, _ 


ae' 


-»a — 3 - - 4- y - ..— -' e Ma u 

J9 + 2 + (Z>+2)(i>+l) 6 “ (n 4- 2) (w -+• 1) 5 


or, putting 


ae 




Hence w 


J >-2 a 

D + 2 6 P ’ (n + 2) (ra + 1) 
(1 - 3p + 2 p 1 ) u=T. 

1 m / 2 1 


-r. 


Hr 


Z 7 


1 — 3p 4-2p 2 ^ Vl — 2p 1 — p t 

= 2 u x —u 2 .(a), 

Wl = (l-2 P rr, «,»(l-pr2’ 


where 
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ae 


(n 4- 2) (n 4- 1} 


From the former we have 
(l- 2 p)u l = T, or u, - 2 = 

whence (D + 2)« 1 -2(i) - 2) — , 

?2 -f 1 

and this gives ( x — 2x 2 ) 4- (2 -f* 2a?) = ax 


n9 


ae 


n$ 


dx 

In like manner we find, for w 2 , 

/ 2 \ \ fl/3) 

(* “ x ) -fa. + ( 2 + *) m, = 


4 ~ 1 


w 4- 1 




( C ). 


The values of u x and u 2 , determined from (b) and (c), and 
substituted in (a), will give the complete solution. 

Tr a £ i G. (1 - 2a?) 3 + ( 7 , (1 - ^) s 

If a — 0 , we find w = —^^- L 


x* 


# 3* We proceed to consider more fully the theory of the 
binomial equation 

u <p (D) e r6 u — U .(10). 

Prop. II. The equation u + <$> (D ) e r9 u — TJ will be converted 
into v + <f> (I) 4 - n) e r9 v — V~ } by the relations 

u = € n 9 V, TJ = e n6 V 1 

For assume e w 0 t>, and, substituting in the original equa¬ 
tion, we have ° 1 

e n9 v + 4> (D) e (n+ Wv = U; 

therefore e n9 v 4 - e n9 <f> (D 4 - n) e r9 v = U. i by (3), 

4" </> (JD 4- Qi) e r9 v — e~ n9 TJ. 

Let U— € n9 V ; then the above becomes 

v + (p (D 4- n) e r9 v = V } 
as was to be shewn. 

fj} us an V ' binomial equation we can convert <p (jD) into 

<p (B -\-n), n being any constant. 
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Prop. IIT. The equation u + <f> (JD) e r0 u — U will be converted 
into v + ^ (2)) e r6 v — V, by the relations , 

u —. p £ i—) v TJ— p $ T r 

r ^r{B) ’ r y[r(D) ’ 

where P r denotes the symbolical product 

4> (3D) </>(D -r) <j> (D - Or) ... 

tJt (jD) (D *— r) -xjr (2) — 2r) ... * 

For, assume u —f (JD) v, and, substituting in tlie original 
equation, we have 


therefore 


f(JD)v + cj>(D)e^f(T)v = U; 
f (P) v + £ - r) € r0 v = U f by (4), 

• + * = l/C-D)]- 1 U. .(11). 


Comparing this with the equation v + ^ (2?) = F, we 

have 

/(/>) 


therefore 




Hence f(D-r) = ^_ r J ) f(D-2r) > 

and so on; wherefore the value of /(2>) will he represented 
by the infinite product ^ _ r) ^ ( x,_ 2 r) ' HenC0 

(11) becomes 

v + ^jr (2)) e rB v — V 

with the relations 

u -P±i D ) v U-P * (T)) V 
U -^'^r{D) l> ° Jr ir(D) . 


(12). 
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As this proposition is of great importance in the solution 
of differential equations, it will be proper to examine the 
conditions which its application involves. Evidently they 
consist in such a choice of the form of ^ (D) as will render 

the symbolical product P r finite, and the transformed 

equation (13) integrable. 

That the expression of P r may be finite, it is suf¬ 

ficient that for every elementary factor x(I)) occurring in 
the numerator there should correspond a similar factor 
%(# ± ir) i n the denominator, i being any integer or 0; and 
vice versa; for 

p % iEl = X( D )x(D- r )x(Z>~ 2r).. . 
r X (P + ir) x ifi + ir) % [D + {i — 1) r )... 


X (P + ir) X {P + (i — 1) r} ... x (P 4- r )' 
which is a finite expression. Again 

p -jc (-2L =_ x {P)x(P- r)... _ 

r X(P ~ ir) x(P~ ir) X \ D ~ (i + 1) r}... 

* % (P) X (P - r )... x {£> ~ (i - 1) r), 

which is also finite; the product of any number of such ex¬ 
pressions is finite also. 

Hence, if y (P) be any elementary factor of 6 CD), it may 
be converted into x {P ± ir ); for let <f> (D) = y (P) y (JJ) 

nroduc+^f^ * ir \Xi (P)> wherein Xl (P) denotes the 
product of the remaining factors, then 


which is finite. 


'f(- D ) ' x ± ir) ’ 


= P —' 


%(P) 


Hence also, if <£(£) involve any factor of the form 

X{P± ir ) 1 

it may he made to disappear; for let 6 (D) = W__ v ( r» 

X [P ± ir) ** ^ 
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and let (D) = ( D ), then. 

■p *m * x(-g) 

r y{r (JD) r x{D±ir)’ 

which is finite. 

[See the SSupplementary Volume , Chapter xxx. Art. 3.] 

4. We see, then, that there are two distinct kinds of trans¬ 
formation to which the Proposition may be applied. In the 
first kind <f> (D) is converted into another symbolic function 
{D) without any loss of component factors, whether of nu¬ 
merator or of denominator, but only with such change as 
consists in the conversion of D into D + ir. And here the 
order of the transformed equation is the same as that of the 
equation given, and, its solution introducing a sufficient num¬ 
ber of arbitrary constants, no others need to be introduced, 
either in the prior determination of V or in the subsequent 
derivation of u. But in the second species of transformation 

some component factor of <f> (. D) (usually of the form j 

where a — b is a multiple of r) is lost, and the transformed 
equation being of an order lower than that of the equation 
given, the deficient constants of its solution must be supplied, 
either beforehand in the determination of V, or subsequently 
in the derivation of u. If in the former, any constants, 
sufficient in number, introduced by the performance of 

{^*^(7))} ^ ‘ serv c the purpose. If in the latter, all 

the constants introduced by the performance of J? r v 

must he retained, but their subsequent relation must be de¬ 
termined by means of the differential equation. 

[See the Supplementary Volume , Chapter xxx. Art. 4.] 

The reason why the constants connected with the disap¬ 
pearing factors are arbitrary in V alone, is, that V enters into 
no other equation than the one in whose solution those con¬ 
stants are found. If, however, the entire series of constants 
in V be retained, they will be reduced by the subsequent 
differentiations in passing to the value of u. 
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All that may seem obscure in the above statement will be 
made clear by the following examples. 

72 p 

Ex. 6. Given 4- (fu — = 0, an equation occurring 

in the theory of the earth’s figure. 


The symbolical form is 

q* 

M + (i> + 2) [D — 3) 

Now we may, by Prop, m, directly 
the form 


e 2 ^ =0.( ci ). 

reduce this equation to 


■y 4- 




e 29 v 


0, 


which, by Prop. I, is resolvable into two equations of the 
first order. But it is better to assume as the transformed 
equation 


v+ 7, 


JD(L-1) 


e 20 v 


0 



the solution of which is known already. Art. 2. 


By Prop. II, assuming u = e~ 26 w y we have 

W + W (D-o) £ ™ W = ° . (C)< 

Again, by Prop, ur, we can pass from (c) to (6) by assuming 

W = P *D~^5 v=( D ~ l ) {D-S)v. 

Hence u = g" 29 (Z> - 1) (D - S) v 

= e~ 2e {D ( D-l ) -31> + 3}a 

1 / , (f d \ . 

= cc‘{* dJ-* X dx + V CSlri ^ X + G) 


on restoring x and putting for v its value in terms of x. 
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Effecting the differentiations, we find 

u = c {(^ 2 — # 2 ) sin (qoo + <0 - cos (qx + c ) j. (d)> 

We might have proceeded directly from (a) to (b) by Prop. 
Ill; but, had we done so, the final reductions would not have 
depended on differentiations alone. Thus we should have had 

„ D(D- 1) D-l 

“ - F * (D + 2) (D - 3) v “ D + 2 v 

= {1-3(D + 2)- 1 } v = (1 - 3 e -“Z)-V») o 
= „ _ 3 e -2« je^vdd, 

whence, restoring a? and giving to v its previous value, we 
should be led to the same solution as before. 


5. The two forms of solution above presented illustrate an 
important observation, viz. that when in the transition from 
<j> ( D ) to ^ (£>), by Prop, in, the reductions consist in aug¬ 
menting, if we may be allowed the expression, D in factors 
of the denominator of <£ (D), or in diminishing D in factors 
of the numerator, they will be effected by differentiations; 
while those reductions which consist in augmenting D in 
factors of the numerator of <f> (£)), or diminishing it in factors 
of the denominator, involve integrations. And it is one use 
of Prop, ir, that it enables us, in many cases, so to prepare 
the given symbolical equation that the final reductions shall 
depend on differentiations. 


Ex. 7. It is required to determine the symbolical form 
and character of those differential equations of the n th order, 
the solution of which depends on that of the equation 


d n v 

dx a 


± q n v = X . 


The symbolical form of this equation is 


v ± 


<t 


n 


~n& 


JL> (jD — 1) . . . (Z) — 71 + 1) 

/ d \~ n 

where V is the symbolical form of f j 


v=V . (d), 

X, i.e. the result 
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obtained by writing e 6 for x in the 71 th integral of ^ Mdx , no 
constants being added in the integration. _ From inspection 
of iff), it is evident that the class of equations sought mus , 
on assuming x = e 6 , be expressible in the form 

IT. .(6), 


u ± 


q 


[JD + oq) (D + #g)..- {T) + ct n ) 


e ne LL 


a n to be 


in which we shall suppose the quantities a x , a, 2 ... ci f . ~ ^ 
ranged in the order of decreasing magnitude. Put u — e 01 w 
then by Prop, ir, 

e n 9 U l — e®* 6 V .(c)- 


u x + 


D (j D + <x l£ — cq)... (/^ *4“ cc n a x ) 

The first factor of the denominator of (Z>) i n ( c ) n0 ^ 
agrees with the first factor in that of yfr ( D ) in (a). In any ot 
the remaining factors we may, by Prop. Ill, convert JJ into 
D ± in, i being any integer,—hence, that they may all cor- 
respond with the factors of ( 1 2), it is necessary that each ot 
the quantities 

- a t +1 a B — 4- 2 a A — a x 4- 3 


a 


n 


n 


n 


a i + n zl...(d), 


n 


should be equal to a negative integer or to 0.. And in this 
statement the conditions of finite solution are involved. 


The value of u will be deduced from that of v by differen¬ 
tiation, for since <x 2 — a x < — 1, 

and so on for the remaining factors to which is to be 
applied. 

Ex. 8. Given ~ — - — ~t— u ± <fu — 0, where i is an 

ax~ x 

integer. 

o 

This equation, which includes that of Ex. G, presents itself 
in various physical problems (Poisson, Theorie Mathematique 
de la Chaleur, p. 158. Mossotti, on Molecular Action, &c.). 
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u + 


(!)+%)(!)-%- 1) 
Hence, by the last example, 

D- 1 


e 2e u — 0 . 


(a). 


u 


. id p 


V 


where v is given by 


€ -io (D -1) (D _ 3)... (D - 2 i +l)v. 

d 2 v 2 n 

^±2« = 0. 




The expression (6) may be reduced to a more convenient 
form, as follows. 

Since/(I) - a)=£ ae f(D) e ~ ae , we have 

u^e- iQ .e e De- d . e* d De-* d ... € ^-i)0jD 6 ^i-iye v 

= e -(i+D» 

— jg-Oi + l) ( ^8 g. —(2*-l)„_ 

\ axj 

Hence, according as the upper or lower sign is taken in the 
original equation, we have 


u — 


x 


m 


X 


d\* c x cos qx + c 2 sin qx 




or 


u 


x 


m 


( 


dxj x ‘ 

d \'c 1 e**+ 


X ' dx) 


X 


?i-L 


■(c), 

.(d). 


d 2 it „d 2 ii i (i -t 1) u A 
Ex. 9. Given —, — ar —*- 1 = 0. 


dx ~ dy~ x 


,2 


Comparing this equation with the last, we see that its 
solution may be derived from, (d) by changing therein q into 

a — , and c x , c 2 into arbitrary functions of y following the 

exponentials. Hence we shall have 
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_ 1 d Yl**'# M + g M 


d\* <f> (; 1J -f flap 4- {y •— A#) 


The reason why the arbitrary function <£ (j/) must be placed 

after e*** and not before it, is that, in the derivation of the 
exemplar form, the arbitrary constant takes its place after, 
and not before e QX . 


For 




Here indeed we may transpose the constant, but when q is 


converted into a -r- we have 

dy 


fix a dy 


l o= e <(S 


0 s <T dv $ (y). 


and here the arbitrary function cannot be transposed, since 

?/ and - 7 - are not commutative. 

J dy 

The principle here illustrated, and which is a very im¬ 
portant one, is that all conclusions founded on community of 
formal laws should stop short of interpretation. The form 
should be kept distinct from the matter . There is perfect 
analogy between the theorems 

/ d V* „/ d V 1 __ 


d\~ 


\dx V v c 

and (~ — a 0 = 

\dx dy) 

but not between the theorems 




dy\ 

dxj 


(i - 2) 0 = ce " and (a ~ a £)' 0= 

because in the formation of the latter interpretation has been 
employed. 
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The above example is one in which Monge’s method of 
solution would fail, except for the particular case of i — 0. 
And this gives occasion to the remark that symbolical methods 
are not, as they have sometimes been supposed to be, valuable 
only as abbreviating the processes of analysis. There are in¬ 
numerable cases in which they afford the only proper mode 
of procedure. 

Ex. 10. Given 


ox d 2 u (p 4-1 ,4 ] dn n v 

0- ~ x ) £&+ j—~- (isrt-p + l)aj -2n (2 n-p) u = 0. 

This equation occurs in some researches of Poisson on definite 
integrals. The symbolical form is 


(Z) 4- 2n — 2) (D + 2 n — 2 — p) 

D (D + p) 


€ 29 U = 0 


This equation is integrable in several distinct cases, but we 
shall examine here the particular case in which n is an 
integer. 


Assuming as the transformed equation, 

2n— 2 —p , 

v - R -- e 29 v ~ i 

jD+p 



it being necessary to introduce V because the transformed 
equation is of an order lower than that of the equation given, 
we have, 



= (i)'f2n-2) (D + 2 n — 4)... (D 4- 2) v .(c), 

0 = (D + 2n ~~ 2) (Z> + 2n - 4)... (D + 2) K 
The latter equation gives for V the general value, 

V— c l e‘ m30 + c 2 e“ 4 ®... 4- c n - l e~( 2n ~V>9 ) 
of which it suffices to retain one term. Retaining the first, 
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substituting in ( b ), and operating on botb sides with. D+j), 
we get 

(D +p) v - (D 4- 2n - 2 - p) = c t (p- 2) e~ 2 *. 

Restoring x , and integrating, a value of v is found, involv¬ 
ing two arbitrary constants, whence u will be given by 


u 



4 - 2n — 2 



d 

dx 


4 * 2 —- 4 



The proposed equation is also integrable whenjp is an odd 
integer, and when 2 n — p is an even integer. In the former 
case we may assume as the transformed equation, 


v 


{D 4- 2n - 1 - p) (D + 2n - 1 - p - 1) 20 _ 
(D+p){D+p- 1) 


which must be integrated by Prop. I. In the latter case we 
must assume 


v-e 2e v = V; 

but in this case two constants must be retained in V ; viz. one 
from each set of the reducing operations by which the factors 
of cp (D) are made to disappear. 

6. It will be observed that, in the foregoing examples, 
we reduce the proposed symbolical equation by Propositions 
II. and III, either directly to an equation of the first order, or 
to a form which by Prop. i. is resolvable into a system of 
equations of the first order. But there exist other equations 
admitting of finite solution; for example such as by Props. II. 
and III. are reducible to either of the primary forms, 


v n 8 e 2 ®*' = 0. 

.(13). 

. 

aU 4 w 

. (M). 


The former of these is the symbolical form of the equation 

/-, . 2 \ d 2 u , du , 2 * 

(1+aa: )&? +aiz: ^ ±ra “ = 0 > 
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which is reducible to-^ w ±n*u= 0, by the assumption 

dx 


dt 2 
t 


=j-. 


(1 + ax 2 ) 

The latter is the symbolical form of the equation 

(a: 2 + a ) ** 2? + + °) * ^ ± w *“ = °> 

d 2 u 

which is reducible to + n\i = 0, by the assumption 


/. 




a) * 

Hence, the ordinary solutions of (13) and (14) will be ob¬ 
tained by substituting 


= f_ dx t= f 

J*y( i + ux 2 )’ Ja 


dx 


x \j (a; 2 ■+ Lb) 


d?u 


in the solution of the equation ± n\t = 0. 

It may be added that the forms (13) and (14) are allied, 
the one being convertible into the other by changing 0 to — 0. 


Ex. 11. Given 


cPu 


du 


(1 - a; 2 ) - (2m + 1) a; + (r/ - m 1 ) u = 0; 

The symbolical form is 


u — 


1>LP- 1 ) 


If we apply Prop. II. so as to convert D into D — m, and 
then by Prop. ill. reduce the equation to the general form 
(13), we shall obtain the final solution in the form 

f d\ 


m 
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7. Pfaff’s Equation . The differential equation, 

(a 4- ~bx n ) af + (c + ex n ) x + (/ + .( a )> 

which includes all binomial equations of the second order, 
has been discussed by Euler, and, with greater generality, by 
Pfaff (Disquisitiones Analytical. We propose to investigate 
the conditions under which it admits of finite solution. 

It suffices for this purpose to consider the case in which 

X=Q. 


The symbolical form is then 


u + 


b (D — n) — +_e (P — n) + ^ n9)/ _ n 

aD(D-l) + cI> +f 



If n is not equal to 2, it is convenient to change the inde¬ 
pendent variable by assuming n6 — 26', whence 


d _n d 
~d6~ 2d6 ,% 


n 


So that changing n9 into 26', we must change D into ^ D. 
The result may be expressed in the form. 


u + 


b (D - <0 ~~ <0 


-20 


a (I) ft x ) {£>-&) 
where a x and cr 2 are roots of the equation, 


'u = 0. {c), 


hvx \ fny. 

\2 " n ) \2 


n-l\ + e( n 4 


n^j + g = 0. (d -), 


and ft 1} ft„ are roots of the equation, 


a 


7)ft (n ft 


wft 


— 1 ) + c -a“ +f= 0 


-M- 


2 \2 

1st, By Prop, in, (c) can be immediately reduced to the 
form 

v + - £ ~ P v e 2 *v = 0, 

“(-D -/9J (-0-/ 3 ,- 1) 
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and then resolved into two equations of the first, order, if we 
have at the same time a t — « fl , and ft — ft odd integers. 

2ndly, The equation can, by Prop, in, be reduced to an 
equation of the first order if any one of the four quantities 

/^2 > ft 2 

is an even integer. 

3rdly, It is easily shewn that by Props. II. and in. (c) is 
reducible to the integrable form (13) if the quantities 

ft ~ ft and a t 4- a 2 - ft - ft 

are both odd integers. 


4thly, It is in like manner reducible to (14) if the quan¬ 
tities 


and “i + s-A-A 


are both odd integers. 


These results may be collected into the following theorem. 
The equation (c) is integrable in finite terms, 1st, if any one 
of the four quantities represented by a. — /3 is an even integer; 
2ndly, if any two of the quantities 

& 2 , ~~’ ft^? cq H~ 


are odd integers. 

In this theorem the integral values are supposed to be 
either positive or negative, and the even ones to include the 
value 0. 


The above results are equivalent to those of Pfaff, as pre¬ 
sented with some slight increase of generality in a memoir 
by Sauer ( Crelle , Vol. it. p. 93). Pfaff’s conditions are how¬ 
ever exhibited in so complex a form as to render the com¬ 
parison difficult. His method, it is needless to say, is wholly 
different from the above. 

[See the Supplementary Volume , Chapter xxx, Art. 5.] 
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Symbolical equations which are not binomial . 

8 . Although processes of greater or less generality may 
he established for the treatment of equations which, when 
symbolically expressed, involve more than two terms in the 
first member, yet their reduction if possible by some preli¬ 
minary transformation to the binomial form should always be 
our first object. We purpose here to illustrate this obser¬ 
vation. 


Ex. 12 . Given = a — 7 ^— ^ — 2 . 

doer (2 cx — x 2 f 

Writing this equation in the form 

( 2 c — x)* a? + by = a ( 2 cx — # 2 ) 2 , 

we see at once that its sj^mbolical form will not be binomial. 
Assuming y = (2c — x) m u, we have on reduction 

d 2 u „ „ du m (m — 1) x 2 4- b ax 1 


( 2 c — x) x* 


dx* 


2 mod 


dx 


+ 


2c — x 


u 


( 2 c — x ) 


m —X • 


Now let m be so determined as to mate the numerator of 
the third term divisible by its denominator. This involves 
the condition 


m(m- 1) + — 5 = 0 


■(«). 


ax 


u 


( 2 c — £c) 


Ml-1 1 


while the differential equation becomes 
( 2 c — x) x 2 — 2 mx 2 “ — on (m — 1) ( 2 c + x ) 

of which the symbolical form is 

(D- m) (D+ m -1 ) u - A (D + m - 1) (Z> 4- m-2) ~ ^ ^ , 

whence, operating on both sides with (D+m- l)~ x , 

(D - m) u - ~ (D + m - 2 ) e e a = £ e< 1 ~ «0» D' 1 e (*+i)«( 2 c 


.20 


2 c 
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Restoring#, and solving the equation, we have,on representing 
2c — x by X, 


u 


= aarX™ faT^X*** Jx m X 1 ~ m dx\ 


which integration by parts reduces to the form. 


u = 




X m x™dx 


— x 1 m [i 


xTX^dx 


} 


2c (2 m — 1) 

a\x m X™ L 1 - m X’"dx - x'^X' 1 ' L m X 1 - m dx\ 

Therefore y-- 2c(2m-l) -’ 

the integral required. It is to be noted that each integration 
introduces an arbitrary constant. It is also seen that each 
value of m derived from (a) leads to the same result. 

The above equation occurs in the problem of determining 
the tendency of an elastic bridge to break, when a heavy body, 
e.g. a railway train, passes rapidly over it. The equation 
between y and x is, on a certain hypothesis, that of the tra¬ 
jectory described. See an interesting paper by Prof. Stokes 
(Cambridge Phil. Transactions , Vol. vm. p. 708). 

Ex. 13. Given (1 - fP) ~ (1 - fP) ™ 4- n (n + 1) (1 — fP) u 


the well-known equation of Laplace’s functions. 

3 


d*u „ 

+ dp= °- 


Representing ^ V(“ 1) by a ) the equation may be ex¬ 


pressed in the form 
<Pu 


(i - fPy 


du 


2/x (1 - /j?) + {n (n + X) (X - /j.*) - a 2 ) u = 0, 


and it is evident that it would not, on assuming /x = e e , take 
the binomial form. 

Let then u=(l—/P) r v. We find, on substitution, and 
division of the result by (1 — /P) r+1 
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(1 — /^ s ) ^- 2 —(4r+2) —+ [n(n +1)—4r 2 — 2r} ~ v= 0... (a). 

Let 4r 2 — a 2 = 0. Then r = + ^ . Either sign may he taken. 
Choosing the lower, we have 

d \) /7ji 

( 1 -/**) ^2 + 2 (a - 1) (n 4-1) - a (a - 1)} v = 0, 

an equation which, on making /x = e 9 , assumes the symbolical 
form 

6 w u .W- 

To integrate this, assume 

(D—a — n—1) (D — a—n — 2) n() 

W - D(D-l) - } *w = 0 .(c). 

Then by Prop, nr., 

v = (D - a + ?i -1) (D - a + w - 3) ... (D — a — ?i + 1) w 

n + a fd IV „_ a 

=ti w . {d)> 

while (c), resolved by Prop. I. and integrated, gives the solution 

w - (1 + /*)"-'■ +• ( 4 >) + (1 - /*)— 1 x ( 4 >) . ( e ), 

and x being arbitrary functional signs. This expression 

d 

for w having been substituted in (< d ), we must write ^ \/(“ 1) 
for a, and interpret the result. 


Now if, instead of ^fr (<£) and ^ (<£), w T e write \jr and 

% as we are evidently permitted to do, and if we 

observe that generally 







ART. 8.] WHICH ARE NOT BINOMIAL. 435 

d d! 


=f [ 6 {<a+ iog!fV(-i)}V(-i)] =y { € «v(-i)~iog^ 



we shall ultimately find 


u 


F^, e«(- 


1)( 


where 2^{* «♦*-«} = f (£ ^ 

+ (f- m-Tx frzTr’)}.(1^). 

which is the complete integral. 

For a discussion of this result, and for the finite expression 
for Laplace’s functions to which it leads, the reader is referred 
to a paper on the Equation of Laplace’s functions in the 
Cambridge Mathematical Journal. (New Series, Yol. I. p. 10.) 


If in the equation (a) we make the third instead of the 


71 / 

fourth term to vanish, which gives for r the values - and 


n 4-1 
™2 


and then assume 




2 


— t , we shall obtain, 


V(1 -A* 1 ) 

taking the second value of r, the symbolical equation 

(B + n-iy-a* 2e n 

o) -+ ^..-. ' - d — 0 


Now by Propositions II. and III. this is reducible to the into- 
grable form 


w + 


(D- 2 ) 2 - c? 
D(L) - 1) 




0, 


by the relation 
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v = e-^)*D(D- 1) ... (D-n)w 



Hence we find 


/ d \ n+1 

V ~ \di) ^- Cl ^ "4" V(1 + £ 2 ))“ + c 2 (^ + \/(l + 0} a ]> 

whence u is known. 


Let us examine the form of the solution, when, as is com¬ 
mon in the expression of Laplace’s equation, we replace jjl by 
cos 0. We find 


t = cot 0, 


^ • o/i d 

dt = - smd de 


} 


whence t + «/(l + 0 = cot ^ 9. 

Substituting, and observing that u = (sin 6')~"~'v, we have 


u = (sin 9 )-»- 1 (sin 2 9 J) jc, (cot ~J+ c , (tan |Jj . 

And hence, restoring to a its meaning, introducing arbitrary 
Inactions for constants, and effecting one of the differentia¬ 
tions, _we may deduce the following solution of Laplace’s 
equation, viz.: 


u = (sin 0)~" (sin 0 


d 

d0 


sin 6) n 



+ F.. 


( e ^V(-u tan gt 
6 -0V(-n tan 



Under this singularly elegant form tlio solution, obtained by 
a different method, was given by Professor Donkin. ( Philo- 
sophical Transactions , for 1857.) 
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Solution of linear equations by series. 

9. Prop. IV. If a linear differential equation whose second 
member is 0 be reduced to the symbolical form 

/„ (D)« +/, (D) e °u +f, (D) ...+/„ (Z>) e n6 u, = 0 ... (17) 

(Ar£. 1), a particular solution will be 

u~ ^u m e m9 .(18), 

the value of the index m in the first term being any root of the 
equation f Q (m) = 0, the corresponding value of u m an arbitrary 
constant, and the law of the succeeding constants being expressed 
by the equation 

fo ( m ) “» +/, ( m .) +/, («*■) •••+/» ( m ) = 0... (19 ). 

For tlio form of w assigned in (18) will constitute a solution 
of (17) if, on substituting that form for u in the first member 
of (17) and arranging the result in ascending powers of € d , 
each coefficient should vanish. And this, as we shall see, 
will take place if the coefficients are subject to the relation 
expressed by (19). 

Assuming then it = 'Xu m e m9 , we find, 

= = by (2), 

/, (D) e e u = 2/, (m + 1) 

/, (V) = S/s (m + 2) 

and so on. In the first of these, we see that the coefficient of 
any particular term € Vid is f 0 (m)u m . In the second, the co¬ 
efficient of 6 (m+1) 0 is f(m + i)u tnt and therefore the coefficient 
of e mQ is f (m)u m _ t . In the third, the coefficient of e m0 is 
f (m) w„,_ a ; and so on. Thus the aggregate coefficient of e mff is 

/ 0 (m) u m +f t (to) v, +/, ( m ) •••+/. O) - 

and this, equated to 0, expresses the law (19). 
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Let u r e r& be the first term in the developed value of u ; then 
must we suppose u r _ x ~0, u f _ 2 ~0 , &c. and (19) becomes 

/o M U r ==* 0. 

As, by hypothesis, u r is not equal to 0, this gives f 0 (r) = 0, 
for the determination of r, and leaves u r arbitrary. Hence 
the proposition is established. 

Thus there will, except in particular cases of failure here¬ 
after to be considered, be as many distinct solutions of the 
form (18), each involving an arbitrary constant, as there are 
units in the degree of f Q (m). 

Ex. 14. Given ~ ^ - A = 0. 

ax x ax 


The symbolical form is 

D (D — a) u — n 2 G 2e u = 0. 

Hence, we have u = Xu m x m , the law of formation of the 
coefficients being 

n 2 

m(m — a) u — n 2 u „ = 0 or u — __ _ u 

m (m — a) m 2 

while the initial exponent is 0 or a. There are therefore two 
ascending series, one beginning with C, the other with G'x a . 
Thus we have 


u—C + 




2 (2 — a) 


x 2 4 


Cn 4 




2 .4 (2 — a) (4 — a) 
C'n 4 x a+ * 


x 4 4 &c. 


2 (a+ 2) 2 .4. (a 4 4) (a 4 2) 


+ &c. 


■^P* equation^ (m) — 0 , has equal or imaginary 

roots, the following procedure must be adopted. Let the 
solution of the equation f 0 (D) u — 0, be 

u = A JP 4 BQ 4 CR 4 &c,.(20), 

A, JBj C, &c. being the arbitrary constants. Substitute this 
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value in tlie given differential equation, regarding A, B, G, &c. 
as variable, and the result will assume the form 

A'P+ B'Q + C'R + &c. = 0-.(21), 

and will be satisfied if we have 

A' = 0, B' = 0, C' = 9, &c..(22). 


This will indeed become a system of linear simultaneous 
equations for determining A, B y G, &c. And the solution of 
this system in a series will be of the form 

A = Za m €™°, B=Xb^\ C = Xo m **,& c. 

the law of formation of the coefficients a, b,. c , &c. being 

171 7 Wl 7 flfl 7 O 

expressed by a system of simultaneous equations formed from 
(22), by changing therein every term of the form <p(D)e ie A 
into <p (???) cc m _n &c. (Philosophical Transactions .) 


There is a particular case of exception to the above rule. 
When two of the roots of f 0i (in) = 0 differ by a multiple of the 
common difference of the indices of the ascending develop¬ 
ment, the equation f 0 (D) = 0, must be replaced by what that 
equation would become were the roots in question equal. 


_ ^ ^ 7 0 1 (jfajj o « 

Ex. 15. Given a - T ~ 4- a u — 0. 

dx x dx J - 


The symbolical form is 

D*u + (fe*'u = 0 .. (a). 

Now D‘ l u— 0 gives u — A + B6. Substituting this value 
in (a), regarding A and B as variable, we have 

JD 2 A + rfe™A + 2DB + 0 (D*B + <fe 2e B) = 0, 

which furnishes the two equations, 

D‘ l A + < fe*°A + 2DB=0, TTB + = 0, 

whence A — B = '2 i b m € md , with the relations 

in & m -t* (£ a m _ 2 4- 2mb m 0, m b m H- (£ b m _^ 0, 
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from which we have 
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b 


m~2> 


a 


m 



a +^b 



Thus we find, on substitution, and restoration of x> 
u — a 0 + a z af 4- a 4 ce 4 4- &c. 

4" log x ( b Q 4* b, 2 x 2 + Z> 4 $ 4 + &c.), 

where <x 0 , b 0 are arbitrary, and the succeeding values deter¬ 
mined by (6). 

Were the symbolical equation of the form 

D(D± 2 i) u + q 2 e 2e u — 0, 

it would still be necessary to determine the form of the 
primary assumption by solving the equation I) 2 u = 0, not by 
D(D + 2 i) u = 0. We should therefore still have u = A + B9 , 
in which A and B are series to be determined as before. 


Ex. 16. Given a? + x 4- ( n 2 + x 2 ) u = 0. 

ax* ns* ' 


d 2 ~ 


dx 


The symbolical equation is 

(j D 2 4- n 2 ) u + e 29 u = 0.(a). 

Now the equation (D 2 4- n 2 ) u — 0 gives 

w = A cos n6 + B sin n6 . (b). 


substituting which in (a), and equating to 0 the coefficients of 
cos nd and sin nO in the result, we have 

JD 2 A + 2 nDB + e™A = 0, 

D 2 B - 2 nDA + e 26 B = 0, 

whence A ='%a m e me , B = ’2 t b m e m0 ) with the relations, 

m 2 a m + 2 mnb m 4- a m _ 2 = 0, 
m 2 b m - 2mna M 4- b m ^ = 0, 
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and therefore, 

m m (m 2 -|- 4n 2 ) ' 


4- 2na wl _ 2 
m (m a + 4n 2 ) 



Thus the solution assumes the form, 

u = cos (n log x) (a 0 4- <z 2 cc a 4- a 4 # 4 4- &c.) 

4- sin (n log x) (b Q 4- b 2 x* 4- b^x 4, 4- &e.), 

■wherein a Q and 6 0 are arbitrary, and the succeeding coefficients 
determined by (c). 

The fundamental equation (19), written in a reversed oi'der, 
determines the law of the formation of the coefficients in 
those solutions of (17) which are expressible in descending 
powers of x. The number of such solutions will be equal to 
the degree of the equation f n (m) = 0, hut their respective first 
exponents will be its roots severally diminished by n. 

For the extension of the above theory to the case in which 
the given differential equation has a second member X, the 
reader is referred to the original memoir. 


Theory of Series. 

11. The relations which enable us to express the integrals 
of differential equations in series, enable us also to reduce the 
summation of series to the solution of differential equations. 
Thus, from Proposition iv. it appears that if u — where 

the law of formation of the successive coefficients, is 

fo ( m ) u ,« +/i O) “»-i •• • +/»0») = 0 .( 23 >. 

the value of u will be obtained by the solution of the differ¬ 
ential equation 

/. (*>) « +/, (-») «•«... +/. {D)e° 6 u = 0.(24). 

We suppose here f 0 (m), f (m) (m), to be polynomials, 

and that the series is complete; i.e. contains all the terms 
which can be formed in subjection to its law expressed by 
(23), the first exponent being therefore a root of f 0 (m) = 0. 
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When the series is incomplete, the first member of the differ¬ 
ential equation will be the same as for the complete series, 
while the second member will be formed by substituting in 
the first member, in the place of u, the series which it repre¬ 
sents. It is obvious that all the terms will disappear, except 
a few derived from that end of the series where the defect of 
completeness exists, so that the second member of the differen¬ 
tial equation will be finite. 


Ex. 17. Let 


u = \ 


(y—2 s ) 4 

1.2 + 1 . 2 . 3 . 4 * 


n 5 ( n 2 - 2*) (»* - 4°) 
1.2.3.4.5.6 


x Q , &c. 


Here u — 'Zu m af l } with the relation, 

n 2 — (m — 2) 2 
m (m - 1) Wm - 2 ’ 

Or, 

m(m-l 2.) 2 - n*}u m _^ = 0 , 

and we observe that the series is complete, the first index 0 
being a root of m (m — 1) = 0. 

Hence, the differential equation will be 

D (D - 1) u - {(D - 2 y - ?z 2 } e 2 * w = 0, 

of which the solution, expressed in terms of cc, is 

u — c 1 cos ( n sin' 1 #;) 4 * c 2 sin (n sin -1 #). 

The constants must be determined by comparison with the 
original series. We thus find c x = 1, c 2 == 0. 

The following is a species of application which is of frequent 
use in the theory of probabilities. 


Ex. 18. The series 


p‘ (1 + aq + 


a {a + 1 ) 

“T. 2 



t CL {ct 4 - 1 ) ••• (CL 4 " — 1 ) 

+ 1.27.77 
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occurs as the expression of the probability that an event 
whose probability of occurrence in a single trial is p, and of 
failure q , will occur at least a times in a + b trials. 

Representing the series within the brackets by u, and 
assuming q = e e , we have u ~ ^u m e md , where 

mu m - (m 4- a - 1 )\., = 0. 

Hence, we shall have 

Du-(D +a- 1) 
or, restoring q, 


dill 


a 


u 


a (a + 1) ... (<z 4- b) q h 

i-a 


dq 1 -q" 1 2 ... b 

Integrating which, we have 


u 


= (1 - a) [O - jy C 1 - 


Now the first term of the development of this expression in 
ascending powers of q will be C; whence, comparing with the 
bracketed series, we have C = 1. Substituting, and observing 
that p — l—q, the expression for the probability in question 
becomes 

i - J> - .(«)• 

To this we may however give a more symmetrical form. 
For 


/" 

J o 


q " (1 - 2)““' dq = ( f o - £) 2* (1 - 2)“- 

J </ 


= r (/> +1) r (a) 

F (a 4-6 + 1) 

by a known theorem of definite integration. 

Substituting in (a), and observing that 

ci {cl + 1) ... (ci + 6)_ r (d + b + 1) 

1.2 ... b " f.(6 + 1) r (ay* 
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we find 

Probability - r (1) ? (6 + T )// (1 “ d «’ 

or, as it may be otherwise expressed. 

Probability .«)- 

The peculiar advantage of this form, of expression is that, 
precisely in those cases in which the series becomes unmanage¬ 
able from the largeness of a and b , the integrals admit, as 
Laplace has shewn, of a rapid approximation (Theorie Ana- 
lytique des Probability ). 


Ex. 19. The function (1 — 2v cos co +■ v*)~ n being expanded 
in a series of the form A 0 4 - 2 (A x cos co 4- A 2 cos 2 co ... 4- &c.j, 
it is required to determine A r . 


We have 

(1 —* 2v cos co 4- v 2 )' 


>V(-i)j~ w x {1 — x, 6 -«V(-D}“» 


Expanding each factor, and seeking the common coefficient of 
€ rwv(-n and in the product, we find, putting t — v 2 , 

r 

A r — u t m > 

r m = o m > 

where generally, 

m (m 4- r) u m — (m + n — 1) (m + n 4- r — 1 )u m _ t = 0, 
while u . n ( n+1 ) ■■■( n + r ~ 1 ) 


1.2 ...r 


Hence the differential equation will be 

D(D + r)u— (JD +^ — l) (D + «4 r-1) e 9 u = 0, 

_ {D + n- 1)(Z > + w + r-1) 

D(L > + r) . 6 “ ~ 

Now this can. by Prop, hi, be reduced to the form, 

v-e e u = V, 
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by the relations, 

u = (D -fw—l) ... (D + 1) (D 4- n 4- v — 1) ... ( D 4- r 4-1) v, 

V~{(D + n- 1) ...(Z>+1) (D+n + r-1) ... (D + r 4-I)}" 1 */. 

In determining V from the latter equation, it suffices to in¬ 
troduce two arbitrary constants, one from each of the two sets 
of inverse operations. The final solution, in the obtaining of 
which the only difficulty consists in the reductions, is 

A _I 

- \dtj 


T (n)t 


j 


r4-n—1 


(i - ty * 


12. When, in the series *Zux m , the coefficient u is a 
rational function of on invariable in form, the summation is 
most readily effected in the following manner. 


0 


Let the series be Xcf> (on) x m ; then putting os = e 

u = (on) e md — (D) e m9 

= $ (D) 2e™ 0 .(25). 

Hence, if the summation is from on = 0 to m = infinity, 
we have 

« = <£(#) —^; 

but if the summation is from m — atoon = b inclusive, 


u 


4>(V) 


s a9 _ e (& 4-1)0 


-r« on r x 4# 3 , 6& ,S o 

Ex. 20. Lot u - + 2T3T4 + 374.5 + &C- 


therefore u 


Here <f> (on) = 

' D (D — 1 )(D - 2) 
1 


071 + 1 


on (on — 1) (on — 2) 5 


(e 80 4- e 40 4- &c.) 


D 




O 

O 


2 (2? — l) _l + ~ (D — 2) 




£9 


ri 
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The final result is 

7# 2 x /I 0 3 A, , - v 

u ^ ““2 ~ 2 ^ ~~ x ) • 


Generalization of the foregoing theory. 


13. As Propositions 1 , it, nr. are founded solely on the 
particular law of combination of the symbols D and e 9 , ex¬ 
pressed by the equation 

f(D) e m6 u ass e m 9 f(D + m) u, 

they remain true for any symbols 7 r and p, whatever their 
interpretation, which combine according to the same formal 
law; viz. 

/O) p m u = p m f(7r + m)u .( 26 ). 


Thus, supposing the law obeyed, the symbolical equation, 

u + <£> ( 7 r) p n u = U .(27), 

can, by Prop. III. considered in its purely formal character, 
be transformed into 


v 4 - (7r) p n v = V .( 28 ), 

by the assumption, 


u 


O) 

\Jf( 7f) 


V, 


U=P n 


(g) v 

(7r) 


The corresponding transformations flowing from Proposi¬ 
tions 1 . and II, it is unnecessary to state. 


Now the law (26)- is obeyed, not alone by the pure symbols 
D and e e , but by certain combinations of those symbols. Thus, 
if we assume 


rr — D — nrf> ( D) e 9 , p = <p (D) e 9 

the law will^ still be obeyed. And the importance of the 
remark consists in this, that an equation which, when ex¬ 
pressed by means of the symbols D and e e , is not a binomial, 
may assume the binomial form for some other determination 
of 7 r and p. 
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If in (26), we make m — 1, we have f (rr) pu = pf (rr + 1) w, 
which shews that p may be transferred from the right to the 
left of /(tt), if we, so to speak, add to r r the constant incre¬ 
ment 1. This then suggests the more general law, 

f (rr) pu — pf(rr + A7r) u . (29), 

where Arr represents any constant quantity regarded as an 
increment of rr. In connexion with this theory, the following 
proposition is important. 

Prop. Supposing f(x) to represent a function which admits 
of expansion in ascending positive and integral powers of x, 
it is required to dev elope f(rr-\~ p) in ascending potoers of p, 
rr and p beinq symbols which combine in subjection to the 
law (29). 

By successive applications of (29) we have, m being a 
positive integer, 

f (rr ) p m u — p m f (rr + mArr) u .(30), 

of which another form is p m f (rr ) u — f(rr — mA7r) p m u. Again, 
since f (rr + p) is, by hypothesis, expressible in a series of the 
form 

A 0 + A 1 (rr + p) -f A 2 (rr + pf -f &c., 
we shall have 

(it + p) f (-rr + p) =/ o + p) (tt + p) .(31), 

for either member becomes, on substituting for f(jr + p) the 
above form, 

A 0 (rr 4- p) + A x (rr + pj“ + &c. 

Now, let the form of the unknown and sought expansion 
of f (rr + p) in ascending powers of p, he 

/(■7T + p) =/ 0 (tt) +/, (tt) p +/ a (7r) p 2 + &c..(32), 

= S/. W p", 

tbe subject u being understood tliougli not expressed. 

Then, by (31), 

(tt + p ) S/„ (tt) p“ = %f m to P" (■»• + />)• 
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But 

(» + P) V. (») P m = W. (77) p» + 2p/_ (77) p“ 

= StT^ (w) p” + %f m (77 - A77) p” +1 , 

in which the coefficient of p m is 

tt/L W (77 - A 77 ).(33). 

Again, 

2/„ ( 77 ) p" (7T + p) = 2/„ ( 77 ) p m 77 + 2/„ ( 77 ) P m+I 

= ( 77 ) (77 - toAtt) P m + 1f m (77)p m+I , 

in which the aggregate coefficient of p m is 

fm (77) (77 - W 1 A 77 ) (77). 

Equating this with (33), we have 

■*/« (77) +fm-i (77 - A77) = (77 - mA77)/„ (77) (77), 

whence 

f c-v _ 1 ( 77 ) (77 - Att) 

JmK ‘ m At 7 


_ 1 A/L-'W 

m A7 t 



if we define ( 7 r), not, as is usual, by y ( 7 r + A 7 r) — jf ( 7 r), but 
^y/O 77 ) “/C 7 *] “ Aw). The above equation determines the 
law of derivation of the coefficients f x (jr), f 2 (w), &c. It only 
remains to determine f 0 (tt). 

That f Q (tt) —f (7r) may be shewn by induction from the 
particular cases in which 

/(tt + p) = tt+ p, ( 7 r + p) 2 , &c. 
or, with more formal propriety, thus : 

Let p 1 = np , where n is a constant, 

/( 7r ) Pi =/(w) wp = nf ('rr) p 

= npf (it — A 7 r) 

= Pi/ (w - Aw). 





FOREGOING THEORY. 


449 


ART. 13.] 


Comparing the first and last members, we see that 7 r and p L 
combine according to the same law as 7 r and p. 

Thus we have 


/(> + ft) =/» ( 7r ) +/i W Pi +/„ W Pi 2 + &c -> 

fo ( 7r )>fi W* &c. being the same as in (32). 

Or, 

/(tt + wp) =/ 0 (t r) (tt) np +f 2 (tt) n 2 p * + &c.; 

so that, making n — 0, we have f 0 (tt) =/( 7 r). 


Determining then the successive coefficients by (34), we 
have finally, 

V ^ . A/(V) 1 A 2 /(7t) - 

/( w +p) “/w + -5^ + 1.2 ya ^; 2 p 


1 AY (tt) 3 o 

+ TT 2 T 3 ifej*' p + &c - 


(35), 


wherein it is to be remembered, that 

A/( tt) __ /(tt) -/(tt-Att) 
A.7T A7T 


When A 7 r== 0, the symbols 7r and p become commutative, 
and (35) assumes the form of Taylor’s theorem. 

As a particular application of the above, suppose that we 
have given the trinomial equation 

(. D 2 + aD + b) u + (cD + e) e 0 u + f£*u =0 . (a), 

and that we desire to ascertain whether this can be trans¬ 
formed into a binomial equation by assuming 

7r — J) — me 6 , p = e°, 

assumptions which satisfy the law 

/(tt)p = pf (tt+1). 

Here we have D — tt + mp , 
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where A 7 r = 1 , and 

-/(*■)-/ (»-!)• 

Hence D 2 + aZ) 4 - b = tt 2 + < 27 r +6 4 - (27r — 1 + <z) mp 4 - m 2 p 2 , 

cZ> + e = ctt 4 e 4- cmp. 

Thus (a) becomes 

{w 2 4 <X7T + 5 + (2tt — 1 4- a) mp 4 - m 2 p 2 } w 
4 - (c7r 4 - e 4 crap) pw 4 * fp 9 u — 0, 

or ■7r 2 4*a7T+ b + {(2m+c)7r+m(a— l)+e}p+ (m 2 + cm+/)p a = 0, 

and this reduces to a binomial equation, 1st, if m be a root of 
the quadratic equation 

m 2 4 cm +f= 0; 

2ndly, if it be possible to satisfy simultaneously the equations 

2 m 4 - c = 0, m (a — 1) 4 e = 0, 
equations which imply the condition 

2e — c (a — 1) = 0. 

The discussion of the binomial equation when obtained in¬ 
volves no difficulty. 

For a discussion of the general trinomial equation of the 
second degree, the reader is referred to the original Memoir. 


Laplace's transformation of partial differential equations . 

14. Laplace has developed a method for the reduction of 
the partial differential equation 

Rr + Se + Tt+Pp+ Qq + Zz=* U .(36), 

B, S, T y ...U being functions of x and t/, which is deserving 
of attention from its great generality. 

One of the auxiliary equations in Monge’s method is 

Bdff - Bdxdy 4 Tdx 2 = 0. 
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Let two integrals of this equation be 

<f> (x,y) =*c, ^ (x,y) =c r , 

and assume two new variables, f and 77, connected with x and 
y by the equations 

?=<P (*> y). v = ■<!>• («, y). 

The student will have no difficulty in proving that the given 
equation will assume the form 

d 2 z r dz ■, r dz __ 

djdv + L d! +M ti n + Nz= ‘ V . .< S7) ’ 

L, M , iV, F being functions of f and The theory of the 
reduction of this equation is then contained in the following 
propositions : 


1st, The equation (37) may be presented in the form 


(i + M )(^n + L ) z+ ( N - LM 

Hence, if the condition 


dL\ 

d$) 


z = F. ..(38). 


N - LM- ~ = 0 
d 


(39) 


be satisfied, and we assume (^- + z) 2 = we shall have 


(«+")*’- K 

The solution of the given equation is then dependent on that 
of two partial differential equations of the first order. 


2ndly, Inverting the order of the symbolic factors, the 
equation is also solvable if we have 


N-LM- 



(40). 


3rdly, The equation (37) can be transformed into a series 
of other equations of the same form, and therefore integrated, 
if, for any of those equations, the condition (39) or (40) is 
satisfied. 
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For, expressing it in the form (38), let, as before. 



Then 


whence 


( 4 +j »>■+(*- 


**-%)- y ■ 


Z 


dz 


- M£ + V 


N — LM 


dL 9 


which is of the form 


(41). 


Z sat A 


dz' 

d\ 


+ Bz •+■ O, 


A, B, C being functions of f and tj. Substituting this ex¬ 
pression for z in (41), we have a result of the form 


d 2 z j,dz 


+ M ~ + N'z = V 
ay 


(42). 


Thus the form (37) is reproduced, but with changed coeffi¬ 
cients. Hence the equation is integrable if either of the fol¬ 
lowing conditions is satisfied, viz. 

N’-L'M - = 0, N' - LM = 0.(43). 

d£ dt) 


If neither be satisfied, the process of transformation may be 
indefinitely repeated, and should an equation be obtained in 
which either of the relations (43) is satisfied, the solution may 
be found. It has indeed been asserted that “ if the given 
equation be integrable, we shall finally get an equation in 
which this essential condition is satisfied” (Peacock’s Exam¬ 
ples, p. 464). The state of our knowledge of the conditions of 
finite integration does not however warrant this confidence. 


A discussion of the equation 


d 2 z , d? z d 2 z 
a dx* dxdy **" C dy 2 


e 


dz -dz 
dx J dy 
hx + ky 


+- 


9 * 

(hx + ky) 7. 


3/...(«) 
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by Laplace’s method is given in Lacroix (Tom. n. pp. 611— 
614), but it is far too long and too complex to find a place 
here. The best mode of treating the equation is probably the 
following. Let s and t be two new variables connected with 
x and y by the linear relations 

hx 4- Icy — s } y 4- mx = t, 

of which one is suggested by the form of the given equation, 
while the other is adopted in order to put us in possession of 
a disposable constant m . Transforming, and making in the 
result s = e e , we obtain the symbolical equation 

{AD{D-l)+ED+g}z+'~ {B(D-\)+F\ <7—e" M .. .(6), 

in which 

A = ah 2 4- bhk 4 ck*, B = 2 ahm 4 b (h 4- Jem) 4 2 cJe, 

G = am* 4- bm 4 c, E = eh 4 fJc, F — em 4 f. 

The equation will be a binomial one, if m be determined so 
as to make G = 0. We have then 


am* 4 bm 4 c = 0, 

while the symbolical equation (b) becomes 


*4 


d 


B{D - 1 ) 4 - F 


e°z = [AD(D- 1 ) 4 * ED 4 - g)~ l e w M, 


clt A D (/> — 1)4- ED 4 - g 

and is integrable if the following condition is satisfied, viz. 

B~F __ A - E 4 sj\ (A - Ef - 4 g) 

~ B "■ 2.1 


= an integer or 0 . 


This condition will be found to include the one to which 
Laplace’s method leads. 


At the same time it is seen that the equation (J>) assumes 
the binomial form under other conditions than the above; 
e.g. if we have simultaneously 

B = 0, V = 0 , 

from which, by elimination of m, we find 

f(2ah 4 hie) — e (bh 4 2c/r) = 0. 
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This condition being* satisfied, and m determined, the sym¬ 
bolical equation becomes 

M+a & ADV>-V) + ED + g *' = +BD+gr*’M, 

and is integrable if the two roots of the equation 

Am (m — 1) 4- Em + g = 0 

differ by an odd integer. There are probably other cases 
dependent on the reduction of Art. (13). 

In one respect Laplace’s transformation possesses a gene¬ 
rality superior to that of all others. For its tentative applica¬ 
tion fewer restrictions on the coefficients of the given equation 
are necessary. But, that the application may succeed, other 
conditions seem to be demanded which render the estimation 
of the true measure of its generality difficult. And, in par¬ 
ticular instances, it is seen that it is less general than the 
method of the foregoing sections. 

Miscellaneous Notices . 

15. Of special additions to the theory of the solution of 
differential equations by symbolical methods, the following 
may be noticed. 

1st, Professor Donkin has shewn that, if f(x) be any func¬ 
tion capable, of development in powers of x, then whatever 
may be the interpretations of the symbols nr and p, we have 

/ (p" 1?r />) w = P _1 /(tt) pu .(44). 

This is evident from the consideration of such cases as the 
following: 

(p“Vp) 2 = p~ tf JTpp~ l irp = p _1 7T 2 p, 

O'Vp)" 1 =/TV 1 (p-y 1 = p-v>. 

We are thus enabled to generalize many important theorems. 

Thus, since j^+ <£'(»} « = ^ «*<*>«, we have 

sii+w} u ~ .( 45 )- 

(Cambridge Mathematical Journal , 2nd Series, Yol. v. p. 10.) 
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d 

2ndly, kfr Hargreave, observing that the symbols and 

d 

— x are connected by the same laws as x and ^ (the proof 

of this will afford an exercise for the student), has remarked 
that if in any differential equation and its symbolic solution we 

change x into , and into — x , we shall obtain another 

form accompanied by its symbolic solution. (Philosophical 
Transactions for 1848, Part I.) 


Applying this law of duality to the known solution of the 
linear differential equation of the first order, it is easy to shew 
that the equation 

x<j> (D)u+^(D)u=X 
has for its symbolic solution, 


where 


u^{4> (D)p e-*CZ»X 


( 46 ). 


X 


m-I 


_ [+(#) 

- <p(D) 


dD, 


a form which had before been established on other grounds 
(Philosophical Magazine , Feb. 1847). Many other illustrations 
of the same law will be found in the memoir of Mr Hargreave 
referred to. 


3rdly, The method by which the development of f (tt 4- p ) 
is obtained in Art. 13, leads to other and similar results, of 
which the following is among the most interesting, viz. 

s{ x + i) “ + i + o • -< 47 )' 

the coefficients of the expansion in the second member follow¬ 
ing the law of Taylor’s theorem, and the function P(x) being 
,(j*Y 

equal to e^ KdxJ f(x). (Cambridge Mathematical Journal, 1st 
Series, Yol. iv. p. 214.) 

The last theorem enables us to integrate at once any equa¬ 
tion of the form 

F (*) u+F' (*) + i 1 -; 2 F" (*) J + &c. = X, 
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where F(x) is a rational 


[CH. XVII. 
and integral function of x . For let 


/ (.) - .-*i FifS, - (1 - 1 J.+ jlj 1 £ - &.) *■(.), 


an expression always finite under the conditions supposed. 
Then the given equation assumes the form 

/(t t)u=X, 

7 

where 7r= 35 and ma y be treated by the method of the 

last section. 


Other examples of the expansion of functions whose symbols 
are non-co mmutative—some of them admitting of a similar 
application—will be found in the memoir of Professor Donkin 
above referred to, and in an interesting memoir by Mr Bron- 
win (Cambridge Mathematical Journal, Yol. in. p. 36). 

4tbly, Many important partial differential equations of the 
second order admit of reduction to the form 


du dv du dv _ 
dx dy dy dx~ 9 

whence an integral u —f(v) may be deduced. Thus the 
equation 


fd<i> d-f d<f> <ty\ dj> _ (dj> gjA 

\dp dq dq dp)' ' dp \dq + dp) 

where (f> and represent any given functions 
be expressed in the form 




t + 1 = 0, 


dq 

of p and q, may 


d( 4>-SD) dfy-y) _d($>-x)d(fr — y) 
dx dy dy dx 

whence — x = F(\jr — y) is a first integral. Mainardi has 
shewn that nearly all the equations which occur in Monge’s 
■Application de l Analyse d la Grtfotnetrie, admit either of the 
above reduction, or of a purely symbolical mode of solution. 
(■ Tortolini , Yol. v. p. 161.) 

5thly, The Author is indebted to Mr Spottiswoode of Oxford 
for an interesting communication on the laws of combination 
of symbols which are at the same time linear with respect 
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d d 

to ^^, &c. and linear with respect to x, y, &c. The 
following is one of the results. If, assuming 


d 


73-1 ” * dx 


d d d 

+ y-J7.> f rr 2 = y- T -^rX 


dxj ’ 2 * dx dy' 

a partial differential equation can be presented in the form 

?r 2 ) u = 0 
d d 

on the assumption that ^ and operate only on the subject u, 

then it can be expressed in the form F (yr lf nr 2 )u = 0, indepen¬ 
dently of such restrictive hypothesis. It might be added, that 
all such equations are reducible to equations with constant 
coefficients, by assuming 

log («* + = X, lo g(^~) i= y- 

To the above might be added many other special deductions, 
isolated now, but destined perhaps, at some future time, to be 
embraced in the unity of a larger theory. 




1 T I , 2 f ^ U , A d U 

1 . Integrate x -j— a + 4<x 
G dx 2 


dx 


(fa?u = 0 . 


2. Integrate (pd — x 3 ) — (x -h 3 j3 2 ) + (1 — x) u = 0. 

3. Riccati’s equation is reducible to the form 

dhv 


j-s + bcx m w = 0. 
dx 

Hence investigate the conditions of integrability. 

be 


The symbolical form is w + 


6 (m+;.»)© w _ o; and this may either bo 


B{D- 1) 

reduced directly by Prop. in. to a form integrable by Prop, i, or, by assuming 
(m + 2)0 = 2 6', converted into a particular case of Art. 7 in the Chapter. 
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4. The equation 4--^^+ bu~0 is integrable in finite 
terms if a is an even number. 

5* The equation -f ^ = bx m u is integrable in finite 

terms if m = — 2 V+I * w ^ ere ® * s a positive whole number 
or 0. 

6. The more general equation 

r du 


doc 


2 + 


raw / m c\ 

+ ^J“’ 


which includes the above, is integrable in finite terms if 


m 


o _ 2 V{(1 — r) 2 + 4c} 
2»+l 


i being a positive whole number or 0. (Malmsten, Cambridge 
Mathematical Journal 2nd Series, Yol.v. p. 180.) Verify this. 

7. As an illustration of the theory of disappearing factors, 
integrate the equation 


(x 2 qx 3 ) ^- 2 + {(a -f 3) qoc 2 -f (6 — t + 1) x) 


4“ | (ct + 1) Cfx — u — 0* 


8. The equation (1 •— ax 2 ) — bx — cy = 0 is inte¬ 
grable in finite terms in the following three cases; viz. 

1st, If - is an odd integer; 

2ndly, If |^1 — ^ is an odd integer; 

sriir, if| + v/{( 

is an even integer. 


i- 6 -V + i cl 

a) a 


, or 


a 


VIK)^ 
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9. Integrate the partial differential equation 


dx 1 


cPz __2 dz 
dy 1 x dx 


= 0 . 


10 . The partial differential equation 

d*z o d 2 z 


is integrable in finite terms if b — 

i JL 

Lacroix , Tom. II. p. 618.) Verify this. 


2 i 


( Legendre . See 


11. Shew that the sum of the series 

1.2... Tiic + 2. 3 ... (ti + l)a? 2 ... -4-jp (jp + 1) ... ( p 4 w — 1) x v 
may be expressed in the form 


x 


f cl \ n x n -_ x p + n 
\dx) 1 — x 


12. Sum the series 


Tx s 


l n x 2 n v* 

X 4- • —- 4 - 4 . 

^ 1 1.2 1.2.3 


o 4 &c. 


d 2 u 
dx 1 

is integrable in finite terms if n is an integer. 

Apply the method of Art. 13 to reduce the symbolical equation to a bino 
mial form. Or assume a + bx = t. 


13. The equation (a + bx) 


du 


(/+ 9 X ) dx + n 9 u 


= 0 


14. The differential equation 


d*u 

da? 


4 2 Q 



Q* 4 


dQ , a m (m + 1) 

j - tC - - - 

dx x 


u — 0 


can be integrated in finite terms, whatever function of x is 
represented by Q . (Curtis, Cambridge Mathematical Journal , 
Vol. ix. p. 280.) 
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The equation may “be expressed in the form 

or | C 2 =f= ~y— ^ | w = 0, 

or (j^J e/Qdx w ± | c- i | e /Qdx u= o t 

Let e^^u—v; then compare the resulting form with Ex. 8 of the 
Chapter. 

15. Shew generally that, if we can integrate the equation 

f(£)u + <p(x')u=X > 

we can integrate/ (~^ + Q^j u + cf> (pc)u = X. 


16. We meet the equation 

d*y 1-3 cy y _ 1 

dc 2 ^ c — c 3 dc l-c* y ~ ’ 

in the theory of the elliptic functions (Legendre’s modular 
equation). Shew that it is not integrable in finite terms, hut 
is integrable in the form y — A 4- B log c, where A and B are 
series expressed in ascending even powers of c. 

17. Prove the following generalization of Prop. III. 

Fl4,(D)^} = P r F {f {D) 0 p r . 

18. Prove the following still more general theorem, 

F{B, <f> (D) <*} = P r ±W F {D, f (D )^ P r f . 
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SOLUTION OF LINEAR DIFFERENTIAL EQUATIONS BY 

DEFINITE INTEGRALS. 

1. The solution of linear differential equations by definite 
integrals was first made a direct object of inquiry by Euler. 
His method consisted in assuming the form of the definite 
integral, and then, from its properties, determining the class 
of equations whose solution it is fitted to express. Laplace 
first devised a method of ascending from the differential 
equation to the definite integral. And Laplace’s is still the 
most general method of procedure known. Its application is 
however not wholly free from difficulties, due partly to the 
present imperfection of the theory of definite integrals, partly 
to an occasional failure of correspondence in the conditions 
upon which continuity of form in the differential equation 
and continuity of form in its solution depend. Indeed it 
ought never to be employed without some means of testing 
the result a posteriori, e.g. by comparison with the solution 
of the proposed differential equation in series. Frequently 
indeed it is possible to deduce the solution in definite inte¬ 
grals from the solution in series without employing Laplace’s 
method at all. 

Laplace’s method is applied with peculiar advantage to 
equations in the coefficients of which x enters only in the first 
degree, and of which the second member is 0. Expressing 
any such equation in the form 

we must assume 

«= f e-'Tdt, 

T being a function of t, the form of which, together with the 
limits of integration, must be determined by substituting the 
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expression for u in the proposed differential equation. Effect¬ 
ing this substitution, we have a result which may be thus 
expressed, 


or, since 


(<) Tdt+je"^r (<) Tdt = 0.(2). 

Of this however, the first term is, by integration by parts, 
reducible to the form 

(t) T- J > * ft (t) T] dt. 

Thus, (2) assumes the form 

e ”4> (0 y -/ 6 “ W- (<) 21 - ir (t) t| dt = o.(3), 

an<l will therefore he satisfied; if we make 

e x, 4> (0 T — 0, 

J t i4> (t) T}- + (f) T= 0 . 

The former of these equations has reference only to the 
limits i the latter, expressed in the form 

^a*}-o. 


09 


gives on integration, 

4>(t)T= Ce J M dt , 
and determines T in the form 


pt 
, J <2> 
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Thus, we have 




the limits of integration being determined by the equation 


€ 





Should this equation have n distinct roots, these may 
evidently be so disposed as to give n — 1 distinct particular 
integrals. 

Such is the general statement of Laplace’s method. Applied 
to an equation in the coefficients of which the highest power 
of x involved is the w th , it would make the determination of 
T depend on the solution of a differential equation of the ri* 
order. Other practical limitations may be noted. For in¬ 
stance, the method is only directly applicable to the expression 
of integrals which produce on development series of a certain 
form. Thus, if we develope the exponential in the assumed 
expression for u, we have 


u 


jTdt + x J Ttdt + J Ttfdt + &c., 


an expansion in which positive and integral powers of x alone 
present themselves. Integrals of different forms may, however, 
by preparation of the differential equation, be brought under 
the dominion of the method. These and other points we pro¬ 
pose to illustrate by the detailed examination of a special but 
very important example, particular forms of which are of very 
frequent occurrence in physical inquiries. We shall first, in 
accordance with what has above been said, determine the 
different kinds of solution in series of which the equation 
admits. This part of the investigation is intended to be 
supplementary to Art. 9 of the last Chapter. 


~. d\t du 
Ex. Given x , 2 + a , 

ax (jloo 


(fxu = 0 . 
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Solutions expressed by Series, 


2. The symbolical form of the above equation is 


u — 


<2 


D (D + a - 1) 


e 20 a = 0. 


( 6 ). 


Hence, if an integral be expressible in the form ^u m x m , 
the law of formation of the coefficients u m will be 


u 


<l 


m 


m (m 4- a — 1) 


< 7 )> 


while the lowest value of m will be 0, or 1 — a. Thus, except 
in a particular case to be noticed hereafter, the complete in¬ 
tegral will be 


u 


A {1 +-2V + &L - + &c.} 

2i (a + 1) 2.4? (a + 1) (ca + 3) 


4- Bx l ~ a {1 4- 


2 2 
qx 


Hh 


q 4 x 4 


2 . (3 - a) 1 2.4 (3 - a) (5 - a) 


4- &c. }...(8). 


The two series in the general value of u are evidently con¬ 
vergent for all values of x. As this question of the conver¬ 
gence of series is sometimes important in connexion with the 
solution of differential equations, the reader is reminded that 
according as, in the series of terms or groups of terms 

u Q + u x -f- w 2 4- &c., 


u 

the ratio —— tends, when n is indefinitely increased, to a 

. U n -X 

limit less or greater than unity, the series is convergent or 
divergent; when the ratio is less than unity but tends to unity, 
we must apply a system of criteria developed by Professor De 
Morgan (.Differential and Integral Calculus , p. 325*). 

* That this system virtually includes previous special results has been 
proved by Bertrand (Liouville, Tom. vn. p. 35); that it is a legitimate deve¬ 
lopment of the fundamental principles of Cauchy has been established by 
Paucker (Crelle, Band xlii. p. 13S). 
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When a is an odd integer, the general integral will involve 
a logarithm. In particular if a — 1, we shall have 

u a= a 0 4 a 2 cc 2 4 a 4 cc 4 4 &c. 4 log x (h 0 4- b z x* 4 b A x* 4 &c.)... (9), 

a Q and b 0 being arbitrary constants, and the succeeding coeffi¬ 
cients determined by 


m 2 a m 4 2 mb m - q*a m _ 2 = 0, nfb m - q*b m _ 2 = 0.(10). 

The symbolical equation (6) indicates by its form that 
there are no solutions expressible in descending powers of x , 
and infinite in one direction only—i.e. beginning with some 
finite exponent, and presenting a series of exponents thence 
descending. But the equation may be transformed so as to 
admit of a solution of this kind. For, assuming u = e~ qx v , 
we shall have 


2 2 a ') 2x~ aqV = °’ 
and of this the symbolical form will be found to be 

D(D +a - l)v - 2a(D +1 - 1) e s -o = 0.(11); 

whence, if v be developed in a series of the form %v m x m , the 
law of derivation of the coefficients will be 


x 


d?v 
dx 2 


4 (ct> — 


m (m + a — 1) v m — 2q (m 4 


a 

2 



= 0. 


It follows from this that there will be two ascending and 
convergent series for v, and one descending and divergent 
series. The law of the latter series is, by changing m into 
m 4 1, more conveniently expressed in the form, 


v 


m 


(m + 1 ) (m 4 a) 

. ' » ■ i M i v 

2 q (m + ®) 





466 


SOLUTIONS EXPRESSED BY SERIES. [CH. XVIII. 


Hence, the first exponent will be — and the ultimate 

Jmt 

value of u will be 


a (a — i ^ 

v.*=c<r* , x%\ 1 + - ~—- 

( 1 . 2qx 


a fa 


■ 


- 4* 1 
2\2 


)(?- 1 )(S- s ) 


If we assume u=e qca v, and proceed as above, we shall obtain 
for v the symbolical equation, 


D(D + a-l)v+2q (Z)+|-l)e«u=0 


,(13), 


and as this differs from the previous equation for v, only by a 
change of sign affecting q, we at once deduce a second value 
of u, in the form 


u sas Ee qx x~ * J1 — 


m - 1 ) kms-og-*) 


1. 2qx 


1.2.43 V 


&c.l (14), 


) 


the terms within the brackets being alternately positive and 


negative. 


Both the descending series are finite when a is an even 
integer, and though for all other values of a they are infinite 
and ultimately divergent, yet if x be large they begin with 
being convergent, and may under certain circumstances be 
employed for numerical calculation. 


Thus, we have obtained two solutions expressed in ascend¬ 
ing series always convergent, and two solutions involving 
series expressed in descending powers of x, and ultimately 
divergent. 

As concerns the convergent series for v, derivable from the 
transformed equations (11) and (13), we may remark that 
when multiplied by the developed exponentials, they will only 
reproduce the convergent series for u already obtained in (Hj. 

One observation yet remains. We have seen that each of 
the assumptions u — e qx v and u ~ e" qx v transforms the proposed 
differential equation into another of which the solution in a 
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descending series is finite when the given equation admits of 
finite integration. This species of transformation is frequently 
possible. To accomplish it we must assume u — Qv, the form 
of Q being determined by the solution of that differential 
equation upon which, by Props. II. and III. Chap. XVII., the 
solution of the proposed equation, when possible in finite 
terms, is dependent. 


Solution of the Equation by Definite Integrals. 

3 . Comparing the proposed equation, 

d 2 u , du 2 _ _ 

X da? + a d^-‘l XU=0 .( 15 )> 


with the general form (1), we have 



, / d\ d 2 2 / d\ d 

^ \dxv dx l ^ ^ \dx) ~~ a dx 

Hence, 

<t> CO = ? — <f 7 yjr ( t ) = at; 

therefore 



Substituting these values in (4), we have 

u=cje a dt .( 10 ), 

while, for the limits of integration, (5) gives 

Hence, supposing a positive , and confining our attention for 

a 

the present to the factor (t 2 —q 2 ) tJt , which alone determines t in 
perfect independence of sc t we find t—±q. Thus, 
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Assuming then t*=q cos 9, and changing the sign of the 
arbitrary constant, 

u=*C x pe qxcos * (sin By 1 dd .(17), 

and this, as its form suggests, and as we shall hereafter shew, 
is an expression for the particular integral represented by the 
first convergent series in the general value of u, given in (8). 

To deduce another integral, let us in the symbolical equa¬ 
tion (6) assume u— e^~ a)e v. We find 

v - -n+x- a) D eWv = 0 .( 18 )- 

Hence, a value of v may be determined from that of u by 
changing a — 1 into 1 —a-; i.e. by changing a into 2—a. 
ihus we have, for the second particular integral, 

u = os-r e<lx cos 5 (sin ey-ade, 

J 0 

provided that 2 — ale positive. 


. Hence, if a lie between 0 and 2, we have for tlie complete 
integral, 

U= (sin ey-'dd + e qx «*>»(sin 6) l ~‘d9... (19). 


If a 1, the two particular integrals in the above expression 
merge into one. To deduce the true form of the general 
integral, we may proceed thus, 

“ = J 0 C ° S 6 { C t ( sia 6 ) “ -1 + (as sin 6) '-“j d6, 

= r^\ A (sin 9) a ~ 1 + ?? -( sin O^-frsin fl) 1 - ] 

J 0 l a — 1 J ' 

A an^jB^ 11 ^ ^ an< ^ ^ ^ wo new arbitrary constants, 
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Now when a — 1, we find by the usual mode of treating 
vanishing fractions, 

(sin G)*" 1 — (x sin 6) x ~ a 

— a,-i -— = lo sK sm *) }• 

Thus, 

/*7T 

u— I e ^ cos0 [^4 + log fa (sin 6y\]d0 .(20)- 

J 0 


This is the complete integral of the equation 

d 2 u du 




( 21 ), 


and a similar form exists for all cases in which a is an odd 
integer. 

4. We proceed to the cases in which a is fractional and 
does not lie between the limits 0 and 2. By the application 
of Props. II. and III. Chap. xvii., this case can be reduced to 
the case in which a does lie between the limits 0 and 2. 
First, suppose a negative; then we may assume a~d — 2n, 
where d lies between 0 and 2, and n is a positive integer. 
In this case, the first term of (19) will need transformation. 
Now the symbolical equation (6) becomes 

5 2 Q f\ 

U — 777 .:- f - -V\ e U ~ 9 - 

1) (I)-{-a — 2 ii ~~ 1 ) 


Hence, if we assume 


iTQ) + a - 1 ) e ™° °’ 


we shall have 

it = {D+ a! -1) (Z> + d - 3)...(D + d - 2?i+ 1) v 
— ^cc^~ + a'— 1^) (y° 4" a ~~ ■—2?i+l^u...(22), 


in which 


v = C t f €‘ l ' l '- cos o (sin @y i ‘ l dQ .(23), 

JO 
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And this particular expression for u must replace the first 
term in the general value of u given in (19). The differen¬ 
tiations may obviously he performed under the integral sign. 


As a particular illustration suppose a to lie between 0 and 
2 , then n — 1, a = a ~ 2, whence 


x 


d 

dx 


+ a f -1 


x~ +a + 1. 
dx 


The particular value of u which must replace the first term 
in the general value (19) will therefore be 

-<(•= 

Effecting the differentiations, and substituting in (19), we 
have, for the general value of u, 


4 -a + lje^ c0S *(sin &) a + x d0. 


u 


— G x f € qxcos0 ( qx cos 9 + a + 1) (sin 9') a * x d9 
J 0 

4 * C z x l ~ a f e qx 003 6 (sin 9) x ~ a d6. 

J 0 


Secondly, when a is greater than 2, the assumption 

u — i.e. u — x x ~ a v , 

in effect converts a into 2— a. Compare (6) and (IB). In 
effect, therefore, it converts a into a negative quantity, and 
reduces the present case to the preceding one. 

It remains only to notice that when a is an even integer, 
the complete integral is expressible in finite terms. Chap, 
xvu. Art. 3. 


Collecting these results together, we see that, according as 
a is an even integer, a fraction, or an odd integer, the complete 
integral is expressible in finite terms, or by definite integrals 
producing on development two algebraic series, or by definite 
integrals producing on development two series, one of which 
is multiplied by the factor log x. We propose before going 
farther to verify these results. 
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Verification . 


5. If in the solution (19), we develope the exponentials, 
and for brevity write 

[”( cos0) m (sin 8 ) a_1 d 9 = A^ T (cos0) m (sin 6 y~ a d 0 = 24), 

we shall have 

u= C£ — q m x m + CfT '2 T—^—}V.(25), 

1 1.2...m z 2 1.2...m z v 

the summation denoted by 2 extending to all positive inte¬ 
gral values of m, from m = 0 to- m = oo . Thus the general 
value of u is expressed by two series, whose equivalence to 
the series given in (8) it remains to establish. 

Now, when m is odd, A m — 0, the positive and 

negative elements in each integral mutually destroying each 
other. Again, by a known formula of reduction, 


J (cos 


ey (sin ey d 0 = ( C06g ) m ~ 1 ( siag ) 


rHrl 


+ 


m — 1 
m-\- n 


f (cos ey '- 1 (sin ey de. 


Supposing the limits 0 and 7 r, the term free from the sign 
of integration vanishes at each limit when n is positive, and 
we have, changing n successively into a -1 and 1 - a. 


A = 


m 


m + a 




B m = 


——— B . 

m + 1-a 


,(2G). 


Now let the coefficient of x in the first series in (25) be 
represented by u mi then 


jni—2 


= 0 % 


mQ _ _ /~i 2 ^2 _ 

1 1'. 2...m ’ M 1 1.2... (m - 2) ’ 


therefore m 

u, 


u i 
ni —2 


q 2 A m 


a 


m (m — 1) A m _. z to (m + a — X) 


hy (26). 
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Now this is the law of the coefficients assigned in (7). 
And just in the same way may the second series in (25) he 
verified. Thus the development of the general solution (19) 
produces the two convergent series of the solution in Art. 2. 

The verification of the solution (20), though somewhat 
more difficult, may be effected on the same principles. 


Developing the exponential, and assuming 

f (cos 0) m dd = E m , f (cos 0) m (log sin 9) d6=^F m) 
Jo J 0 


we shall have 
AR 


a = S - + n -f' F ” ) jV + 1 ogisS^-”*- g*®-...(27), 

\1.2...m 1.2...m/ x ° 1.2...ra-* v ' 


the summation extending to all even integral values of m, 
from m = 0 to m = cc. 


Now it may be shewn that 




R 


771—2 > 


7)1 


m — 1 

m 


F. 


m —2 


7tl 


K 


m 


(28), 


and it will be found that these relations establish, for the 
coefficients of the series involved in (27), the same laws of 
successive derivation as are assigned in (10). 

The verification of the solution (22) involves no difficulty. 


Solution by Definite Integrals resumed . 

6. In Art. 3, we found for the equation of the limits, 

e** (£ 2 - <fif = 0. (29), 

from which, in order to determine the limits in perfect in¬ 
dependence of x, we rejected the factor e 4 *. In the discussion 
of the same problem in the great work of Petzval*, now in 
course of publication, that factor is retained, giving, according 

* Integration der limearen DifferenticilgleicJiungen mit Constanten und 
veranderlichen Coefficienten. [The second volume concluding the work was 
published in 1859.] 
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as x is positive or negative, the additional limit — oo or oo . 
And thus the following solutions are arrived at, viz.: 

u = C 1 J* e* (f-qY' 1 dt + .(30), 

when x is positive, and 

u= O x T e xt (f- q*f~ X dt + r e*‘ {? - q*f~' dt .(31), 

J -q J q 

when x is negative. It will he observed that it is in their 


second terms that the above expressions for u differ from the 
expression given in (19), and the question arises, what do 
those second terms really represent ? We propose here to 
consider this question. 

Supposing x positive, we have to examine the term 

cJ* fr 1 at. 

J - OO 

Now this expression, on assuming t — — q (1 + 6), so as to 
make the limits of integration 0 and oo , and performing re¬ 
ductions affecting only the arbitrary constant, becomes 

of e -5 * ( i+£| ) (28 + ey^ ae, 

J 0 

or, C'<r 5 ' f e-i* 6 (20 + '* dO .(32). 

j 0 

It is easy to see that this cannot produce either of the par¬ 
ticular integrals represented by ascending developments in (8). 
For, if we develope the exponential under the sign of inte¬ 
gration, the coefficient of of 71 in the factor represented by the 
definite integral, will be 

+gr_j- < r ( ?e + e-rue. 

But, m and a being positive, it is manifest that the expres¬ 
sion is infinite. 
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We may, however, expand the definite integral in descend¬ 
ing powers of cc. Developing the binomial in ascending 
powers of 6 } and integrating by the well-known theorem 

(32) assumes the form 



Now observing that T 




&c., substituting 


and merging the common factors in the arbitrary constant 
we have 


a 

"2 


(l-i)l. (i-i)(H!(? + i) 


-f&cA_(33), 


Ce-«*x , - . ^ . 1.2. (2 qxf 

which agrees with (12). Exactly in the same way PetzvaFs 
second integral for the case in which x is negative, represents 
the other descending and divergent series (14). 


7. We thus see the true nature of the distinction between 
PetzvaFs form of solution and those obtained in Art. 2. 
The latter represent the two converging and ascending 
series derived immediately from the differential equation. 
The former represents one of those series accompanied by 
the divergent series derived from a transformed differential 
equation*. 


* Spitzer, in a recent Memoir in Crelle’s Journal (Vol. liv. p. 280), shews 
that when the coefficients of the differential equation 

(a 2 + bzx) + {a x + b x x) — + (a 0 + b Q x) y — 0 

satisfy the condition a^b. x — a a & 1 = & 2 2 , the solution will he 

V — je ux V j A + B log (a 3 + b^x) TJ X J du 


where 


V 1 = S 2 ii s + b lU + &„, log (TUJ = J a jPL+“V±?o d!t> 
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It is known that in the employment of divergent series 
an important distinction exists between the cases in which 
the terms of the series are -ultimately all positive, and alter¬ 
nately positive and negative. In the latter case we are, 
according to a known law, permitted to employ that portion 
of the series which is convergent for the calculation of its 
entire value. Now, a being positive, the series (12) assumes 
this character when x is positive, the series (14) when x is 
negative. But these are precisely the cases in which these 
series are represented by Petzval’s integrals. 

When, for the calculation of an element dependent on the 
solution of a differential equation, ascending and descending 
series are both employed (the former for small, the latter for 
large values of the independent variable), it is necessary to 
determine the connexion of the constants. For this purpose 
the expressions of the series by definite integrals may be of 
importance. On this, and on other points connected with this 
subject, the reader is referred to two most instructive Memoirs 
by Prof. Stokes*, in which some of the equations of this chap¬ 
ter are applied to physical problems. 


Partial Differential Equations. 


8. Some of the most interesting applications of the above 
method occur in the solution of partial differential equations. 
The following is an example. 

Ex. Required the most general solution of the equation 


d l ii 


d 2 u , 

+ j -2 + 

dy 


d z, ii 

di 1 


0 , 


and tlie limits are given by 

c‘ n *u l v= 0 . 

The deduction of this as a limiting case of the general solution may servo 
as an exercise to the student. It will be proper to assume a^ + h^x — v as the 
independent variable. 

Spitzer expresses surprise that Petzval has not arrived at the above solu¬ 
tion. We see however that it has no proper place inPotzval’s actualscheme. 

* On the Numerical Calculation of a Class of Definite Integrals and Infi¬ 
nite Series. Cambridge Philosophical Transactions, Vol. ix. Part i. p. 100. 

On the Effect of the Internal Friction of Fluids on the Motion of Pendulums. 
Ibid. Part n. p. 8. 
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which can be expressed in terms of z and r, supposing 

r = + 2 / 2 ). 

This equation, with its supposed condition, presents itself 
in the problem of determining the attraction of a solid of revo¬ 
lution on an external point, and in the problem of the motion 
of an incompressible fluid, disturbed by the motion of a solid 
of revolution in the direction of the axis of revolution z. 


The transformed equation is easily found to be 


d?u , du d 2 u 

r dP + Tr + r d? = ° 


(34). 


Now the solution of the equation 

d 2 u du „ 


is 


u 


= fV cos *vri> + _g log ( sia 0 y^ dQ . 

J n 


d 


Hence, replacing q by , and A and JB by arbitrary func¬ 
tions of z, we have, for the solution of (34), 


u 


= f € Bdz ^ ] [cj> (z) + yjr (. z ) log {r (sin 0) 2 }] d6 , 

u 0 ' J 

or, by the symbolical form of Taylor’s theorem, 

u=f cj> {s + r cos 0V(—1)} dO 
J 0 

+ f & {s + t eos 0 1)} log [r (sin 6 ) 2 j d9 .(35). 

J 0 


Such is the complete integral. 

In all physical problems involving partial differential equa¬ 
tions the determination of the arbitrary functions so as to 
satisfy given initial conditions is a matter of great importance, 
and sometimes, where discontinuity presents itself, of great 
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difficulty. But though some general principles might be stated, 
the subject is best studied in the concrete application. 

In applying the above solution to the problem of attraction 
it is required to determine the arbitrary functions so that when 
r = 0 we should have u = F (z). Now, since, when r — 0, log r 
is infinite, it is necessary to suppose (z) — 0. We have then 

F(z) — f (z) d6 = 7T<f> (z). 

J 0 

Thus the solution under the proposed limitation becomes 
M = - [ W J?{z + rcos0A/(— 1 )} dQ. 

7Tj Q 


ParsevaVs Theorem. 


9. Equations whose symbolical form is binomial generally 
admit of solution by definite integrals. Pfaff’s equation has 
thus been treated by Euler. (Lacroix, Tom. in. p. 529.) The 
very beautiful theorem of Parseval, which makes the limit of 
the series AA' + BB' + CC' +&c. dependent upon the limits 

B' G' - 

of the series A 4- Bu -b Ctd 4- &c. and A' 4- 4- + &c., 

should be noticed. 


u 


u 


Suppose that, for all values of u. real and imaginary, 

A. 4“ Bu 4- Cu? ... (f) ('M’)j 

J>' fl' 

A! 4- — 4—a ... = 'yfr (ii). 
u u 


Then, multiplying the equations together, 

A A' 4- BB + CO' 4" ••• 4- 2 (^cc m u m 4- = 4 * 00 ^ 00 * 

Assume, in succession, u = € 0 ^~ 1 ) and u=e~ 6 ^ l \ and add 
the results. 
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We find 

2 ( JLjA! -b j BE + Cf Q f -f*...) + (a m cos m0) 4 - 2X cos mO^ 

= <f> (e^VC 1 )} ^ {e^VC 1 )} + <f> (e^VC 1 )} ^ {e^VC 1 )}. 

Now multiply by <#?, integrate between the limits 0 and tt, 

observing that I (cos m0) cZ0 = 0, and divide the result by 

Jo 

27r, then 

+ BB' + ... = ~r[4> {e 9 V(->)} yfr (i»VMJ 

+ <f> {e- 9 V(->)} ^ J e ~®V( -1 )}] d9 .(36), 

which is the theorem in question. 


Solution of Differential Equations by Fourier's Theorem. 


10. As Fourier’s theorem affords the only general method 
known for the solution of partial differential equations with 
more than two independent variables (and such are the equa¬ 
tions upon which many of the most important problems of 
mathematical physics depend), we deem it proper to explain 
at least the principle of this application, referring the reader 
for a fuller account of it to two memoirs by Cauchy*. 


As a particular example, let us consider the equation 


<Fu T 2 fcTu t dht d 2 u\ _ A 

d*-* \d& + d? + d&?)-° 


( 37 ). 


Let u— (p (oc, y , 3 , f) represent any solution of this equa¬ 
tion. By a well-known form of Fourier’s theorem, 

4* ~ hi [ [ dad\e( tt ~ x W~ y) <j> (a), 

J —00 J —00 


* Sur VIntegration d*Equations ZinSaires. Exercices d>Analyse et ilc 
Physique Mathimatique , Tom. x. p. 53. 

Sur la Transformation et la induction des Inngrales GtnSrales d'un Sys - 
thne d'Equations Lindaires aux differences partielles . Ibid. p. 178. 
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successive applications of which enable us to give to u the 
form 


oo 


u 


- ME (a, b, c, t ) dadbdcdXdfidv .(38), 


— OO 


where A — (a — x) X + (fi — y) fi + (c — z) v. 


Substituting this expression in (37), and observing that 
from the form given to A we have 




g^- 1 ) =€ ^vr i )(—x 2 _ 



we have 


oo 

<f>da db dcdXdyudv — 0, 

" GO 

<f> being put for cf> ( a , b, c, t). This equation will be satisfied 
if <p be determined so as to satisfy the equation 

-j- h 2 (X 2 + [M + v*) <f> — 9. 



Hence, integrating and introducing arbitrary functions of 
a, b, c in the place of arbitrary constants, we have the par¬ 
ticular integrals, 

<p = € /,A M _1 ) (a, b , c), <j> — Xi ( a > ^ c ) • •• (39), 

where B ~ (X 2 + /x 2 + 

Substituting the first of these values in (38), and merging 
the factor -- 5 in the arbitrary function, we have 

07r 


u — 


00 


CO 


,{A+/iht)y/{~i) ^ ^ c) dadbdcd\d/jbdv 


(40), 


a particular integral of tlio proposed equation. It may easily 
be shewn that the employment of the second value of </> given 
in (39) would only lead to an equivalent result. 
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To complete the solution, we observe that if, representing 
by jH, we make t=e 9 , so as to reduce the 

ax ay dz 

given equation to tbe symbolical form, 

“ ~ D (D - 1) “ “ °’ 


then, by Propositions II. and ill. Cbap. XVII., tbe transforma- 

_~dv dv . 

tlOT u=e‘ To = Jt , vnll give 


H 

v X> (Z> — 1) 


€ 20 -y = 0, 


wbicb is of tbe same form as tbe equation for u. Hence, 
v admitting of expression in tbe form (40), we have, on merely 
changing tbe arbitrary function, 


oo 


u 


-= c&JfiJff e{A+Bht) ''K ( a > C ) dadbdcdXdfjLdv ... (41). 


•— OO 


Tbe complete integral is thus expressed by tbe sum of tbe 
particular integrals (40) and (41). The sextuple integral by 
wbicb tbe above particular values of u are expressed admits 
of reduction to a double integral leading to a form of solution 
originally obtained by Poisson. Cauchy effects this reduction 
by a trigonometrical transformation. It may be accomplished, 
and perhaps better, by other means; but this is a matter of 
detail wbicb does not concern the principle of the solution. 
We may add, that when the function to be integrated becomes 
infinite within the limits, Cauchy’s method of residues should 
be employed. The reduced integral in its trigonometrical 
form, together with Poisson’s method of solution, which is 
entirely special, will be found in Gregory’s Examples, p. 504. 


Cauchy’s method is directly applicable to equations with 
second members, and to systems of equations. The above 
example belongs to tbe general form 


d 2 u 

He 
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d d d 

where H is a function of . For all such equations 

doc ay dz 1 

the method furnishes directly a solution expressed by sextuple 
integrals, which are reducible to double integrals if H is 
homogeneous and of the second degree. In the above example 
the double integration proves to be, in effect, an integration 
extended over the surface of a sphere whose radius increases 
uniformly with the time. Integrals of this class are pecu¬ 
liarly appropriate for the expression of those physical effects 
which are propagated through an elastic medium, and leave no 
trace behind. 


MISCELLANEOUS EXERCISES. 


1. The complete integral of the equation 

cfu 
da? 


“-{*• 


•+ 1 it * a ) 


X 


is expressible in the form u — Ae 7lx +• Be~ hx , A and B being 
series which are finite when n is an integer. (Tortolini, 
Vol. v. p. 101.) 

2. The definite integral [ cos \n {6 — cc sin 6)} d6, can be 

J o 

evaluated when n = + (i +• —where i is a positive integer or 0. 
(Liouville, Journal , Tom. vi. p. 36.) 

Representing tlie definite integral by tt, it will be found that u satisfies 

an equation of the form = (A + u. 

clx J \ x* J 

The subject of the evaluation of definite integrals by the solution of dif¬ 
ferential equations has been treated with great generality by Mr Russell 
{Philosophical Transactions for 1855). 

3. If v — a be the equation of a system of curves, v being 

d*v d?v 

a function of x and y which satisfies the equation = 0, 

and if u — /3 be the equation of the orthogonal trajectories of 
the system, then u may be found by the integration of an 
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exact differential equation of the first order, and when found 

„ .01 ,. d*u t d*u „ 

will satisfy the equation ■+ = 0. 

The above theorem is applied by Professor Thomson to the problem of 
determining the forms of the rings and brushes in the spectra produced by 
biaxal crystals. (Cambridge Journal , 2nd Series, Vol. 1 . p. 124.) 

4 The normal at a point P of a plane curve meets the 
axis in G, and the locus of the middle point of P G is the 
parabola y 2 = lx . Find the equation to the curve, supposing 
it to pass through the origin. ( Cambridge Problems .) 

5 . The normal at any point of a surface passes through 

the line represented by | = = Find the differential 

equation to the surface, and obtain the general integral. ( lb .) 

6 . Prove that the differential equation of the surfaces 
generated by a straight line which passes through the axis 
of z , and through a given curve, and which makes a constant 
angle with the axis of z, is 


+ ^ COt a ' 


dx 


7. Integrate the above equation. 

8 . Express by a definite integral the series, 

&c. 


x 2 x* x 6 

1 “ I 5 + ¥~V ~ 2 2 .4*. 6* 


Form the differential equation by Chap. xvii. Art. 11, and then apply 

2 r - 

Laplace’s method, Chap. xvm. The result is u = — f 2 cos (x cos 9) dd. (Stokes, 

7f J 0 

Cambridge Transactions , Vol. ix. p. 182.) 

9. Hence express the series in a form suitable for calcu¬ 
lation when x is large. 

proceeding according to the directions of Chap. xvm. the complete inte¬ 
gral of the differential equation expressed by descending series ■will be 
u — x~^{(A cos£c + jB sin x)R + (A sin x ~ B cos as) } , 


12 = 1 - 


l 2 .3 ! 


+ ^ 


l 2 . 3 2 . 5 2 . 7 2 


S= 


1.2(8.r) 2 ' 1.2.3.4 (8a:) 4, 
1* l 2 .3 2 . 5 a 

&c. 


&c. 


1.8a; 1.2.3 (8x) 3 


where 
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The values of A and B for the particular integral in question ■will be 

A — B ~ ir These are deduced from the consideration that, when x tends 

to infinity, we have, in the limit, 

2 r~ 

- J » cos (as cos 6) dd = (ttsc)”* (cos os + sin as). (Ibid.) 

The above series occurs in several physical problems. 


10. The complete integral of the equation, 

* gjk + 0 + &*0 d £. +■ (/+ gx + ha?) y = 0, 

may be expressed by a finite formula involving general differ¬ 
entiation. (Attributed to Liouville.) 

oX+^ 

Assume y — ze 2 ; then, by a proper determination of a and the equa¬ 
tion may be reduced to the form 

d-z , , ,, , dz _ 

*d*s + ( “ + 6 a!> dS +/2=0 - 

The symbolical equation obtained by assuming sc = 6# will be binomial, and 
the integration in the required form may be effected by Prop. in. Chap. xvu. 


11 . Equations of the form 

** % + (A + Bjn * d £ + (-4. + + CX“) « = 0, 


may be reduced to the form, 

< Ks)* + *©'-°. (m)> 

considered in Chap. XVIII. 

Assume x m — t, y -~ t^z ; the determination of k will he found to depend on 
the equation /c ( k — 1) ni 2 4- k {m (m — 1) + mA x } + A 0 = 0. 

Potzval, Linearcn Differentialgleichuiujen, Ft. 1st, p. 105. Riccati’s equa¬ 
tion is included in the above. 


12 . Equations of the form 

(111 

(«. + 6 « lo s x ) x2 dx i + («i+ K !o s *) * + («. + K lo g *) “ = 0 

are reducible to the form (m). (lb. p. 112.) 
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13. The complete integral of the equation 

g = (a + fix) y, 

/ QO -frn+X 

dte~n+1 (Ce ta + C^ePt* ... + C n p n eP ntx ), 

where p is a primitive root of p n+1 = 1, and C, C v <7 2 ... 0„, 
satisfy the condition C + G 1 + G s ... + G n = 0, hut are other¬ 
wise arbitrary. (Jacobi, Crelles Journal ,, Vol. X. p. 279.) 


14. The determination of the orthogonal trajectory of any 
system of straight lines on a plane, involving in their general 
equation one variable parameter, can be effected by the 
solution of an exact differential equation between x and y. 

This interesting proposition, together with the following demonstration, 
was communicated to the author by Professor Donkin, with whose permis¬ 
sion it is published. 

The equation of the given system can always be expressed in the form 
ae sin d-y cos 6 =<p (0), or, putting cos 6=u, sin 6—v , 


vx-uy~F(u, v) — 0 .(1), 

w 2 + v 3 -l = 0.(2). 


The equation of the trajectory will then be 


udx + vdy=0 .(3), 

u and v being determined from (1) and (2) as functions of a; and y. 

Now, if we represent the first members of (1) and (2) by F and <£ respec¬ 
tively, then, in order that (3) may be an exact differential equation, we must 
have, in virtue of (37) Chap. XIV. 


dF d<£> dF d& dF d$ dF d<f> 

dx du du dx *" dy dv dv dy ^. 

and this will be found to be identically satisfied. Hence (3) is an exact dif¬ 
ferential equation, as was to be shewn. The proposition applies generally 

to the problem of involutes. Thus, the tangents to a circle being repre¬ 
sented by 


vx-uy = a, u 2 + v 2 =l, 

the equation (3) will become 


{gyfcs + yfl-qa) -ay)dx + {ys/(x*+y a -a*) + a X \dy 

a : 2 + 2 / 2 ~ ~ 


This is exact, and determines, 
lutes. 


on integration, the system of possible 


invo- 
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15. To determine the connexion of the integrals of any 
system of simultaneous differential equations expressible in 
the form 

dF dy _ dF 
dt dv 
dv dF 


dx 

dt 

du 

dt 


du ’ 

_dF 

dx } 


(i)- 


dt dy 

where F is a given function of x, y , u and v. 

The complete solution will evidently consist of four equations determining 
x, y> w, v as functions of t, and four arbitrary constants. 

Suppose that there exists an integral of the form d> = c, where <I» is a func¬ 
tion of x, y , u, v , not involving t. Then, differentiating, we have 

d< I> dx dy du dv 

dx dt dy dt du dt ~ dv dt ’ 


or substituting for 


dx d-y 
dt ’ dt 


, &c. the values given in (1), 


d& dF d® dF 
dx du dy dv 


= 0 . 


.( 2 ). 

Hence one integral 


dF <Fb dF 
du dx dv dy 

Now this equation is identically satisfied if d> = 
will be F—a , where a is an arbitrary constant. 

Suppose now that another integral not involving t can be found. Then 
representing it by <!>=:&, and observing that (12) is identical with the equation 
(4) in the last problem, it is seen that if, from the two equations F—a, 
we determine u and v as functions of x , ?/, a , b , the expression udx + vdy will 
be an exact differential. Honco, if J (udx + vdy) ~x, wo have 

dx. dx /t>\ 

u= 3*- ” = dy. 

Now differentiating the integral F — a with respect to a, and regarding 
u, v, as functions of x, y, a , b, we have 


dF du dF dv 
.. _ q. - — l 

du da dv da 


or, putting for 
given in (3), 


dF 
du ’ 


dF 

dv 


their values given in (1), and for u, v their values 

d z x d.r d~x dy 


or 


d 

dx 


dadx dt dady dt 
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■whence, integrating, 


dx 

da 


t + c 


(4), 


c being an arbitrary constant. Since the form of % is known, this constitutes 
a third integral. 


Lastly, differentiating F=a with respect to b and proceeding as above, wo 
find 


dx 

db 


— e 


(5), 


e being an arbitrary constant. And this is the fourth integral. 

The above is a simple illustration of the methods of Theoretical Dyna¬ 
mics referred to in Chap. XIV. Thus the equations for the motion of a 
body attracted towards fixed centres (all in one plane) are 

d*x = dJR <Py__dR 
dt 2 ~ dx ’ dt % dy ’ 

R being a function of x, y , and the co-ordinates of the fixed centres. These 
equations may be expressed in the form 

dx dy 


du __ dR dv dR 
dt dx ’ dt ~ dy ' 

Now, if we represent the function J(u 2 + r 2 ) + R byjF, the above equations 
assume the general form (1). 


It was intimated in Chap. XIV. that the solution of the equations of 
Dynamics is finally dependent on the obtaining of the complete primitive of 
a non-linear partial differential equation of the first order; and this was 
previously shewn to depend on the integration of an exact differential equa¬ 
tion the coefficients of which were determined by the solution of a linear 
partial differential equation of the first order. Now all this agrees with 
what has been exemplified above. For the last two integrals, (4) and (5) are 
derived, by mere differentiation, from x> while % i s found by the integration 
of an exact differential equation whose coefficients, u and v t are obtained 
from equations which satisfy the linear partial differential equation (2). 

The student is especially referred to the original memoirs by Sir W. R. 
Hamilton (On a General Method in Dynamics. Philosophical Transactions , 
1834—5), to various memoirs by Jacobi contained in his collected works or 
scattered through Crelle’s Journal y and to the recent memoirs of Prof. 
Donkin {On a Class of Differential Equations including those of Dynamics. 
Philosophical Transactions , 1854—5). Liouville’s Journal is rich in valuable 
memoirs on the subject. 





ANSWERS. 

The following table does not contain answers to all the 
questions proposed in the Exercises, but to a selected number 
of them, thought amply sufficient for ordinary requirements. 


CHAPTER I. 


«> 

JLim 


3. 

6 . 

8 . 

9. 


dy\ 

dx) 

(2) p — ay = e ax . (3) (1 + x 2 ) p 4- y — tan -1 a?. 

(4) xp + y = xf log x. (5) yp 2 ■+ 2xp = y. 

(6) y=xp + cj> ( p). 

(1) and (2) j J + nvy = 0. (3) of + (V~ * j) = ®- 

(1) (as — a) 2 4- (y — b)‘ 2 = 1. (2) bx —ay = ab (xy — 1). 

m 2 m , rn ( 2 m\ 

x - y — = b, x - 5 =/ y - * 

jf J p p* J V p J 

(y — c) 2 = 4 cx. 


(1) y —px 4- \/(f 4-p 2 ). ^Here, p 


CHAPTER IT. 


/ ^ i x y 4- x 

1. (1) log xy + x-y = c. (2) log =c . 

(3) (l + x 2 ) (1 + if) = cx\ 

(4) 


*—sr - lo g ( 1 + y ! ) - log [y + V(i + f)\ = <-'■ 


(1 4- as 2 ) 2 

(5) cosy = c cos x. ((>) tan x tan y = c. 

Yes. 3. (1) y = «f'\ (2) y = ce~^ ( '"K 

(3) £c 8 ==c 2 4- 2cy. (4) (5) (7/4-^)'“(y4-2.r) 3 = c 

(1) x 2 -xy+y 2 + x-y = c. (2) (y~^4-1) 2 (y4-ar-l) r, = c 
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5. y = Cx a + 


x 


ANSWERS. 

1 


a a 


X 


X 


6. (2) y—ax-\-cx*J(l— a? 2 ). (3) y—ce + ^j^—a) z ) ' 

(4) y=sino?--l + c<r sina: . (5) y = tan _1 a? — 1 + ce _tan 

10. (1) z = (c v '(l-i ! )-»r l - (2) s 3 = C6“* -■ 


a 


a 


(3) z = {ce 2 * 2 +1 (2**+ l>}"i. (5) y=(c*+log*+l)“ 1 . 


CHAPTER III. 

1. a; 4 + 6aj*sf» + y* = C. 2. o?~y‘ = cx. 3. a? - if = cy\ 

V - 

1 — = * 5. o? + ?/e w = c. 

6. e* (o; 2 -f 2/ 2 ) = c. 7. sin (nx 4- my) + cos (mx + ny) = c. 


2 . 2 

. SB H- y . 

4. —+ tan * - sss c. 

2 o? 


9. V(l + ^ 2 +y 2 )+tan x —=c, sin \/(o3 2 + y 2 ) 4* sin ^ + e y = c. 

y y 

10. Assuming- ~ = v, we have [- ^ 


_,x 


x 


05“ J c — <6^ 

CHAPTER IV. 


a 


+ a. 


2 / 3 - x?y 


1 

3. —f 

y 


- y* 
v y 3 


r 


4. xyf(x* + xy — y z ). 

Complete primitive is 05 2 + xy — y* = c. 

1 

(1) Integrating factor, 


o. 


(2) Integrating factor, 


05 \/( 03 2 + 2 / 2 ) 

1 


. Solution, x*=c*+2cy. 


2a; 2 + 3 xy + y*' 
Solution, (y + a?) 2 (y + 2a?) 8 = c. 

2 2A 


(4) y = c 1 + 



05 


(5) xy cos - — c 

CO 


6. y~cx is the complete primitive. 

7 - ( 1 ) — ■ ( 2 ) 1 


^ 2 /(^ 2 /+!) * 


3,3 , ,2 * 

05 y •+• 05 y 
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CHAPTER V. 

1. (1) e\ (2) . 2. y\ (3) 6", and 1, . 

OX 48 

4. (2) yVC (3) y-V. (4) (1+/ - a?)-. 

(5) (x 3 + f/)~ 2 . (6) (a + y + ocy)^. (7) (as + y 3 ) 

5. e x (a? 3 4- 2/ 2 )"* = c - 

^ , 

7 _ jp ^ -j- JP —* the equation becomes d, x "h — — & ? 

which is of the general form of 6. 

ffl — 1 _ d P mi r / \ TlP 

9. When Q = 2x ■ q . Then fix) = — - Q • 


CHAPTER VI. 


Equations 1 to 5 must be reduced to the form 


x dy _ ay + ly* — cx * a } of which the solution is 
dx 


y = x 



?V' hr\x a 

Ce a +1 
Ce 


■ or V = x " \J (- 1) tan ( ■■■■ a )X }' 


Ce <* -1 

according - as 5 and c are like or unlike m sign. In 1 we find 

O —2a 

/>* 

- 4 /' 1 


t = l, and the solution by (A) is y = a+ J -- , where y, is 

criven by changing, in the first of the above solutions, a into 
— a, b into 1, c into 1 . In 2; apply (A). In 3 apply (H). 

7. V(/3 2 - 4ay) + n (i + |) = 0, i being any integer, posi¬ 

tive, negative, or 0. 


9 x dy — (2 Ah + 1) y 4- by* = cx m+ ‘\ where A is a root of 
dx 

the equation 6yl 2 4 - A — h = 0. 

10 . Compare with p. 95 . 



490 
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1. 

2« 

5. 

6. 

8 . 

12 . 

13. 

16. 

17. 
19 . 

4. 

6 . 

10 . 

11 . 

18. 


CHAPTER VII. 

(y -2x — c) (y — 3a; — c) = 0. 

(y — a log x — c) (y + a log x — c) = 0 . 

Eliminate p by means of a log p + 2 bp ~f c = x. 

-p <xp 9 26p 3 
By y = + c. 

2 

By y = 5 VO- + p 2 ) - log {p + V(1 + P 2 )} + c * 

Complete Primitive 3 / = cx + c — c 2 . 


Singular Solution y 


(x + 1 ) ! 


Complete Primitive, y — cx + */( 6 2 — c& 2 c s ). 

X 2 77 2 

Singular Solution, — —5 + gs = 1. 14. a : 2 + y* = 

Eliminate p by a? = ^ (c + a sin -1 ^). 

B y x = v(it/) (c+ ^ + a tan_1 7 ) )* 

(*-a) 2 +{y-/(a)} 2 == 1. 21. ax-yf(a)=af(a)(xy 


CHAPTER VIII. 


Singular Solution x — a. 


Differential equation, p — 


2 *J(x—a)' 


(1) *y-l. (2) (3) y 




Particular Integral. 

Singular solution y = 0; complete primitive y—e 





ANSWERS. 


16. (1) Envelope species, y = —— . 

(2) Envelope species, y 2 — 4a; 2 . 

(3) Not of envelope species, y = x n . 

17. Singular solution, \/x 4- \/y = a. 

(> o o 

18. Singular solution, sc* 4- y* = a*. 

19. a? = cos -1 y~ 4 (y — y 2 ) 


CHAPTER IX. 


1. 


y 


Ce 


nr 


4 C e 4r . 


<•> 


y 


Ce" 


4 c tP 4* 


1 2;3? 4~ 7 
144 


3. y = e* (c 0 4 c x o? 4 c./xr 4 c u .x- 3 ). 

4. y — (c x 4- <yr) cos x 4 (c a 4 o 4 .r) sin sc. 

5. y = ce - * 4 {<\ 4- <yr) e 2;p . 

6. y = c\ cos a? 4- c a sin as 4- (c 3 4- c 4 .t) e r 4 1- 


7. y = (c t 4- c. 2 x) e kx 4 


8. y — (Cj 4 c.^a? 4 


c 


9. y = ex' 4 — 
** a; 


(A; — l) 2 5 6 * v 

10 . y = c (x 4- of 4 c (x 4 a) 11 . 


11 . 

12. 

14. 


y = € 55 jc COS (.Ca //>) 4 c' Sin (;C a/^)}- 

7/ — C6 «sin _1 .r _j_ -asin -1 ;*^ 

*/ 1 

Add a: 2 to tlie previous value of y. 
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ANSWERS. 


1. y 


x 

Q 


CHAPTER X. 


— sin x + c + c'x. 3. x 


2 J ; 


dif 


V( c + Vy) 


+ c'. 


4. y = clog cr + c'. 
7. a; 4- c = (y 2 — 


- o , C 

5. y — ccc H— . 




8. 


y 


cx 


+/ (c)x + c'. 


9. # 


log (cy +/(c)J + o'. 


14. y = e J Pi *Cd& + c'J . 19. y <= cx. 


X 


X 


20. y = — a- 4- J (ae a + ae a ). 22. « + c+ 

23. y = clog [x + c + \/(a; 2 4- 2ccc)} + c'. 

dx 


26. t = 


k 


Oe -f- t ^ 


O' 


-+ O'. 


28 + 

da: 2 * cU- + y ~ c - 


31. 



a;” = 0. 


32. (y - c) 




S3 - * = id + ^ + 5 ) • 


CHAPTER XI. 


1. cc = cy. 

4. 2ccc + c = 5 


2. » + c — - log + v(wy-i)). 

/ c> 


6—ct 

'cV r 


y 


54 -a 
" b * 


J) ~ a b + a) m 

6. Let y 2 = 2cce — as 2 represent the circles, then the tra 
jectory is x 2 = %cy — y 2 . 

7. 3/ 2 + a? 2 — c = 2a 2 log cr. 8. An equiangular spiral. 

10. 4 ay + c — 2ax^/(4<a 2 x 2 — 1) — log (2 ax + \/(4<a 2 x 2 — 1)J. 
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1. 

2, 

** 

o. 

7. 

9. 


CHAPTER XII. 

(x — a) (y — b) (2 — c) = (7. 

as 2 4- 2?/ 2 — Gxy — 2a?^ 4- s 2 = C. 3. yz 4 zx 4 xy = c. 

e*(y + s) = c. 6. ® + ^+? = C. 

x y z 

*—__— _j-= 01 8. e* (pc 4 y + z ) = O. 

•z y 

a; 2 4 a*?/ 2 — w 4 = c. 10. No. 


CHAPTER XIII. 


1. 

V 

O. 

7. 


A 4 1 / 

x = ce 2 — ^ , 2 / = (ci 4- c x ) € 3 . 


7e 


y — e r,t (c cos t + c sin fy, 


™4>f 


x = x {(c 4- c) sin i + (c- c') cos £), 


t ‘it 

€ t 


a: 4 ?/ = ce “4^4 , x — 2y — c'e 7 ‘ 4 - 

o o 


8 


x=^4- 4 4c a e 2 


2< - c/ V7 - c 4 €"'^ , 


y = n + c ' 6 ” + ' - c » e 


2* , „ „ 2r „ ^V 7 _ /» ^-‘v 7 


c e 


2e* 

9 ' 
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CHAPTER XIV. 

•3? — 

2. z^ysixT 1 - + 3. e *(x + y + z) = <p(y). 

y 

co y 

z =- +<f>(ay— bx). 6 . z — e a <f)(x — y), 

7. z — (x + y) ( x 2 — y 2 ). 8. £ = ~ -f cf> (xy). 

9 - = *(*—“)• 10 - = *!/+<!> 

11. x* + y* + z? — z<f> . 

13. x + *J(x s + y 2 4- z 2 ) = x l ~ a cf> C^- \. 15. ^ = cV(V 4- y 2 ). 

V / 

16. (a - 1) ™ = x a <j) 

t \x x) 

18. Complete Primitive 2 = aw? 4- fry 4 afr. 19. z — — xy. 

20. z — ax 4- - 4- b. 21. ^ = aa?6 v 4- ^ e 2l/ 4- 6. 

ct 25 

23. z ~ xy y \!(x* — a 2 ) 4 - b and _j—^ 

a x — y 

CHAPTER XV. 

2. 2 = ar£ (£j + ir . 3. y= x <j>(z) + ■$■(*). 

4 .. a=f(y) + <f>(e). 5. tv = F(z) +f(x +y + z). 

z = cj>{x+ay) +jta/ (-1 - a'). 



8. 
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CHAPTER XVI. 


1. U — C ~f- Tcj -|- c 2 x + 


jmx 




m 2 — 5m + l> 
'x 2 3 


. + ce 2x + cV* 


3. u = ce 2 * + c'e 3x 


2 + + 47 + C£to + cVX * 


4 3:c 

U — € 

3m sin mx — (m 2 — 2) cos mx 


o. w 


9 m 2 +■ (m 2 — 2) 1 


~b x ~f- c./" 2 *. 


8. « = *”<#> (|)+**(£)• 




7* 

V\2 


9. w 


(** + y’> 


VAV +a -H& + ^ 



-re 2 '. 


10. u = cos {n log x) <f> + sin (n log x) yfr (^, . 


<7 

11. Assume -.—b V = 7r. 

tlx 


CHAPTER XVII. 


-> 


w. 


u 


ce x (x - 1) - cV (x-f 1). 

/ , rZ 2 

V* dx A 


rZ 2 <7 \ c 4- C log x 

+ X d.,-J \-x 


u 


, / ^ Y (\ ~~ 1 ( I + </x) a h (lx 

x \dx) X* (1 +q.vy 

0 2 = 0 - J) (</> (y + *) + ir (y - •*)!• 






496 


NOTE. 


Note on Art, 4 of Chap XIV, page 327. 


[The language here used is not quite satisfactory. It is asserted that 
from equation (7) we must have the two equations (8) since <j>[v) is arbitrary. 
But by the same argument it would follow on page 326 that we must have 


du du . . dv dv . 

T+rf= and r + T ®=0, 
dx dz* ’ dx dz * 


also 


du du ,dvdv, 
j- + y-J=0, and — +j o=0. 
dy dz dy dz* 


In fact, instead of saying that the two equations (8) must hold, we ought 
to say that we may consistently with (7) assume them both to hold. Then 
it will follow that the relations (9) must be consistent with the relation 
pdx+qdy=dz. This is sufficient to enable us to deduce the equation (10). 


Traces of the same inaccuracy of language will be found in other parts of 
the Treatise, though not so decided as in the present passage: see pages 333 
and 363. 


This correction is due to the Bev, H. W. Watson, formerly Fellow of 
Trinity College.] 












CHAPTER XIX. 


ADDITIONS TO CHAPTER II. 


1. [In Cha, pter it. Art. 9, two methods are given for 
solving the differential equation 

(ax 4 - by 4 - c) dx 4 (ax 4 - Vy 4 - c) dy = 0 .] 

But there exists another transformation by which the equa¬ 
tion may be reduced to, (because it may be constructed from), 
an equation in which the variables are separated. 

Assume as this equation 

(Ay + C) dx + (Ax + O') dy' = 0.(1) 

and let x' = x + wij, y = x 4- mjj. 


It will be seen that in these equations united we have as 
many constants as in the original equation. Now on substi¬ 
tuting in the assumed equation the values of x and ?/, and 
comparing with the equation given, we deduce a system of 
relations equivalent to the following, viz.: 

The quantities ?/q, rn 2 are roots of the quadratic 

and — (!) 4- a') in 4* V = 0. 


The quantities 
of equations 


Aj A, 0 , O' are determined by the system 
A+A' = a, C+C' = c, 


Ani x 4 A in,, = d , Om y 4 ~ 0 m , 2 — c , 
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ADDITIONS TO CHAPTER IT. 


from which, we find 


A — 

am 2 ■ 

— a 

c = 

cm 2 — c 

A Lr-u n 

m 2 - 

-m x ’ 

m 2 - 

- m x 9 

A!— 

a?n x - 

- a 

C' = 

cm x — c 

m l — 

■m 2 J 

m x - 

- h * 


Now . (1) gives on dividing by {A'x 4- O') (.Ay + C) 
integrating 


and 


x> + C) H- 


log {Ay' + 6 y ) = const.. 


or {A'x! 4- C) A ' (. Ay ' + (7)" 1 = const., 

which on substitution and reduction gives 

\(am x — a) (x + m, y) 4- cm, — 

— -j— = const.(2) 

{ {am 2 — a) {x 4- m 2 y) 4 - cm 2 — 

tJ- Under certain circumstances the general solutions of 
differential equations of the first order fail. This happens in 
the above example if = the solution then reducing to 

1 = const. 

The theory of the deduction of the true limiting form of 
the solution in such cases requires a distinct statement. 

Let the supposed general solution bo represented by 

u=C, 

C being the arbitrary constant and u a function of sc, y, and 
constants which are not arbitrary. Suppose too that when 
one of these constants k assumes a particular value *, the 
junction u reduces to a constant v. Then we have 

u — v _ O — v 
k — k k — k ‘ 


coiS^if ® ec< ? nd . member being a function of an arbitrary 
constant is equivalent to an arbitrary constant and may be 
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replaced by C. The first member is a vanishing fraction, the 

limiting value of which is the brackets being used to 

denote that after the differentiation Jc is to be made equal to ic. 
Hence the solution becomes 



In applying this theory to the reduction of the general 
solution (2) in the case in which — it must be 
observed that the numerator of the first member is the same 
function of m t , x, y, as the denominator is of m £X x, y; or 
attending solely to their functional character with respect to 
rn 2 , we may affirm that the numerator is the same function 
of m t as the denominator is of m 2 . Representing these func¬ 
tions by <jt>(m a ) respectively, we have 

,, = ^ (”0 
<t> ’ 

But m t , m £ being roots of a quadratic equation may he 
represented in the form 

7)i x ■= 7ii 4 ~ 7c, == 'in — 7c, 

the roots becoming equal when 7c — 0. Hence 

c f > ( m + 7c) 

</> (m — 7c) 


Therefore since 

d<f) ( m. -f 7c) ___ (7(f) (m + 7c) d<f) (m — Jc) __ _ </</> (m — 7c) 
d7c dm 7 (77c, dm 


we have 


duj> {m 

die 


,. deb (m 4- 7c) , ., deb (m — Ic) 

g ,//, + Q -,//, " 

i </>(« - W 





504 


ADDITIONS TO CHAPTER IT. 


~C II. XIX. 


therefore 



2 <£ (m) 


dcfr (m) d<f> (m) 


dm 


dm 


I9W 


= 2 


<K m ) 

d 

dm 


log 


Thus the solution "becomes on putting C for 

^lo g<f>(m)=C, 


a 
2 ’ 


or 


dm am — a 


, log {{am — d) (x -f my) + cm — c } — G. 


3. _ [The next Article seems to have been intended to ap¬ 
pear in the enlarged form of Chap, n.; but 1 cannot discover 
what precise position it would have occupied. I conjecture 
that “ the above demonstration” refers to Chap. it. Arts. 2, 3; 
and I have accordingly supplied a reference to equation (3) of 
Chap. ir. 

I had myself drawn Professor Boole’s attention to Chap. II. 
Arts. 2, 3. The geometrical process of Chap. n. Art. 3, ap¬ 
pears to have been first given by D’Alembert in his Opus¬ 
cules, Yol. IV. p. 255. D’Alembert calls it a demonstration ; it 
seems to me only an illustration , at least in the brief form of 
the text: and that such was Cauchy’s opinion may perhaps 
be inferred from the elaborate investigation given by Moigno, 
to which Professor Boole refers in Art. 5 of the present 
Chapter. 

I had also drawn Professor Boole’s attention to the state¬ 
ment at the end of Chap. II. Art. 12, that only one arbitrary 
constant was involved. Accordingly Article 5 of the present 
Chapter developes this statement, and Article 4 seems intended 
to bear on the same subject.] 


4. In the above demonstration the relation between y and 
x is regarded as one of pure magnitude, and the interpreta¬ 
tion of the differential equation becomes a limiting case of 
that of the equation of finite differences (Eq. (3), Chap. ii.). 
But if we represent x and y by the rectangular co-ordinates 
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of a moving point on a plane the differential equation may' be 
interpreted directly. For supposing it reduced to the form 

% “/(».»). 

we see that the direction of motion is constantly assigned as 
a function of the co-ordinates of position. The entire motion 
is therefore determinate as soon as the initial point is fixed. 
The result of the motion is a line or curve wholly continuous 
or subject to irregularities according to the nature of the func¬ 
tion y). That the arbitrariness of origin is geometri¬ 

cally equivalent to the appearance of a single arbitrary con¬ 
stant in the relation connecting x and y may be shewn thus. 

Let y = cf>(x 0 , y 0 , x) 

be the relation between x and y indicated by the supposed 
motion, x 0 , y n being the initial point of departure. Then this 
point being on the line of motion, x 0 , y Q are particular values 
of x and y, so that we have from the above equation 

?/o (*A 5 V 0 5 : *’o) > 

which establishes a relation between x 0 and y 0 , and shews 
that there exists virtually but one arbitrary constant. 

5. It is proved in Art. 3, Chap, ir., that the constants 
x 0 , y 0 , initial values of the variables .r, y in the solution of 
the differential equation of the first order, are necessarily 
equivalent to one arbitrary constant. 1 shall shew from the 
form of the above solution that this a priori condition is 
actually .satisfied. 

Developing the expression for y [sec lap (30) of Chap, n.] 
in ascending powers of x, we have 

Aft 

1.2.3 


y^A o + jp :+ + 

1 * 


in which A 

the summation ex^ 


1.2 ... (//, -— r) 


mg 

O 


fr 


om n = r to n— co . 


F 


ormmg 
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hence the differential coefficients of A r with respect to x Q and 
y 0 , and reducing by (28), we shall find 


dA 


dA . 


— + f ^ v ) —- 
dx B +J ^ 


0 . 


whence in particular 

dA. „, s dA 

3T +/><*•■ ^df.~ ■ 


Eliminate between these equations^ (ar 0 , yj, and we have 

dA r dA 0 dA r dA Q _ 
dx 0 dy 0 dy t dx 0 ~ 

Therefore, by Prop. I., A r is a function of so that the 
solution reduced to the form (32) contains but the single 
arbitrary constant A 0 . 

It remains to notice that the solution must be applied 
only under the conditions of eonvergency, i.e. under the cort- 
dition that the ratio of the n th to the (n — l) th term tends to a 
limit less than unity as n tends to infinity. For a discus¬ 
sion of the failing cases of this test see c Finite Differences/ 
Chap. v. Generally it is desirable, in order to secure rapid 
eonvergency, to divide the interval x — a? w into separate equal 
portions, to each of which the general theorem of solution 
may be applied. If x — x & be very small the theorem may 
be approximately represented by 

y-y»-=f( x *yy^ (*-«*)• 

On these principles Cauchy has founded remarkable methods 
of solution, which deserve attention from the commentary on 
the limits of error on their application by which they are 
accompanied (Moigno, Yol. n. pp. 385—434). 



CHAPTER XX. 


additions to chapter vii. 


obtain from it 


V 


Ge ax \ 


1* [This Article relates to Art. 2 of Chap, vn.] 

The sense _ in which (9) may he said to constitute the 
general solution of the differential equation is this. We 

y - > 

giving any particular value to 0 this will geometrically 
represent a curve consisting of two branches, and giving to 
C every possible value we obtain an infinite system of such 
curves, each consisting of two brandies. The aggregate of 
branches thus obtained is evidently the same as'the "aggre¬ 
gate of curves given by the two primitives (5) and (G)','un¬ 
restricted by any connexion between and e„. In this sense 
then the solution (<J) is general, that it includes all the parti¬ 
cular relations between y and x which are dedueible from 
the original primitives (5) and ((>). And it is only in this 
sense not general that it groups these relations together in a 
particular manner. 

To the expression of the complete primitive a certain 
variety of form may be given without affecting its generality 
in the sense above, affirmed. Thus, if to the solutions of the 
component differential equations we give the forms 


ye 


~nx 


r. 


0 , 


logy + ax - c, = 0, 


we should have, by the same procedure, as the expression of 
the complete, primitive, 


(y< 


. ax 


c) (log y + ax — c) = 0, 


507 
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an equation which may equally with (9) be regarded as the 
complete primitive of the differential equation, given, and 
which in geometry represents the same totality of branches of 
curves as (9), with this difference only, that they are differ¬ 
ently paired together. 

2. [This Article relates to Art. 3 of Chap, vn.] 

The question will here naturally arise, Since if V— c be 
a solution of one of the component differential equations, 
/(F) = c, in which / (F) denotes any function of F, is also a 
solution, by Chap. iv. Art. 3, why not give to the complete 
primitive the form 

{/i ( K) - c) (/. ( K) - c}. if, ( V n ) - c] = 0, 

or the stricter form 


AWAW ../„(F„) = 0. (F), 

in which / ( FJ, / (F 2 ), ... f n ( V n ) denote arbitrary functions 
of F x , F 2 ,..., V n respectively—stricter because the presence of 
arbitrary constants and functions in the previous form is a 
superfluous generality ? It is replied that though the form 
just given is analytically more general than (15), it is not 
more general than (15) with such freedom as is permitted 
in the interpretation of the arbitrary constants. In a physi¬ 
cal or geometrical application wtf should not only be per¬ 
mitted to assign a particular value to the arbitrary constant 
in (15), so deducing what in reference to its source would 
then be termed a particular primitive, but to combine the re¬ 
sults of different determinations of c together, so as to obtain 
every form of solution which is implied either in the func¬ 
tional equation ( F ), or in its component primitives 

V —c V = c V — r 

r 1 3 Y 2 c< 2 * ’ * 3 * n — • 

The same considerations justify us in speaking of (15) as 
the complete primitive, and not as a complete primitive. 






CHAPTER XXL 


ADDITIONS TO CHAPTER VIII. 


1. [The Singular Solutions of Differential Equations of 
tlie First Order received great attention from Professor Boole, 
and the Chapter devoted to that subject is one of the most 
valuable and important in his work, lie continued his re¬ 
searches after the publication of his first edition, and intended 
to reconstruct the Chapter with great improvements in the 
second edition. After carefully examining the manuscripts I 
came to the conclusion that it would be very difficult to re¬ 
write this portion of the work so as to connect the old matter 
with the new ; and thus it seemed best to reprint the original 
Chapter Vill. with corrections of obvious misprints, and to 
print the matter intended for the revised form in the present 
volume. The plan gives rise to some repetition; but this 
seems unimportant, compared with the. advantage of preserv¬ 
ing in the author’s own language all that ho left on an in¬ 
teresting and important point which he had carefully studied. 


2. It may he of service to the student to reproduce the 
substance of some remarks on his Chapter VIII. which were 
sent to Professor Boole soon after the publication of his first 
edition ; for then*, is evidence in his manuscripts that he paid 
great attention to such remarks while engaged in the revision 
of his work, and thus the reason and tin*, meaning of some of 
his additions and changes may be made more obvious. These 
remarks will occupy the next Article. 

3. The two pages beginning with u And these conditions 
arc sufficient.,” and ending with “do not lead to conflicting 


f)09 
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results forming part of Arts. 3 and 4 of Chapter vni., seem 
obscure and difficult. The following may perhaps be substi¬ 
tuted with advantage. 

The only ways in which 

= df(x, e) dy_ _ df(x, c) dfj cc, c) dc 

dx dx dx dx dc dx 

can be equivalent when c is variable, are 

(1) when fcfl _ 0j 

(2) when c ) _ . 

dx 

in the latter case — co, and therefore — 0, and this 

dx ay 

implies that the singular solution is of the form x = constant. 
Thus there can be no singular solutions except such as 

df (x c) 

are found from -- - -= 0, and such as are found from 

x = constant. 

Similarly, if the complete primitive be expressed in the 
form x = F (y, c), there can be no singular solutions except 

such as are found from = 0, and such as are found 

from y — constant. 

In Art. 8 of Chapter VIII. we read, C£ WA may pass over 
the case in which the above equation is satisfied independ¬ 
ently of c, because the relation obtained would involve x 

only, while it is a condition accompanying the use of ™ = co 

that it leads to solutions involving y at least.” It is ob¬ 
jected, Why may we pass over this case? Such a case might 
occur and furnish a solution, and then we should want to 
know the character of that solution. Take for example 

P ~ xn y I here if n is negative, ™ is infinite when x = 0, and 

dy 

*V ri * 1 

this is a singular solution. For the general solution is y = ce n + *, 
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and so x =- 0 is not a case of it. The words— while it is 
a condition...at least —seem very difficult, for by supposition 

we are now investigating what is furnished by ^ = co . 

Professor Boole met the objection in substance thus : 

“ It will be found that the rules in the book are correct in 
this case. What is implied in the Chapter, though not stated 

with sufficient clearness, is that if = oo leads to a solution 

ay 

which does not involve y in its expression, nothing is to be 
inferred whether it is singular or not. Then the proper test is 

d a \__ 

dx {yj ” 00 ' 

In this example we have 


co gives x n — co ; no inference ; 


dy 

d (X 
<V 


dx 


co gives x {n+l) y 1 — co 


Hence x, — 0, provided n is between 0 and — 1 , or y = 0. 
Consider these separately : 

Ifirst. Let n be between 0 and — I, and x ~ 0. This is 
by the test a singular solution. {Substituting it in the com¬ 
plete primitive we get y — c, which confirms this. 

Second. Let ;// = <). This satisfies the differential equa¬ 
tion; but from the fact that it comes from ^ (^j = co we 

have no inference ; from the fact that it does not come from 

dp 

-~= co wc have the inference that it is a particular integral: it 


corresponds to c = 0. 
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- 1 


and — co. As this does not satisfy 


ao , we infer that 


dx \p_ 

it is a particular integral. To prove this we have 

c — ye W+1 . 

When x—Q this gives, since 1 4- n is negative, 

c = co or c — — qo , 

according as y is positive or negative. This is like Ex. 2 of 
Chap. vni. Art. 8.” 

The remark made by Professor Boole in the above reply, 

that if ^ _ cq leads to a solution which does not involve y 

nothing is to be inf erred.. As important. It corrects the state¬ 
ment put too strongly in Chap. vm. Art. 7, “ All we can affirm 

is that if ^ = co gives a solution at all it will be a singular 

solution.” 

From Art. 8 onwards it seems assumed that a solution for 
, T hich — = 0 is always to count as a singular solution, even if 


w 


it should coincide with a particular integral. # This does not 
seem to have been quite the view of the former part of Chap¬ 
ter vm.: see Arts. 5 and 6 of the Chapter. 

In Ex. 3 of Art. 9 we read, “ the second is obviously a 
singular solution.” This means that since we have a solu¬ 
tion which makes ~ infinite, we conclude that it is a singular 

ay 

solution. 

So in Ex. 5 of Art. 11 we read, “ is evidently a singular 
solution,” when it seems better to say, “ and is therefore a 
singular solution.” 


4. The additional matter relating to Chapter vm. begins 
with another example which was to be placed at the close of 
\.it. 3 of that Chapter.] 
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Ex. The differential equation 
(vV + / - ~m x - 

has for its complete primitive 


Vx 2 -j- 


y 1 — m? — y — c 


Here 


dy \/x* + y 2 - 


Hence 


y —m 

d<f> 

dc 


r 2 I ~ 2 2 

x 4- y — m 


Va ; 2 + ?/ 2 


—j - - - - — j 

dc y — v ur -f y — m 

Both -y- and ^ vanish then if 
dc dc 


dx _ V x 2 + y* — rri 
flfc £C 


£C 2 + 3/ 2 -m 2 =0. 

This therefore is the singular solution and it satisfies both 
the tests, as both x and y are contained in its expression. 


Of the partial tests 


’ dx 


dd> 

CO , - - ^ CO , 

dy 


the first is not satisfied, the last two are satisfied. 

The determination of c, as a function of x by the solution 

of the equation = ® is equivalent to determining 

what particular primitive has contact with the envelope at 
that point of the latter which corresponds to a given value 
of x. 

One important remark yet remains. The elimination of c 
between a primitive y—f(x,c) and the derived equation 

0/y 

= 0, does not necessarily lead to a singular solution in the 
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sense above explained. For it is possible that the derived 
equation 

df (g. <=) _ 0 


may neither on the one hand enable us to determine c as a 
function of x, so leading to a singular solution; nor, on the 
other hand, as an absolute constant, so leading to a particular 
primitive. Thus the particular primitive 




being given, the condition 


y- 

dy . 

tc S lves 


e“= 0, 

whence c is + co if x be negative, and — co if x be positive. 
It is a dependent constant. The resulting solution y — 0 
does not then represent an envelope of the curves of particu¬ 
lar primitives, nor strictly one of those curves. It represents 
a curve formed of branches from two of them. It is most 
fitly characterized as a particular primitive marked by a sin¬ 
gularity in the mode of its derivation from the complete pri¬ 
mitive. 


All the foregoing observations and conclusions may be 
extended to the case of solutions derived from the condition 
dx 

=0- 


n 


dy 


We have seen that the equation = 0 may be satisfied 

by an absolutely constant value of c, so leading to a particu¬ 
lar primitive and not a singular solution. In this case 
^ (x-\- h, c) as well as yfr (x, c ) would vanish, and the nume¬ 
rator of (9), instead of being the difference of a finite and an 
infinite quantity, would be the difference of two infinite and 
equal quantities. [See Chap. vm. Art. 8.] It would not there¬ 
fore be infinite. Hence we conclude that ^ would not become 

ay 

infinite for a particular primitive in the strict sense of that 
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term, i. e. for a solution derived from tlie complete primitive 
by giving to c an absolutely constant value. 

This is one point of contrast between the conditions 


dy _ dp _ 

dc ~ °’ dy~ 

There is another not less important. As the numerator 
of (9) may become infinite not only when (x, c) = 0, but 
also when ^ (sc, c) — infinite, we see that a relation between 


y and x which makes infinite will not necessarily satisfy 

the differential equation. On the other hand, it is not a par¬ 
ticular primitive in the strict sense of that term. 


Exactly in the same way the condition ~ ' = 0, as relating 
to the complete primitive, leads to the condition 

d /IN 

dx \p) = <X) ’ 

as relating to the differential equation, with the same points of 
difference in the respective applications. 

T r/v/ m ~- 

Ex. Let -f- % — niy m , and suppose m a positive constant 


greater than 1. 


Here 


(w -1) 


which becomes infinite when y— 0. As this involves y and 
satisfies the differential equation it is a singular solution. 

To confirm this conclusion we may refer to the complete 
primitive 

V = — <') m , 

which does not gi ve y = 0 for any particular value of r. 

How let m be a positive constant less than 1. We have 
still ( -y- = oo when y — 0 ; but this value of y no longer satis- 
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fies the differential equation. It is not a solution at all, nor 

d'u 

would it result from the application of the condition ^ — 0 

to the complete primitive. The distinction of character of 
the two tests is here made manifest. 

6. We may express the most important results of the 
foregoing investigations in the following theorem. 

Theorem. Every solution of a differential equation of the 
f rst order which is derived from the complete primitive by 
giving to c a variable value will, if it involve y in its expres¬ 
sion, satisfy the condition 

dp 


dy 


— oo ; 


and if it involve x, the relation 

d /l* 


dx 


& 


— oo 


But relations satisfying these conditions will not neces¬ 
sarily he solutions of the differential equation. 

In applying this theorem the following points must be 
carefully attended to. 

1st. No conclusion can be drawn from the satisfying of 
the condition ~ = co when the relation in question does not 
contain y in its expression, nor from the satisfying of 


A 

dx 


' r 

A 


oo 


when the relation in question does not involve x in its ex¬ 
pression. For these conditions being respectively derived 
dif dx 

from ~f~— 0 and = 0 are subject to the same limitations 

wC (XC 

in their application. 

1 

_ nr* - f 

dy 

lar relation between x and y the indefinite form ? . In this 


dv d 

2ndly. It may he that ™ or f-J assumes for a particu- 


0 
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ART. 6.] 

case we must seek by the development of its terms or by 
other known modes its true limiting value or values. Finite 
values will indicate particular primitives, infinite values sin¬ 
gular solutions, and when such values emerge together out of 
the same relation between the variables, the solution will be 
a particular primitive possessing the geometrical properties of 
a singular solution. Its locus will be a particular curve en¬ 
veloping other curves of the same family. 

See Examples 2 and 3 of Chap. vm. Art. 11. 

We have seen that the conditions 



d 

dx 



— CO 


indicate in general the existence of a relation between c and 
x or c and y. And when that relation is such as to enable us 
to determine c as a continuous function of one of the vari¬ 
ables, the corresponding solution of the differential equation 
is singular, and is geometrically represented by an envelope 
of the curves of primitives. But it may be, as we have seen 
in a particular example, that the relation does not determine c 
as a function of x or y ; but according to the language already 
used, c is a dependent constant, or in some other way different 
from the constant of an ordinary particular primitive. Let 
us examine in particular instances the kind of singularity 
which may lienee arise. 


Ex. 1. 
Here 


Given p 


y Ugy 




dij x K * J) 


This becomes infinite if x — 0; but this not involving y 
must be rejected. Again, it becomes infinite if y = 0, and 
this proves to be a solution of the differential equation, the 
limiting value of the indeterminate function in the second 
member being 0 (Todhunter’s Differential Calculus, Chap. x.)„ 
Now the complete primitive is y — € ex , discussed in Art. 4. 
The constant c is there shewn to be dependent, the solu- 
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tion y — 0 emerging from the complete primitive by making 
c = — oo if a? be positive, and c — co if x be negative. 

2 


Ex. 2. Given 




jdx) 


+ ^ lo s y—o. 


Here 

therefore 


P 


xy ± y [pc 1 — 4 log y) s 


dp _ x + (x 2 — 4 log y) * 
dy~ 2 




(as* - 4 log?/) 4 ’ 


and this is made infinite by y — 0 and by a? 2 — 4 log y — 0, 
i.e. by 

X2 

2 / = 0, y — . 

Both satisfy the differential equation. 

Now the complete primitive is 


y 


-car-c 2 


We see at once therefore that the second of the above solu¬ 
tions is singular. The first however is deducible from the 
complete primitive by making c = oo or c — — oo , irrespec¬ 
tively of the sign or value of x, provided orily that x he 
finite ; not so however if x be infinite. The value of c is not 
therefore in the most absolute sense independent of that of x. 
If from the complete primitive we seek the singular solution 

dy 

by the condition = 0, we get the two equation: 


€ cx-c2_ o s # _ 2c = 0. 

The second of these determines c as a function of x, and 
leads to the second of the solutions obtained above. The first, 
though it does, not determine c as a function of x, still ex¬ 
presses a relation between c and x } which is the ground of 
the fulfilment of the condition 

dp 
dy 


CO . 
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We may further notice a peculiarity arising from this*rela¬ 
tion. Supposing x finite and the solution y — 0 a particular 
integral, it presents the singularity that it is the only case in 
which two particular integrals agree. We might in any com¬ 
plete primitive, by changing c into c 2 , get two values of c for 
the same particular integral, but then it would be for every 
particular integral. 

One negative character seems indeed to mark all the cases 

in which a solution involving y in its expression satisfies the 
** 

It is that such solutions do not emerge 


condition = co 


dy 

from the complete primitive by the attributing of a single and 

absolutely constant value to c. The relation which makes ^ 

infinite satisfies the differential equation only because it satis- 

dy 

fies the condition = 0, and this implies a connexion be¬ 
tween c and x, which is the ground of a real though it may 
be unimportant singularity in the solution itself. 

At this point, then, the question arises, whether the term 
singular solution shall be confined to that class of solutions, 
the loci of which represent the envelopes of curves of primi¬ 
tives, or shall be extended to all solutions which, satisfying the 
dp 


condition 


dy 


co , indicate the existence of a relation be¬ 


tween c and x, and possess an actual singularity arising from 
this source. While the all but universal consent of mathe¬ 
maticians is in favour of the former course, it is to be remem¬ 
bered that the question is solely one of definition. Not such 
is the question how singular solutions of the envelope species, 
or as would more generally be said true singular solutions, 
are to be distinguished from all other solutions. This we 
now propose to consider. The question is not an isolated one. 
It stands in close relation to a series of properties of singular 
solutions which admit of an orderly development. 
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Discrimination of singular solutions of the envelope species . 


7. A negative test, which in the great majority of cases 
suffices for the present object, is suggested by the following 
consideration. 

The differential equation determining “ as a function of 

7 2 7 S 

x and y determines also wi/*.., and the know¬ 

ledge of these enables us to construct in a developed form 
the complete primitive. See Chap. II. Art. 12. 


The values of % , &c. acZ *'n/> as derived from the 

ax ax m 

differential equation, are the same as those derived from the 
complete primitive. 


But a solution deduced from the condition ^ — 00 is on ^7 

dy 

constructed so as to yield the same value of ^ as the given 

differential equation does. If it be of the envelope species, 
the curve it represents has in general no continuous contact 
with the curve of any particular primitive. It win not there¬ 
fore generally yield the same values for ? ~dfd 7 ^ c * 


the differential equation does. It will not therefore generally 
satisfy the differential equations of an order higher than the 
first, which would be derived from the given equation Toy dif¬ 
ferentiation. Hence we have the following Proposition. 


elf) m • 

PROPOSITION. If a relation which makes infinite satisfy 

the given differential equation of the first order , hut do not 
satisfy all the higher differential equations obtained from it, 
such solution will be singular and of the envelope sqwaes. 
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Ex. 1. By comparison with its complete primitive we saw 
dy - >1 ~ 1 

in Art. 5 that ^ — my m has for a singular solution y — 0 

when m is a constant greater than 1. 

We will first suppose m a fractional quantity greater than 
1, and endeavour to deduce the character of the solution with¬ 
out making use of the complete primitive. 

From the solution we have 

= 0 . = °. & c - ad inf. 


But from the differential equation 


d 




5 dy 


t71 


and generally 


dTy 

dt r 


♦n—r 


m (m — 1)... (m — r + 1 )y 


m 


Hence, when r is less than m, the substitution of y — 0 gives 


d r y 

dx r 


0 


as before. 


But if r is greater than ?n, it gives 


dy 

dx r 


= oo . 


We conclude that the solution is of the envelope species. 


Secondly, suppose m a positive integer greater than I. 

In this case we find, when r is less than m, the same series 
of values as before; but for r —m we have 


d r y 

dx r 



1 ^. *. 1, 


and this also shews the solution to be of the envelope species. 
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Ex. 2. The differential equation 

(a^ + y*) a 

1 + p* 4 

is satisfied by 

a 2 + / = 4 . 

Is this a singular solution or a particular integral ? 


From the solution we find 

dy x d*y __ 4 

dx y 9 dx* y a * 


From the differential equation we shall have 

d*V „ _ (1 ±_pT^±f) 

2 {y - xp) y 


dx 2 


dy 


substituting in which the value of ^, obtained from the 

proposed solution, we find 

d*y (a? 2 + y 2 ) 2 _ 8 

Sa 2 = 2p _ ~~y 3 ' 

ISTow this differing from the value before obtained, we con¬ 
clude that the solution is singular and of the envelope species. 

And this result is verified by comparing the solution with 
the complete primitive 

(x — c) 2 + {y — Vi — c 2 ) 2 = 1. 


As the test above exemplified is merely negative, it is in¬ 
sufficient. For it is conceivable that an enveloping curve 
should have an infinite order of contact with each of the curves 
which it envelopes, and this is also possible. Any test found¬ 
ed upon a comparison of the values of differential coefficients, 
any test therefore furnished by the Differential Calculus, would 
be insufficient for the discrimination of such cases. 


Ex. 3. Given = y (log y) s 
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Here 


dy 

tial equation. 

From this solution we •find 


co gives y = 0, and this satisfies the differen- 


d~y 
dx‘ 1 


>, = 0, &c. ad inf. 


From the differential equation we have 

^| = .y {(log^) 1 + 2 (log 2 /) 3 }, 

which consists of y multiplied by a rational and entire func¬ 
tion of logy. It is easy to see that all the higher differential 
coefficients of y hence derived will possess the same character. 
And all such vanish with y. 

We can therefore neither affirm nor deny that the proposed 
solution is of the envelope species. 

8. Before demonstrating a general Rule for the discrimi¬ 
nation of solutions of this character, we shall notice certain of 
their properties which serve to indicate in what direction the 
Rule is to be sought. [See Chap. vm. Art. 14.] 

As the exact differential equation differs from the sup¬ 
posed given differential equation by having acquired a factor 
which the singular solution makes infinite, so the given dif¬ 
ferential equation may be said to differ from the correspond¬ 
ing exact one by containing a factor which the singular solu¬ 
tion makes to vanish. If we knew that factor, we could by 
rejecting it reduce the given differential equation to a form in 
which it would no longer be satisfied by the singular solution. 
Now Poisson lias shewn on a particular assumption, which 
does not however affect the principle of the demonstration, 
that this factor can be found when the singular solution is 
known. His demonstration is in substance as follows. 

Let us represent the given singular solution of the dif¬ 
ferential equation by 

u — 0, 

u being a given function of x and y. Then introducing u and 
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x instead of y and x as variables, the differential equation, 
after transformation will assume the form 

s =/(*,«)• 

Now this equation being satisfied by u = 0 and the first 
member vanishing, the second must also. Poisson now 
assumes, and the assumption must be carefully noted, this 
second member to be capable of being developed in ascending- 
positive powers of u. Supposing it so developed, the diffe¬ 
rential equation becomes 

— = Au a 4- BuP 4- &c., 

in which A, B,... are functions of x, and a, /S,... ascending 
positive indices. 

Hence if u = 0 be a singular solution we have, putting p 
„ du 


dx ? 


dp _ 


A an* 1 + BfivP- 1 + &c. = oo „ 


But this demands that there should be at least one nega¬ 
tive power of u in the development in the second member. 
Therefore a —1, the lowest index, must be negative. There¬ 
fore a being already positive must lie between 0 and 1. 

We may give therefore to the transformed differential 
equation the form 

du 

3 * =<3 “ a ’ 

a being a positive fraction, and Q not vanishing with u. 
Hence, dividing by w a , 

du - 
« -jz = Q, 


a dx 


u } -* = Q t 
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a differential equation which is not satisfied hy m = 0, since 
u — 0 gives u % ~ a = 0, and the first member vanishes while the 
second member does not vanish. In its present form then 
the equation is not satisfied by u = 0. We see also that the 
property of being satisfied by w = 0 has been lost not in 
reality through a transformation, but through the^ rejection ot 
an algebraic factor u a from the transformed equation. It has 
been shewn in the treatment of Clairaut’s equation, how m 
the ascent by differentiation to an equation of a ^nig ler or er 
a somewhat analogous effect is produced, the singular solu¬ 
tion emerging out of a factor of that higher equation. 

If we inquire what is essential in Poisson’s demonstration, 
we shall find it to consist in that the transformed equation is 
of the form 

^ — QTJ 

dx " ’ 

in which while Q neither vanishes nor becomes infinite when 
u = 0, the functions 

U and % 

both vanish with u. The question whether IT is of the form 
u* as Poisson supposes, or is not, is wholly immaterial. 
This will fully appear from the demonstration of the follow- 
in°* theorem, which is in effect Poisson’s freed from arbitraly 
assumptions. 

9. Proposition. If u — 0 he a solution of a differential 
equation of the first order between y and x, and 

du r , \ 

represent the, form which that equation assumes vshenu and as 
are assumed its variables instead of y and as, then if J (as, u) >« 
resolved into two factors Q, U, of which Q neither vanishes 
nor becomes infinite when u = 0, while the functions U and, 

r d “ loth vanish when u = 0, then the differential equation can 

be reduced to a form in which it shall cease to be satisfied by 
a = 0 . 



526 


ADDITION'S TO CHAPTER VIII. [ C H. XXL 

In the. statement of this proposition x is supposed to he 
constant in the integration relative to w. ^ 

. differential equation after the transformation which 

introduces u and sc as variables becomes 


du 

dx 


QU. 


Let 


f u du 

J o~C?~ V> 


whhffiVv 8 ^ g l ner - al a fuilction ^ * and u> the form of 
l , h 1S . known by integration when that of U is given. 

andwlT’ w f ° rm ‘'^differential equation by making „ 
and x the variables instead of u and x. We have 


fdd 

\dx/ 


m which ^ is the differential coefficient of v with respect to 
x, on the above hypothesis as to the constitution of v as a 
function of a; and while (g) is the differential coefficient 

hv the ^P° thesis that V is educed to a function of » alone 
by the conversion of u into a function of x. 


dv dv du 
dx ^ d u dx 3 


Since 


dv 

du 


1 _ 

U 9 


du 

dx 


= QU, 


the above equation becomes 


(dv \ __ dv 
\dx) ~ dx + 

foxe°giv^ U ~° ^ ve v 5=5 0 ^ 0r a d values of x y it will there- 

fdv 


and further. 


\dxj = °> 
dv d r u du 



ADDITIONS TO CHAPTER VIII. 


527 


ART. 9 .] 

since we are permitted to make u — 0 before effecting 1 the 
differentiation with respect to sc. Hence the equation re¬ 
duces to 

0 = Q. 

And this is not satisfied, since by hypothesis Q does not 
vanish with u. 

/ « ( j u 

~jj = 0, the transformed differen¬ 
tial equation will no longer have u = 0 for a solution. 


Cor. Assuming Q = 1, which does not violate the hypo¬ 
thesis respecting Q , and gives 


we see that if 


U=f{x , u), 

- a =f(x v) 

dx /ft u ) 


be satisfied by u — 0, and if at the same time u — 0 gives 

dii 

' 0 / (*, «) 


/ 


0 , 


the differential equation can be transformed so as to cease to 
admit of the solution u — 0. 




Q 

V 


so as to 
the sim- 


It is obvious however that it is best to assume 
make the subsequent integration for determinin 
plest possible. 

It is manifest that a solution which can thus be made to 
cease to satisfy the differential equation cannot be a particular 
primitive. For the complete primitive of the transformed 
differential equation which it does not satisfy is convertible 
into the complete primitive of the original differential equa¬ 
tion which it docs satisfy, merely by writing therein for v its 
expression as a function of sc and y. It cannot therefore he a 
<’ase of the complete primitive in any sense. It must be 
a singular solution of the envelope species. 

The converse proposition still remains to be proved. 




528 


ADDITIONS TO CHAPTER VIII. 


[ch. xxr. 


10. Proposition. Jf u = 0 be a singular solution of the 
envelope species of a differential equation of the first order , and 
if by assuming u and x as the variables , the differential equa¬ 
tion is reduced to the form 


du /% f . 


then will 


become 0 when u — 0. 


ru 

Jo. 


du 


f{x, u) 


Let the complete primitive be represented by 

F(pc 9 u) — C, 

dF ( x , u) dF (x, u ) du 


then, since 


+ 


-0, 


dx 1 du dx 
we have if for brevity we represent F (x, u) by F t 


du 

dx 


dF 

dx 

TT’ 

du 


therefore 


/“ 

J 0 . 


du 


o f{x, u) 



udF 

du 

7f 

dx 


du. 


Now u — 0 being a singular solution, F (x, 0) is not a con¬ 
stant; for if it were, the complete primitive would, on giving 
to C the constant value in question, yield u = 0 as a particu¬ 
lar primitive. And this would equally be the case whether 
that constant were finite or infinite in value. We see then 

that F(x, 0) must be a function of x. and therefore — - 

dx 

must either be a function of x, or a finite constant differing 
from 0 ; the latter if F(x, 0) be of the form ax-\-b , the former 
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if it be not of that form. Therefore the value of ——- 

when u — 0, since in this we are permitted to make u — 0 
before differentiating with respect to x, will be a function of 
x, or a finite constant differing from 0. 


Now it is manifest that in general 


/ 


» 1 dF 
dF du 
dx 


du — II 


f 

J o 


dF 

du 


du , 


where II is some value intermediate between the greatest and 
least values which -jj? assumes within the limits of integra- 

dx 

tion. When these limits are, as in the above case, infinitesi¬ 
mal, we have 

II = -ttt r—.“7r. . 

dI 0 ) 


Hence 


f u du 

L/( x > ■ 


dx 

1 


u) dF(x , 0) 
““dx 

1 

~ dF (x, 0) 

dx 


dF 

du 


du 


{. F{x , u) -F(x, 0)). 


dF (x 0) 

But we have seen that -——- does not vanish. Hence 

dx 

its reciprocal, the first factor of the right-hand member of the 
above equation, does not become infinite. Again, 

F(x, u) - F{x, 0) 

vanishing when u = 0, we have 


r 

J o 


du 


= 0, 


0 f(x, u) 

wlier u is made infinitesimal as was to be shewn, 
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It will "be observed that the previous general expression 
clw 

for J becomes infinite if u = 0 is a particular integral. 

For then, F(x, 0) being a constant, vanishes, while 


F(x, u)—F(x, 0) does not vanish so long as u differs by 
however small a quantity from 0. 


These propositions form the ground of the following Rule 
for the discrimination of singular solutions of the envelope 
species from all others. 


11. Rule. The proposed solution being represented by 
u — 0 , let the differential equation, transformed by making u 
and x the variables, be 

du r , > 
s +/(«,«)- 0. 

Determine as a function of x and u the integral 




' M du 

U’ 


in which U is either equal to f(x, u), or to f(x, u) deprived 
of any factor which neither vanishes nor becomes infinite 
when u = 0. If that integral tend to 0 with u the solution is 
singular. 

Ex. 1. Determine whether y = 0 is a singular solution or 
particular integral of the differential equation 

%=y ( lo s vY■ 

Here, since u — y, no preliminary transformation is needed. 

dy 1 


We have 


r 

J r\ 


0 y( Io g3/) 2 logy’ 


which tends to 0 with y. Hence the solution is singular. 
To-verify this we observe that the complete primitive is 


y 
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and this cannot he reduced to yw=0 by giving any constant 
value to c. 

We have seen in Art. 7 that the test which is founded upon 
the comparison of differential coefficients does not suffice to 
characterize the above solution. 


Ex. 2. The equation —^ is satisfied by y = 0. 


x 


Is this solution singular or particular? 

Here also no transformation is required. We have, reject- 
ing the factor — which neither vanishes nor becomes infinite 
wdien y = 0, 


rv 
J A 


~~— = log logy 
W ?/ be../ 


V i0 §' V 


log log 0 


i log y 
* log 0 


and this being infinite, however small y may be, may properly 
be said to tend to infinity as y tends to 0. The solution is 
therefore particular. 

It will perhaps appear at first sight as if in the above ex¬ 
ample we ought to write 

log — log 1=0 
° log 0 b 

when y is made equal to 0. But the course of the demonstra¬ 
tion shews that the value of the definite integral must be first, 
obtained on the hypothesis that u (in this case replaced by y) 
is finite, and then the limiting value which its expression 
approaches to, as u approaches to 0, be sought. And in this 
case, since for all finite values of u however small the integral 
is infinite, its limiting value is infinite. 

The complete primitive in the above case is 


„cx 


y-- > 

and the nature of the solution y = 0 has already been dis¬ 
cussed in Art. 4. 
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History of the Theory of Singular Solutions . 

12. It is remarkable that while the theory of enveloping 
curves and surfaces was at once founded and developed by 
Leibnitz in 1692—4*, the corresponding theory of the singular 
solutions of differential equations has been of very slow growth. 
The existence of these solutions was first recognised in 1715 
by Brook Taylor; it was scarcely more than recognised by 
Clairaut in 1734. Euler, in a special memoir, entitled Expo¬ 
sition de quelques Paradoxes dans le Calcul Integral, published 
in the Memoirs of the Academy of Berlin for 1*756, first made 
them a direct object of investigation; but the foundations of 
their true theory were only laid in 1768 in his Institutions 
Calculi Integralis. Laplace, Lagrange, Legendre, Poisson, 
Cauchy, and De Morgan have in various ways developed and 
extended that theory; but there has been so remarkable a 
want of unity and connexion in this long series of researches, 
that important portions of the theory appearing in a too 
isolated form have been neglected, forgotten, and rediscovered. 
I purpose here to give a brief account of what seems most cha¬ 
racteristic, rather than of what is most original in their several 
researches ; for the germs of nearly all subsequent discoveries 
on the subject are to be found in the great work of Euler. 

Taylor and Clairaut appear to have been led by accident to 
the noticing of singular solutions; the former while directly 
occupied on the solution of differential equations, the latter 
while discussing a remarkable class of problems relating to 
the connecting properties of different branches of the same 
curve. Taylor gave them the name singular, while Clairaut, 
and Euler too in his memoir, regarded them as a species of 
paradox, not merely from their non-inclusion in the general 
integral, but from the mode of their discovery through a 
process of differentiation. The memoir of Euler, though it 
sheds no light on the real nature of these solutions, contains 

* Acta JEruditorum , 1692, p. 168; 1694, p. 311, Opera , Tom. in. pp. 264, 
296. 

Methodus Incrementorum, p. 26. 

Mimoires de CAcadimie des Sciences, 1734, p. 209. 
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an interesting theorem concerning their connexion with the 
form of the differential equation, viz. If this equation can 
be brought to the form 

Vdz = Z (Pdx 4- Qdy ), 

in which z is a function of x and y, and Z of z, then will 

^=0 


be a singular solution. In his Institutiones Calculi Integralis, 
Tom. I. p. 393, however, Euler gives a rule which is the 
counterpart of that of Cauchy. [See Chap. VIII. Art. 12.] 
He shews that if u — 0 be a particular integral, and if the 
differential equation be reduced to the form 


du 

dx 


= 4> i x > u )> 


then 


f n du 

Jo 4> u ) 


The limits of integration are liere supplied. The reasoning, 
which is not fully developed, is the following. From the 
transformed equation we have 


cf> (x, u) 


Hence 


x = C + 


du 

u ) ’ 


x 


1 + 


du 


CJ<p (x, u) * 


If this he, satisfied by a solution involving x and y, and if 
that solution he a particular integral, then on putting for x 
its value in terms of u and integrating, the above equation 
will be satisfied by giving some particular constant value to 
C. Hut. if the supposed particular integral be u = 0, then x 
and u being independent, we may perform the integration 
with respect to u as if x were constant. The resulting equa¬ 
tion cannot be free from x unless C be infinite, and then it 
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-- be infinite. 

<f>{x, u) 

We infer then that this is a necessary condition in order that 
u = 0 may be a particular integral. 


This is Euler’s fundamental theorem, and from this, by 
means of an hypothesis agreeing with that of Poisson con¬ 
cerning the form of the transformed differential equation, he 
arrives at the condition 

dp 

— =: CO • 

dy 

[In the passage to which Professor Boole refers, Euler 
does not undertake to discuss the nature of any solution, 
hut only of a solution of the form x — constant. On his 
page 408 Euler proceeds to discuss the nature of any solu¬ 
tion. Professor Boole seems to me to attribute too much 
to Euler. For the convenience of those who wish to ex¬ 
amine the original, I will give the reference to the passages 
in the later editions of Euler’s Institutiones Calculi Integralis : 
Yol. I. pages 343 and 355 of the edition of 1792; Vol. I. 
pages 342 and 354 of the edition of 1824.] 

Laplace in the Memoirs of the French Academy for 1772, 
p. 343, established the tests 

=co > 



and shewed their respective uses. He established also the 
test which consists in the comparison of differential coefficients, 
and he supposes it universal. He adopts the hypothesis of 
his predecessors as to the forms of expansion, but with some 
recognition of its insufficiency. 

Lagrange in the Memoirs of the Academy of Berlin for 
1774, p. 197, and 1779, p. 121, appears first to have developed 
the theory of singular solutions in its two forms of derivation 
from the complete primitive and derivation from the differen¬ 
tial equation, and to have established the essential connexion 
of these. ^ But supposing the differential equation to be ex¬ 
pressible in the rational form 

y,p ) = o, 
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and employing the differential coefficients of F (x, y, p?) in¬ 
stead of those of p he was led to sacrifice rigour to symme¬ 
try. One of his results has often since been adopted as a 
test df singular solutions. It may be thus stated. 


Prop. A singular solution makes the general value of 
, deduced from the differential equation in its rational and 

integral expression, to assume the form - . 


[The demonstration is given in Chap. VIII. Art. 14.] 


This ambiguity of value of 


<Py 

dF 


is evidently but an expres¬ 


sion of the fact that the contact of a curve of the complete 
primitive and that of the singular solution is not ii\ general 
of the second order. 


The result given in equation (5) of Chap. vm. Art. 14 has 
also been adopted as the test of singular solutions. 


The researches of Poisson and Cauchy have already been 
noticed. It is certainly remarkable that the final test to 
which Cauchy’s analysis led should he essentially the same as 
that which had been discovered by Euler so long before. 


Professor He Morgan has thrown an important light upon 
the nature of the conditions 




CO , 


which are fulfilled by all singular solutions in the expression 
of which x and y are both involved. I,le has shewn that any 
relation between x and y which satisfies these conditions will 

dSf 

satisfy the differential equation unless it make ,-g,, as derived 

* (1 Ji/ 


from the differential equation, infinite; that it may satisfy the 

( p v m 

differential equation even if it make infinite; lastly, that 
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if it do not satisfy the differential equation, the curve it 
represents is a locus of points of infinite curvature, usually 
cusps, in the curves of complete primitives. 


The proof is as follows: 

Xiet p — <f> (x, y) 

he the differential equation. Then the proposed conditions 
are 


y} 

dy 


GO 


therefore hy differentiation, 
d z <j> ,d 2 cj) dy 


dx dy dy 2 dx 
whence we have 


0 , 


d<f> (a?, 
dx 


(Pj> cPfy = Q 
dx 2 dx dy dx 



d*<f> d 2 <f> 

dy __ dx dy __ dod 

dx d*<fi djcj> ' 

dy 2 dx dy 


These are two equivalent expressions for the same value of 
. The question now is, under what circumstances this 


value of ~ will satisfy the differential equation. 


Now from that equation we have hy differentiation 

d^y _ d<f> dcf> dy 
dx 3 dx ^ dy dx ’ 


whence 


d^y d<p 
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If then ^ be finite we have, since and are both 


infinite, 


dx 1 


dx 


dy 


dy 

dx 


dcf) 

dx 

dy 


and this by the rule for the evaluation of fractions of the 
form ^ is equivalent to the value in either of its forms before 


obtained for ^ 


—. Hence, any relation which satisfies the 
dx 

a*y 


given conditions and makes finite, will satisfy the diffe- 
rential equation. 

d 2 u 

And the same result holds even if ji be infinite, provided 

- , dSj deb . i 
tliat —7" vanish. 

dx dy 

Lastly, as when this result docs not hold, the failure is due 
to the infinite value of , we see that the line in which the 


locus of the proposed relation intersects the curves of primi¬ 
tives will be a locus of their points of infinite curvature. 

[Transactions of the Cambridge Philosophical Society, 
Vol. IX. Part II.] 

Legendre’s Memoir of 17110 throws but little light upon 
the subject of this Chapter. Hut it exhibits the theory of 
the singular solutions ot differential equations ol the highci 
orders, both ordinary atul partial, m a foini of great beauty, 
and will be noticed in the proper places. 
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1. By successive application of the second theorem of 
Chap. IX. Art. 13, a linear equation of the n th order may he 
reduced to one of the (n r) th order, if r distinct integrals of 
what the given equation deprived of its second term would 
be are known. 


The reduction may however he effected immediately by 
the method of the variation of parameters. In this and in 
most general investigations connected with differential equa¬ 
tions great advantages in point of brevity and of the power of 
expression are gained by the employment of the symbol of 
summation X, and of the language of determinants. I shall 
exemplify this here. 


Suppose the given equation to he 

jy . A 4 - a 

dx* 1 dx n ~ l - dx n ~*' ’' 


+ ji n = A . 


(1), 


and let y x , y 2 ,...y r he r particular values of y, satisfying the 
equation 


d n y 


a n -'y 


dx™ 




d "11 


-I- ~A. n — 0. 


( 2 ). 


Thus y = c x y x + c 2 y 2 ... + c r y T 

is a solution of the latter equation including these particular 
solutions. We shall represent this by 

y == .(3) , 

and regarding the quantities c x , c 2 ,...c r , represented hereby 
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c t as variable, parameters, shall seek to determine them so that 
the above value of y may satisfy the equation given. 

These r parameters, enabling us to satisfy r — 1 arbitrary 
conditions, besides satisfying the differential equation, we may 
choose these so that 

dy d~y d r ~ x y 
ctx’ 

may be the same inform as if c , ... c r were constant. Now 

from (3) 

d y _ V,. d Vi - dr.. 


dx 


whence 


,c 

dy 

dx 


1 dx 




v r a V_ 

-‘ dx ’ 


provided that the condition 

%.£=» 

he satisfied. I Jiflerentiatmg the first of these equations, we 
find in the sin no way that 

dy _ v dy, 
dx" ’ 

provided that the condition 

. 

0 


v '(a 

^ <At: c/.u 


he satisfied. And thus continuing we see that the system of 
r equations 

s-.,, <i>j _ v,. ,h Ji d'-'ij _ v <r-'i h . 

dx - ’. dx ' 1 ' " ’ rfuT 1 . 1 


2 / 


will hold true provided that the r— 1 conditions 
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be satisfied. In each of these equations the symbol ^ is to 
be interpreted by giving to i the successive values 1, 2 ,... r, 
and taking the sum of the results. 

Differentiating the last of the equations (4), we have 

dr y _ d % v dr x Vi dc i 

dx r * Ci dx r + Z dx rZi dx " 


^ As we cannot impose the condition that the last term of 
this equation shall vanish, let z represent its unknown value, 
then 


d r y 

dx r 



d r Vi 

dx r 


+ z 



Now the system of equations (5), together with 

v dCi _ 

^ dx r ~ x dx~ Z ’ 


constitute a system of r simple algebraic equations deter¬ 
mining by solution the r quantities 

dc x do a dcy 
dx 9 dx ’ * “ dx 

in terms of their coefficients and of s, and therefore in terms 
of x and z, since the coefficients are known as functions of 
x. It is evident also that as the second members of all the 
equations but one vanish, and the second member of that is 
z, the values so determined will be of the form 


dc x 

dx 



dc 3 

dx 


= A>, 


dc r 

dx 


A>, 


X 1} X 2 ,... X r being known functions of x. Thus the r un- 
i . do do 

known quantities ,... are made to depend upon only 

one unknown quantity, viz. z. It remains then to deter¬ 
mine z. 


For this purpose we must complete the expression of the 
differential coefficients of y , and substitute in the given dif¬ 
ferential equation, and then seek to satisfy that equation. 
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Now differentiating (6) we have 


ar* l y 

dx r+1 


Ji dx r+l 


^ dx r dx dx 


d r+1 u- 
_ y- % _ 1 _ 

~ 1 dx T+I + 




541 


on substituting for the value X& as above determined. 

We observe that the coefficient of z is here a known function 
of x. If we differentiate this equation and in the result sub¬ 
stitute as above for , we shall have a result of the form 

Q = $ Ci + Lz + M^- + — , 
dx r +* dx r ** dx dx 

L and M being known functions of x. Ultimately then 
we have 


d n y ^ d n Vi jj, n dz d 11 r z 

dx n = 2c ‘ d£ + 1Z + Q dx . + ddF' ■ 

Thus, while y and the differential coefficients of y up to the 
[r __ jp h are of the same form as if c x , c* 8 ,...e r were constant, 
the succeeding ones differ in containing an additional portion 
consisting of and differential coefficients of z multiplied by 
known functions of x. The result of substitution of these 
values in the given differential equation will therefore consist 
also of two classes of terms, viz. terms under the sign of 
summation, which will be the same in form as^ if <q, c^...c r 
were constant, and terms involving the differential coefficients 
of £ up to the (n — r) th , with multipliers which are known 
functions of x. We shall in fact have 

v _l_ A _l A . Ji 'N 

+ + 2 d.r n ~‘ z . n ) 


+ E 


dx n ' 


+ S= X. 
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. ^ T ° w Vi "being by hypothesis an integral of (2), the first 
line of the above equation vanishes, and. there remains the 
linear equation of the in — r) th order 


d n ~ T z _ d v - r ~'z 
+ lx 


dx 


dx n ~ r 1 


+ S = X. 


Supposing 5 ? hence determined, we have in general 

Ci — Jx^dx', 

and hence 

X x z dx + y 2 JX 2 z dx .+ y r jX r z dx, 

and as z will have n — r distinct values, each involving an ar¬ 
bitrary constant, the above equation will furnish n — r distinct 
values of ?/, each involving an arbitrary constant. It is to be 
observed that no arbitrary constant need be added in the inte¬ 
gration of the terms X t z dx, for the effect of such addition 
would only be to reproduce the known integrals In 

this way, however, the equation would represent the general 
integral of the differential equation given. 

2. Let us examine the form of the result in the particular 
case in which r — n— 1. 


Here we have 


dX\j 

dx n ~ l 


d m y 


dx 


m 




m 


from m = 0 to m = n — 2, then 


X; 


d n ~\ h 


dx 


— -4- z 

Vi—1 » ^7 


d "y (Tyi 

dx r ‘ 


_> c ~ ~ 4- ^ ( t ^ y* \ ~ _i_ 

dx- ** Ci dx- + ~ \ X * dx- Zi ) * dx 
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Accordingly the differential equation for z will he 
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dz , ^ ( v d yi\ , a „ 
d^ + ^\ Xi d^J Z+ 


X. 


( 7 ) 


Now the equations for determining 

dc^ dc 2 dc n __i 
dx ’ dx 5 ‘ * dx 


■become on putting _X> for ^ , and writing for brevity y\ for 

dy% n f* dj/i a 

jT 5 Vi 101 ’ 060 •’ 


dx 


da? 


2/l-^X d" 2 / 2^2 *'* d - yn-t^n-i 

2/^Aq +;/ a X 3 -.. + = 0, 

y?'*>X x + 2/./“ 3) A; ... + = 0, 

A, + y a (M " 2) X ... + J"“ 2) A,^ = 1 . 

Whence, hy the theory of determinants, 

1 dM r _ 1 
Al - AT <iy 1 (7, ~ 2, ’ . w - x ~ d/ * 


AT standing for the 


determinant 


y 1 > y 2 ’ ■ 


Vn-i 


o, < 7, -‘ 2 > 7/ <”- 2 ) 7 / 

U\ ■> D* 7 •••!/■ 


(n-2) 
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Now the determinant is ultimately a function of x ; and 
such indeed that 


V /y d Vi 
21 V 1 dx n ~\ 


1 dM 
M dx 


For 


dM _ v dM d Vi t ^dM dyl ^ dM dyt^ 
dx * d Vi dx +2i dyl dx ‘-' + *dyT^~d^ 

_^ dM , ^ dM „ ^ dM. (n—w 

+ . 


( 8 ). 


Now M being homogeneous and of the first degree with 
respect to the quantities y 15 y 2 ,.y n _ 2 , we have 


*Wd t=M - 


Hence S 


dM 


-j— yl is what M becomes when in its expression 

Vty Vn, • are changed into y \ y /, ... y ^ therefore it is 
what. M becomes when two of its rows of elements become 
identical; therefore it vanishes. In like manner all the other 

sums in (8) vanish excepting the last, for y^ n ~ l \ _ y^ n ~ 1] is 

not a row of elements of the determinant M. Thus we have 


2 — M - od n ~ x ) 


dy 




Vi 


dM 

dx 


Hence 


dM 


1 dM 


SX'2/<”“ 1) = 2 — —’- „.<*-*) = _ 

xV ' ~ M dyl '*-*» y ' M dx’ 


Thus the equation (7) becomes 


dz 


4- 


( 


1 dM 


dx 1 \M dx 

M' 


z = -I- e~f A i 4 * JMe 


AA z ^ A. j 
* Xdx. 


therefore 





















[CH. XXIII. 


CHAPTER XXIIL 

ADDITIONS TO CHAPTER X. 


1. The theory of singular solutions of differential equations 
of the higher orders has been presented in the most complete 
form which it has yet received by Legendre. (Memoires de 
VAcademie Jtoycde des Sciences, 1790, p. 218.) He determines 
first the possible forms of these solutions considered as emerg¬ 
ing from the complete primitive by the variations of its arbi¬ 
trary constants, and secondly the theory of their derivation 
from the differential equation itself. I shall follow the same 
order, and shall in the end endeavour to point out in what 
respect Legendre’s theory may be regarded as complete, and 
in what respect it is imperfect. 

Suppose the differential equation to be of the n th order, 
and let it rvhen solved with respect to the highest differential 
coefficient of y be represented by 

y n =cf>(x,y, y 19 y n -t) . (1), 

in which, for brevity, 

_dy d*y d n y 

Jl doc ’ V* — dot? ’ ' • • ~ drt‘ • 

Let also its complete primitive, solved witli respect to ?/, 
be represented by 

y=f{v, a t , a 2 , ... a n ) .(2), 

a i ? ®a.» a n arbitrary constants of tbe solution. If 

we differentiate (2) with respect to x, regarding a, , a. , ... a T 
no longer as constants but as functions of x, so to be 2 deter¬ 
mined as to leave the expressions for y 19 y 2 , ... y n as functions 


546 





ART. 1 ] 


ADDITIONS TO CHAPTER X. 


547 


of a 19 a 2 ,... a n the same as before, we shall have, on repre¬ 
senting the second member of (2) by/*, 


^ __ df df da x df da ti df da n 

dx da x dx da , 2 dx . da n dx 


whence 


df 


provided that 


df da x djf da^ 
da x dx da 2 dx 


df da n 
^ daf ~dx 


Differentiating on the same hypothesis the first of these two 
equations, we find in the same way 


y 2 f 

V* - dx* ’ 


provided that 


d~f da clff da n d?f da„ 

dx da, dx dx da n dx " dx da dx 

12! n 

And continuing thus, it results that the system 


df 
dx 7 


Vi a~ 7 V'i ~j ji 


drf 
dx 2 


dr/ 

did 1 


(3), 


will be satisfied, he., that ?/ 1} ?/„, . . . y n will have the same ex¬ 
pressions when a t , a ,,,... a n are variable as they have when 
these are constant, provided that the law of their variation be 
determined by the conditions 


df da ,, df da,, 
da x dx da, t dx 

df d(\ 4 . drf da., 

q dx dx dadx dx * " 


. df da 0 

da., dx 


v ;f da. 


da „ dx dx 


: = ° - .-(a 


dTf da, . ,/"/ da , 

da x dx n 1 dx da 2 dx n 1 dx 


<V\f <1<K 

da., dx n 1 dx 


0 
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In this system the coefficients of 

da x da 2 da n 

dx 7 dx 7 * ‘ ’ dx 

are known fanctions of x, a x , « 2 , — a n when the form of f is 
known. 


Eliminating 

da x da 2 da n 
~dhe 7 dx 7 * * ‘ dx 9 

we have a relation "between x, a x , a 2 , ... a n ; and this relation, 
with the given complete primitive and the first n — 1 of the 
derived and reduced equations, viz., with 

, df d*f d n -\f 

y-J> y ' i dx 2 ’ ' • ■ y ”- 1 dx”- 1 ’ 


will enaVle us to eliminate a lt a 2 , — and to ot>tain a rela- 
tion of the form 



^ V \ = 0 

da? 7 * * * dx n ~V 



This is a differential equation of the (n — l) th order. It dif¬ 
fers in its origin from the given differential equation, in that 
a new relation between x, a x , a 2 , — a n has been employed in 
place of the n th equation, derived by differentiation from the 
complete primitive, for the elimination of the constants. 


The differential equation of the (n — l) th order thus obtained 
has an integral expressing y in terms of x , and n — 1. arbi¬ 
trary constants. This is the most general form of a singular 
solution of the differential equation. 

It is possible that the elimination of a x , a 2 , . .. a, n may 
lead to a resulting differential equation which, instead of 
being of the order n — 1, is of the order n — 2, n— 3, &c. 
The complete integral of such equation would be a singular 
solution of the differential equation. These possible types of 
solutions are distinguished by Legendre according to the 
number of arbitrary constants which they contain. A solu- 
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tion containing n—l arbitrary constants is called by him a 
singular solution of the first order; one containing n— 2 ar¬ 
bitrary constants a singular solution of the second order, and 
so on. 

# Adopting this language we might term the complete primi¬ 
tive a singular solution of the order 0. 

^ Lastly, any relation between x and y, which satisfies the 
given differential equation, will constitute a particular case, 
either of the complete primitive or of one of the general 
forms of singular solutions above defined. In the case of 
differential equations of the first order it is seen that no arbi¬ 
trary constant can appear in the expression of the singular 
solution. 


Ex. The equation 

dy 1 2 d 2 y fd?y\' 

^ dx 2 dod \dx z ) 

has for its complete primitive 

ax 2 


( 


dy 

dx 


dx x ) 


0 


2/=-^ -i -hx-i-tf + V 


(G), 


required its singular solution. 

Proceeding as above, we find on the hypothesis of a and h 
being variable parameters, the same formal expressions for 

dy d 2 y . - . . 

(tx 7 dx* as ^ lose P arameters were constant, viz. 


dx 

= 

dx 2 


ax + 


n 


(7), 


a 


provided that the variation of a and b be such as to satisfy 
the conditions 


x 




\ da 


i (— » c\ 7A 


db 
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Eliminating hence ^ and we have 


2a 


x _ 

—— 2 bx 


0 . 


a«£^,s ;, h ;szS4rs, fa 6 ™* of ,h * 

O + (l + “)i-(‘+'» , )3'-^-0.(9). 

. d i ff erential equation of the first order, by the 

tTr^ of tl* 1 general form of the singular solu¬ 

tions of the given differential equation will be determined. 

Reducing it to the form 

idy + (2x + x 8 ) dx . , 

— (l + *) (&, 

and integrating, we find 

( 16 y + 4 af + *‘) J = ai (1 + a: 2 )! + log {* + V (1 + as*)} + < 7 . 

tions*n!f *tlfd .?? nera i expression for the singular solu- 

volvestits a erentla l eqUation - We *» that it in- 

es m its expression one arbitrary constant. 

o-ukr e firif inte t ^ii eq T t t i 0n (9) ma X Properly be termed a sin- 
i £ n tegial of the given differential equation The 

singular first integral (9) hfs itself also a singular solution! 

y = “I a,2 ~A a;,; 

No^W we* Lv^Tt f ^ ° rig T al differential equation. 
2. It remains to establish the theory of the derivation of 
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Resuming the differential equation in its reduced form (I), 
and representing its second member by <£, suppose an infini¬ 
tesimal variation given to the arbitrary constants of its com¬ 
plete primitive, and let the symbol B be used to denote the 
corresponding derived variations of y, y x , ... Then we 
have 



+ 


dcj> 



But By t = 



S„ = MV = 

*^ 2 dx* da? 3 


and so on. Hence, substituting and transposing, 

d n Sy defy P~% d<f> d n ~ 2 By 
dx n dy,^ t dx 1l ~ l dy n _ 2 dx n ~ 2 


Ret us consider the real nature of this equation. 

If a value of y, suppose y = ^(x), satisfy the given differ¬ 
ential equation, that value substituted in the coefficients 


d<j> 

dy^ 1 5 


dej E> 
dy n- 2 


, &c. 


of the above equation will convert them into functions of x, 
and the equation itself will become a linear differential equa¬ 
tion, the solution of which will determine By as a function of 
x. If the differential equation (10) be really, as it is appa¬ 
rently, of the n th degree, By will have n arbitrary constants, 
cq, . .. a n , and will be of the form 

By — a t P x + <qP 2 ... -f- of n P n > 

P x , P 2 ,... P n being functions of x. Hence 

y + By = yfr(x) + a l P 1 ... + a n P n . 


We see thus that the given solution y—^jr(x) will be a 
articular case of this general integral involving n constants, 
t will therefore be a particular integral of the proposed. 
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If, owing to the constitution of its coefficients, the differential 
equation (10) be of the degree n — 1, we shall have 

y + Sy = yfr (x) + ... + a 

and will then be a particular case of a solution 

involving n — 1 arbitrary constants. It will therefore be a 
singular solution of the first order. Even so, if the differen¬ 
tial equation (10) be of the degree n — 2, y — (x) will be a 

singular solution of the second order. And generally, if 
the differential equation be of the degree, y = -^ (a?) will be 
a singular solution of the order n — r. 


[Resuming the equation (10) it is evident that it cannot 
be of the degree n — 1, unless ~ ~~ • be infinite. For, dividing 


by 


d<j> 


dy 


71—1 


dy. 


we have 


71—1 


d<f> • dx n dx"- 1 C - ” u 

d y «-1 


in which the first term does not vanish unless be infi- 

dy^ i 

nite. _ This then is the necessary condition for a singular 
solution of the first order. For one of the second order we 
must have in like manner 


and so on. 


d<f> 


= OO , 


d<fi 

dyn - 2 


It follows hence that to find the singular solutions of a 
differential equation of the n th order, we ought to differentiate 

the equation, regarding y, , &c. as varying through 

the variation of the arbitrary constants, to form in this way 
a linear differential equation for By, to examine the conditions 
under which this equation reduces to the (n — l) th , or to a lower 
degree, and to examine whether the most general relation be- 
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tween x and y which satisfies such condition, satisfies also the 
given differential equation. If so it may he regarded as a 
singular solution. 


Resuming the last Example, viz. 


.1-*_ 

dx 2 dx? 




0 , 


and operating with S we have 



d 2 ?/ 

d £ 2 


+ 2x 




d^Sy 

dx 2 



dx 


+ % = o, 


which reduces to a linear differential equation of the first 
order for determining %, provided that we have 



a*y 

dx 2 


4- 2x 


dx dx 2 ) 


= 0 . 


Eliminating 
there results 


dx 2 


from the given 


equation by means of this 







and we find on differentiating this that it docs constitute a 
solution of the given equation. 11 is therefore a sinyular 
first integral of that equation. "W e see that it agrees with 
the result obtained under the same name in the previous 
Article, and the rest of the solution need not be repeated. 


3. Upon Legendre’s theory, and upon its results, the fol¬ 
lowing observations may be made. 

1st. We learn from it that there may exist different 
cj&Yi&Tod forms of the solution of a differential equation of tin. 
n th order, viz. the complete primitive involving n arbitrary 
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constants, and general forms of singular solutions containing 
fewer than n arbitrary constants. A solution y = yjr (x) of 
unknown origin being given, we construct a differential equa¬ 
tion for determining By, and, solving it, form the expression 
for y + By,, and from the number of infinitesimal arbitrary 
constants it contains, determine the nature of that general 
value of y of which the given value is a particular case. 
Now we are not to infer from this that the form of y + By will 
be the same as the general value of y in question. But we 
may infer that it will be a form to which that general value 
is reducible. And the actual reduction will be effected by 
expressing the general solution (as is always possible) in a 
form permitting its expansion in ascending powers of the 
arbitrary constants, and in the expansion making these con¬ 
stants infinitesimal, and rejecting all powers of them above 
the first. In fact, if 

y f 1 ’ • * * ®r) 

be any general form of solution which, when we assign to 
a n •• • particular values (e. g. make them vanish) re¬ 
duces to 

y = 

then we shall have 



the brackets denoting that after differentiation we make 
a x , « 2 ,... a r vanish. 

This is that limiting form of the solution which Legendre’s 
method enables us to construct by the solution of a linear dif¬ 
ferential equation; and the ground of the sufficiency of his 
method consists in this, that the infinitesimal quantities 

Ba iy Ba 3 , ... Ba r , 

which are in fact the arbitrary constants of that solution, are 
equal in number to the arbitrary constants of the general 
unlimited solution, the nature of which is thus made known. 









































































CHAPTER XXIV. 


ADDITIONS TO CHAPTER XIV. 

[Art. 1 was intended to follow Chap. xiv. Art. 2.] 

1. As the condition of dependence of functions of two 
variables is of fundamental importance in connexion with the 
theory of ordinary differential equations, so the generalized 
condition of dependence of functions of any number of vari¬ 
ables forms a fundamental part of the theory of partial differ¬ 
ential equations. This is contained in the following proposi¬ 
tion. 

Prop. I. If u v u 2 ,... u n are functions of # t , # 2 , ... 
but are as such so related that some one of them is expressi¬ 
ble as a function of the others, or more generally that there 
exists among them some identical equation of the form 

F(u iy u 2 ,...u n ) = 0 ,.( 1 ), 

so that as functions of x t , # 2 , ... x n they are not mutually 
independent, then, adopting the notation of determinants, the 
condition 

du x du x du t 

dx x dx 2 . dx n 

du 2 du 2 du 2 

dx t ’ dx 2 . dx n =0.(2), 


du n du n du n 

dx ± 9 dx 2 ’ dx n 

is identically satisfied. Conversely, if the above condition be 
identically satisfied, the functions u t , u a ,...u n are not mutu¬ 
ally independent in the sense above explained. 
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First let it be noticed that the Proposition is hut a general¬ 
ization of that of Chap. II. Supposing U and u to be two 
functions of x and y, the condition of their dependence is 
affirmed to be 


dll 


dx ’ 

% 

du 


dx ’ 



i. e. it is the result of eliminating dx , dy, from the equations 

dU, dU' . 

~j — dx + -j— dit = 0, 
dx ay 


■y dx + —— dy — 0, 
ax dy 

and therefore it is 

dU du_dU du =() 
dx dy dy dx ? 

as expressed in Chap. II. 

We proceed to the general demonstration. 

Fet the first member of (1), considered as a function of 
u t , u „, ... u n be represented for brevity by F; then differen¬ 
tiating, we have 

dF , dF _ , , dF 7 

— du. — j — dit,. + ... + —j — du n — 0 , 
du t 1 du % M du n 

from which it follows that if du x , du „, ... du n _ x are equal to 0, 
then is dti n equal to 0 j or, since u x , w 2 , ... u n are functions of 
, x 2 , ... x n , that if 


rfic. 1 aav dx„ 


dx, + du ,^ dx 2 ...+^dx„ = 0 
1 2 dx n J 


- ( 3 ), 
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then is 


du n 7 du n 7 , du n 7 

dx. dx ' + dx. dx * ■ ■■ + dZ dxn - 0 


( 4 ), 


Thus the last n equations, linear with respect to 

dx t , dx 2 , ... dx n , 


are not independent, and therefore by the theory of linear 
equations the determinant of the system vanishes identically. 
]Sfow this is expressed Tby the condition (2). 

It remains to prove the converse, viz. that if the condition 
(2) be identically satisfied, the functions tt l9 u 2 , ... u n will not 
he mutually independent. 


First, the n — 1 functions u x , ... u n _ t are either mutually 
independent or not mutually independent. 

If not, then the n functions u t , u 2 , ... u n are not mutually 
independent, and the Proposition to he proved is granted. 

If Wj, w 2 , ... u n _ t are mutually independent as functions of 
... x n , they may he made to take the place of n — 1 of 
these quantities, e. g. x t , ... x n _ x in the expressing of w rt , 
i. e. we may, by means of the expressions for u x , u 2 , ... u n _ t , 
eliminate from that of u n the quantities x x , a? 2 , ... x n _ x , and so 
express u n as a function of u x , « 2 , ... u n _ t and x n . Suppose 
this done, then the system (3), (4) will he converted into 


du 1 — 0, du a — 0, 


du n _ t = 0, 


du n -j du n j du n 7 du n 7 

- au x + du 2 ... + ^— du n _ t + dx. 


du 


«—i 


dx, 


0 . 


n 


ISTow, the determinant (2) vanishing, the equations of the 
linear system (3), (4) are not independent; therefore those of 
the transformed system, as written above, are not independ¬ 
ent; therefore the last equation of that system must be a 
consequence of the others which manifestly are independent. 
Put from the form of that last equation we see that such can¬ 
not be the case unless we have 
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which implies that u n is a function of w 17 w 2 ,... u n _ t merely. 
Hence the functions u xi u z , ... u n are not independent, as was 
to be shewn. 

The first member of the equation of condition (2) is com¬ 
monly called the functional determinant of u 17 w 2 ,... u, n with 
respect to x 1? x 2 , ... x n . The proposition may therefore be 
expressed as follows. 

The condition of dependence or independence of any sys¬ 
tem of functions of as many variables is the vanishing or 
non-vanishing of the functional determinant of the system. 

On account of the great importance of this proposition it is 
desirable to illustrate it by an example. 

Ex. Are the functions 

x 4- 2y -f Zj x — 2 y + Sz, 2 xy — xz + 4 yz — 2 z* 
mutually independent or not? 

The equation of condition is 

1, 2, 1 

1, -2, 3 =0, 

2y — z, 2x+ 4 z, — x + 4y — 4z 

that is, 

— 4 (— x + 4y — 4 z) -f- 8 (2 y — z) — 2 (2x 4- 4z) — 0, 

which is identically satisfied. Hence the functions are de¬ 
pendent. In fact, representing them by u, v, w, we have 

4w = u 2 — v 2 . 

[Art. 2 was intended to follow Chap. XIV. Art. 4.] 

2. As it lias been shewn that a primitive 

u — <f> (y) . (1) 

leads to a linear partial differential equation of the form 

rp +. Qq = 11 .(2), 
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provided that u = a, v — b, are integrals of the system of ordi¬ 
nary differential equations 

dx _ dy dz . . 

P ~Q ~ ft . 

it is evident that we shall obtain a solution of the partial dif- 
^ e .^ n ^ a ^. e( l ua ^ 01 } (2) by constructing the system of ordinary 
differential equations (3), deducing their general integrals 

u — a, v = b, 

and then constructing from these the primitive (1). 

. ®ut the question arises, "Will this be the most general solu¬ 
tion of the partial differential equation given ? 

That it will be so, may be shewn by means of the general 
proposition. See Art. 1. 

For let w = 0 represent any solution whatever of the given 
partial differential equation. Differentiating this with respect 
to x and y, we have 


dw 

dx 




dw 

dz 


I 



dw dw 

_ + __ 2 , =0j 


substituting the values of p and q formed from this in the 
given equation, we have 


P 


dw 

dx 


, ~dw „ 
+ Q Ty + R 


dw 

dz 



which must be identically satisfied. 


In like manner, u = a , v — b being solutions of the same 
equation, we find 


7 ) du du , du 

P^- + Q Ty+ R Tz= 0, 


dx 


P 


dv 

dx 


+ Q^ + R 

dy 


dv 

dz 



which must be identically satisfied. 
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Eliminating P, Q, li from these three equations, it results 
that the functional determinant of w, «, v, with respect to x, y, 3 , 
will identically vanish. Hence w is a function of u and v, 
and the equation w = 0 is a particular case of 

F {u 3 v) = 0, 

which is thus shewn to be the general integral of the given 
equation. 

We are thus led to the following general Rule. 

Rule. To integrate the equation Pp -f- Qq = R we must 
form the system of ordinary differential equations 

dx __ dy __ dz 

~p = "~q~H ’ 

deduce their general integrals in the form 

u — a , v — h, 

and construct the equation 

F (u, v) = 0. 

This will be the general solution sought. 

[Art. 3 was intended to follow Chap. XIV. Art. 5.] 

3. The above theory may be extended to linear partial dif¬ 
ferential equations of the first order, without regard to the 
number of the variables. 

First, the theory of the genesis of such equations is ex¬ 
pressed in the following proposition. 

Prop. A primitive equation of the form 

P (?q, u s , ... = 0 ... .(!)> 

in which u x , v. 2 , ... u n are any given functions of the vari¬ 
ables z, dependent, and x l , x< 2 , ... x n independent, will satisfy 
the linear partial differential equation obtained by eliminating 
dz, da \, dx 2 , dx n from 

du x = 0, du, = 0, 


du n — 0, 
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expressed as total differential equations with, respect to the 
primitive variables, and the equation 

dz ~~JPn^Xn ~ 0 . 

Of this important proposition X propose to give two distinct 
proofs. 

1st proof. Forming the total differential of the given 
equation we have, on representing its first member by 1\ 

dF , dF , ,dF 
du dU ' + d^/ U *- + d^r. ”~ 

Now this cannot be true for all forms of the function unless 
we have the separate conditions 

du t — 0 , du a — 0 ,. du n — 0 . 

Strictly to prove this, suppose F x , F 2 , ... F n to be any n 
distinct and independent functions of u x , u 2 , ...u, and as 
such, distinct and independent forms of F. Then the above 
equation gives 


dF 

du x 4 * 

dF, 

du a .. 

. dl< \ 

du x 

du 2 

au n 

dF n 

du x -\r 

d.r 

du 2 .. 

dF .; 

du x 

du a 

* + du n 

• * 0 * < 

dF n 

du x 

du x + 

dF. 

du a 

du 2 . 

dF n 

* * * 7 

du n 


Now F x , F a , ... F n being independent, their functional 
determinant with respect to ic x , u 2 , ... u n , does^ not vanish. 
This again is the condition necessary and sufficient that the 
above system of linear equations may be independent; and 
this lastly being the case, their only possible solution will be 

du x — 0, du 2 = 0,. du n = 0, 

as was to be shewn. 
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These equations in their developed expression 

du iJ~ 4.^1 dx - 4 - dz ■■ 

dx, + dx 2 ...+ dx ^ dx n + dz dz 


d ^dx 
dx. '■ 


dz 


0, 

0, 


du 


±dx. 


—i* 


+ ~“= & = o, 

dz 


enable us to determine the ratios of dx t , ahr 2 , ... dx nJ dz in 
the form 


dx, dx„ 


dx 


_ n 

'y — ~ V~ 9 “ * v' 

■where A 2 , ... JC n , i? are functions of the original vari¬ 
ables. Arid now, forming the equation 

p t dx x "h Jp^dx ^... -f- p n dx n dz = 0, 
and eliminating the differentials, wc find 

•AjPj -t* -d. 2 p% • * • d - d n2^n 
for the partial differential equation sought. 

2nd proof. Differentiating the given primitive with respect 
to x v as contained explicitly in the functions v x , w 2 , . . . u n , and 
also implicitly in the same through z, we have, on represent¬ 
ing the first member of the equation by F y 


dz 

11 


( 2 ) 


d JL ( dll i +. „ , A JL l ,h s + v ,h ± 

du, \dx, 2 1 dz j du, \dx, + 2 ‘ dz 


+ 


dF fdu 




d u „ \dx. 


+ 1\ 


d. 


or 


dF du. dF dudF du 

1 1 —— — 


■ . I — , „ .~ „ ^ ^ M . .. “ 1" 

du % ■dx l du. 2 dx t du n dx % d 


i) = °’ 

dF 




1 \ = °> 


since 


dF du, , dF du. 


dF du. dF 
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Differentiating thus with respect to the remaining inde¬ 
pendent variables, we obtain finally the system 

dF du t dF du 2 dF^ du n ^F _ « 

du, — + dx x + du n dx, dz Fx 

dF du dF du* dF du^.dF 

du, dx % du 2 dx z du n dx z dz 2 


dF du, dF du, dF du^ dF 

du, dx n du 2 dx n du n dx n dz n J 

from which, in combination with the equation 
dF du, dF du, 

du, dz du 2 dz *** du n dz dz 

we can eliminate 

dF dF dF dF 

du, 9 du 2 9 du n 9 dz 

The result will be 


du. 

du 2 

du n 

dx, 9 

dx,’"' 

dx, 9lt 

du. 

du . 

du n 

dx n 9 


dxJ Pn 

du. 

du 2 

du n 

dz 9 

7 3 • • • • 

dz 

** Js ’ 


or, converting rows into columns, 



dx, 9 

dn t ’"" 

du. 


du n 

du n 

dii n 


dx, 9 

dx, 9 "' 

dx n 9 


P i> 

p 2 , .... 

... , 

— 1 
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which is the determinant form of the result affirmed in the 
proposition. 

The second of the above forms of demonstration seems to 
be preferable to the first, in that it rests only upon the consi¬ 
deration of the one general form of the function F. I have, 
however, given the two proofs, chiefly in order to illustrate 
an important remark, viz. that, in nearly all general re¬ 
searches connected with partial differential equations of the 
first order, two inodes of procedure, the one involving the 
use of differentials, the other that of differential coefficients, 
may be employed, and that between the forms to which these 
respective modes give rise, a certain law of reciprocity will be 
found to exist. 


The theory of the solution of the partial differential equa¬ 
tion 


-XTj p 1 + A 2 p a ... + X n p n = li 


follows immediately from that of its genesis. If wc repre¬ 
sent by 

u t — a t , n 2 — a 2 , ... u n — a n , 


the integrals of the system of ordinary differential equations 
(2) a solution of the given partial differential equation will 
be represented by (1). That this will be also the most gene¬ 
ral solution may be shewn by the argument of Art. 1. For 
if w = 0 represent any solution, then since 


we find 


dw 
dx , 


+ Pi 


dz 


0, 


dw di 

dr,. + ~d. 


„ dw dw , r dw -j, dw 

X 1 -.~ + A„ j ... + X n .- +11 j 

1 ax x " ax,, ax n as 


= 0, 

= 0, 


from which, in combination with the corresponding equations, 


,,, dU, ,r- du 


. v . .i + n 

n dw dz 



Y <1- U n , X ^ Un 

^ 1 dx x + 2 dx a 


+ X 


^ ^ n i 7» ^ ^ n 

n dx„ 1 dz 


0, 
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eliminating X x , X 2 , ... X n , R we obtain a result which ex¬ 
presses that the functional determinant of w, u , ... w n with 
respect to the original variables is virtually 0. Whence w is 
a function of u x , w 2 , ... u n , and the proposed solution is in¬ 
cluded in the one to which the above method of solution 
leads. 

That method may therefore be stated in the following Rule. 

Rule. To integrate the linear partial differential equation 
v dz j v dz ^ dz 

1 dx x 2 dx 2 dx n 

form the system of ordinary differential equations 

dx t _ dx 2 _ dx n _ dz 

* * * —~v^ — i> > 

UX n JLb 

and deduce their general integrals 

u 1 — a x , u 2 — a 2 , ... u n = a n , 

then 

F{u t , u 2 , ...u n ) = 0 
he the general integral sought. 


[The general observations were intended to follow Chap, 
xiv. Art. 6.] 


General observations. 

4. The relation which exists between a proposed linear 
partial differential equation and its auxiliary system of ordi¬ 
nary differential equations should be carefully studied. While 
it is proper to say as above that the general integral of the 
one requires the knowledge of all the integrals of the other, 
it is also proper to describe that general integral simply as 
the most general form under which an integral of the auxi¬ 
liary system can appear. If 

u^ — cq, u> 2 — a 2 , ... U n a n 
are integrals of that system, then 

F (iq, u 2 , ... w n ) — A 
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is the one general form of an integral of that system, and 
due regard "being had to the arbitrariness of F t this is equi¬ 
valent to 

F(u t , u 2 , ... u n ) = 0. 

5. The form which the auxiliary system assumes when 
the given partial differential equation is deficient in any of its 
terms should be noticed. 

If X t — 0, the auxiliary equation 

dx x _ dx tJt 


becomes, on clearing of fractions, 


dx t = 0. 


And thus, if X t , A r 2 ,... X r vanish, the given equation being 


y _ , y 

l dx x 


■ X 
r+1 


3 i ^ dz 

-••• +A «sg- =X > 


the auxiliary system will be 


= 0 , = 0 ,... 


of.r r+1 _ A 


dz 

X = A ’ 


and tlic integrals of this system being of the form 

x l = a l , x 2 = a a ,... = a r , 

^r+t ^r+x J . W’n ) 

the general solution of the given equation will be 

F{x lt . x r , u w . u„) = 0. 

This conclusion would follow also from the principle laid 
down in Chap. xiv. Art. 2. 

Linear partial differential equations in which the absolute 
term is wanting, and which are therefore of the form 

dz dz v dz 

dx + dx % - +A "^ = °’ 
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may “be termed homogeneous. As in this case one of the 
auxiliary equations is 

dz — 0, 


the general integral will he 

F{u^ u, 


u 




, *) = 0 , 


u x , u z9 .being found by the integration of the remain¬ 

ing auxiliary equations 


dx x dx 2 


dx„ 


x x “ x 2 *"“ x w 


When X l5 X 2 ,.X n do not contain z, the solution is best 

exhibited in the form 

z^cf) (u l9 u 2 , .«J* 


6. Every linear partial differential equation can be converted 
into a homogeneous one containing one additional variable. 
For it is shewn in Art. 3, that if u = 0 be any integral of 


then is 



dz 

dx x 


+ X 2 


dz 

dx 2 


+ x n 


dz 

dx n 



X, 


du 

dx. 



du 

dx 2 


+ X„ 


du 

dx n 




a homogeneous equation with a new variable. 

From the general integral of this equation, that of the 
former one may be deduced by making u = 0. 


7. The solution of partial differential equations is some¬ 
times facilitated by introducing a new system of independent 
variables. The actual transformation is greatly facilitated 
by the following symbolical theorem. 


Theorem. 


If the partial differential equation 



+ x„ 
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be expressed symbolically in the form 

Az — X, 

in which 


a 


a 


A = X-f- + X a -f- ...+X 


dx 


dx n 


d 

dx. 


then, if y,, y 2 ,.y„ be a new system of independent vari¬ 

ables given in expression as functions of the old ones, the 
transformed equation will be 


(Ay t ) 


dz 


/a \ dz 

+ M 


+ (AyJ 



For, regarding £ as a function of y,, y 2 ,.y n , we have 

dz __ dz_ djfi dz~ dy % dy n 

dx x ~~ dy x dx , **’ 5 


ofe ^ dz dy x ^ dz dy g ^ dz dy nm 
dx n dy , dx tl dy a dx n dy n dx n 


whence, substituting in the given equation we find, as the 


total coefficient of 



the expression 


xr ^. 7 A i y 


+x 


r 

w 



or symbolically, Ay, ; and so on for the other coefficients. 
The result then is 


/a N dz , A v c Iz , A N 

(%.) Jy^ + (%•) %; ■" + </y„ 


A'. 


It remains only after calculation of Ay,, Ay 2 , ...... Ay n , as 

functions of sc,, a? 2 ,. x n , to express these functions and X 

in terms of y xi y 3 ,. y n . 

[It appears from the manuscript that an example was to 
have been supplied here.] 
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[The next Article may be considered supplementary to 
Chap, xiY. Art. 10.] 

Singular Solutions of partial Differential Equations* 

8. Legendre’s theory developed in Chap, xxiil. for ordi¬ 
nary, may be applied also without essential change to partial, 
differential equations. Regarding the independent variable 
z as receiving an infinitesimal change Sz through infinitesimal 
change, not in the values of the independent variables 

J *^2 ? . > 

but in the values of the arbitrary constants of the complete 
or in the forms of the arbitrary functions of the general inte¬ 
gral, and performing upon the given equation the operation 
denoted by 8, we shall obtain a linear partial differential 
equation for determining the general value of Sz corresponding 
to any particular given value of £. If that linear equation be 
of a lower order than the differential equation given, then the 
equation expressing the value of z + Sz will be a limiting 
form of a solution less complete or less general than the com¬ 
plete or general solution of the differential equation given, 
and the given solution, formed by making the infinitesimal 
constants in the limiting form actually 0, will be singular. 

Conversely, to deduce singular solutions without the know¬ 
ledge of the complete or the general integral, we ought to 
construct the equations of condition for the reduction of the 
equation determining Sz to a lower order than the equation 
given, and the most general solution of the differential equa¬ 
tions of condition so formed, will be the most general expres¬ 
sion for the singular solutions of the differential equation 
given. 


(px — qy) z q + 4 mx z (z — xff) = 0, 


£ = 


dz 

dy' 


Ex. 

in which 


_dz_ 
^ dx 7 
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Representing the first memlber of the equation Tby F 9 we 
have, on operating by d, 

dF dSz dF dSz dF^ 
dp dx dq dy dz Z ~ 


and the conditions 


dF A dF ^ 

dp 3 dq 3 


necessary to reduce the equation for Bz to a lower order give 

{px ~ qy) q- 2 mx 3 = 0, 

(p x - qy) — 3qy) = o. 


From these we find 

p — 3 m*x*y^j q — m^x^y~~^, 

definite and simultaneous values ofy> and q, which being sub¬ 
stituted in the given equation lead to 

z — 2 

and tliis, as it gives the same values of p arid q as those 
obtained before, will necessarily satisfy the given equation. 
It is therefore a solution, and from the nature of the analysis, 
a singular one. 

Legendre shews that this singular solution is also dedu- 
cible from the general integral of the given partial differen¬ 
tial equation. That integral is the result of the elimination 
of a from the two equations 

\cf> ( a )] 2 — 2 ax<f} (a) 4 -az — mxy = 0 , 

{<j> (a) — ax] <£' ( a ) — 2 xcf> (a) + z = 0 . 

To deduce the singular solution lie supposes cf> (a) to be not 
simply a function of a, but a function of a and of one or 
both of the independent variables. lie expresses the varia- 
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tion of <j>(a) derived from this new source by o, and operating 
on the first equation with S, finds 

(2<£ (a) - 2aa;} S<j> (a) = 0; 

therefore 0 (a) = ax. 

Substituting this in the equations of the general integral, and 
eliminating a, we find 

z = 2 

as before. 

Legendre states his theory of the derivation of the singular 
solutions of partial differential equations from the equations 
themselves with great brevity, but still as a general theory. 
And there is nothing in the statement that carries with it any 
apparent restriction upon either the order or the degree of the 
equations given. Until however we are in possession of a 
perfect theory of the genesis of partial differential equations 
we shall not he entitled to say that Legendre’s theory of 
their singular solutions is a perfect one; for until then we 
cannot even define, in a perfectly general way, the nature of 
the operation denoted by S. 



[The next three Chapters all relate to the subject of partial 
differential equations of the first order. The manuscripts do 
not appear to have received their final revision from Professor 
Boole. It is certain that he intended the contents of Chapter 

XXV. to form a part of the new edition; and it is highly 
probable, although not certain, that the contents of Chapter 

XXVI. and Chapter XXVII. were also to he included. 

The three Chapters are mainly derived from two memoirs 
by Professor Boole, published in the Philosophical Trans¬ 
actions. 

The first memoir is entitled On Simultaneous Differential 
Equations of the First Order in which the Number of the 
Variables exceeds by more than one the Number of the Equa¬ 
tions : it occupies pages 437...454 of the Philosophical 'Trans¬ 
actions for 1862. 

The second memoir is entitled On the Differential Equa¬ 
tions of Dynamics. A sequel to a Paper on Simultaneous 
Differential Equations: it occupies pages 485...501 of the 
Philosophical Transactions for 1863. 

The first memoir was finished before Professor Boole had 
seen Jacobi’s researches, which are cited at the beginning 
of Chapter xxvi; these researches indeed could only just 
have been published. In his second memoir Professor Boole 
describes Jacobi’s methods, refers to his own already pub¬ 
lished, and points out the nature of the connexion between 
them.] 
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CHAPTER XXY. 

ON SYSTEMS OF SIMULTANEOUS LINEAR PARTIAL DIFFEREN¬ 
TIAL EQUATIONS OF THE FIRST ORDER, AND ON ASSO¬ 
CIATED SYSTEMS OF ORDINARY DIFFERENTIAL EQUATIONS. 

1. The term simultaneous is here applied to a system of 
partial differential equations, to signify that in that system 
there is hut one dependent variable, the general expression, 
of which, as a function of the independent variables satisfy¬ 
ing all the equations at once, is the object of search. All 
linear partial differential equations of the first order being re¬ 
ducible to the homogeneous form, we shall presuppose this 
reduction here. Under this form indeed the problem actually 
presents itself in Geometry, in the theory of partial differential 
equations of the second order, and in Theoretical Dynamics. 

XYe are sometimes led, in connexion with the same class 
of inquiries, to systems of ordinary differential equations 
marked by the peculiarity that the number of the variables 
exceeds by more than one the number of the equations. Such 
systems are intimately connected with the former—stand 
to them indeed in a similar relation to that which the 
Uagrangean auxiliary system bears to the single partial dif¬ 
ferential equation from which it arises. The theory which 
explains this connexion, and grounds upon it the method of 
solution of both systems will form the subject of the present 
Chapter. 


Connexion of the Systems. 

2. Prop. I. The solution of a system of simultaneous 
linear partial differential equations of the first order may be 
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made to depend upon that of a system of ordinary differential 
equations of the tirst order in which the number of the vari¬ 
ables exceeds by more than one the number of the equations. 

The system of partial differential equations being reduced 
to the homogeneous form, Chap. xxiv. Art. 6, let n be the 

number of the equations, x 1 , x 2 , . cc n¥r the independent 

variables, and P the dependent variable. 


Then from the n given equations determinin 


o° 


dP dP 


dP 


dx. 7 dx .. 7 . dx n 7 


we obtain an equivalent system of equations which, by trans¬ 
position of its terms to one side, assumes the reduced form 


dP, A dr dP_ = 

+ Aa dx n+1 + Aa dx , l+a . + ,r d-x, l+r 


dx. 


dx 


A dP , f dP , A 

+ dl 2l .+ yl 22 . + A * r dx 


«4-l 


0 




»i+r 


.( 1 ). 


dP, A 

7 “r 

dx n 


„ dP a dP . . 

, + ..+ / ~~ 0 I 

dx n+l dx n +2 dx , n+r J 


Multiplying these equations by the arbitrary constants 

\ ) X> 2 J .A. 

respectively, and adding the results, we have 


dP 


X ‘ dx, + Xa <u, 


. 4 X, 


dP 

dx.. 


4- u 4- X 2 -/f .+ ^ 

4~ . 


dP 

X) 




4- (A,Al , r 4- \ A 2r .4- 


dP 

dx 


0 


(*), 


r 
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a single partial differential equation which, on account of the 

arbitrariness of A,, X 2 ,.X n , is equivalent to the system. 

from which it was formed. 


Of this equation the Lagrangean auxiliary system will be 
dx x _ dx % __ dx n 

== _ dx^ _ 


dx, 


n+r 


. + 


( 3 ), 


nr 


whence, eliminating X,, X 2 ,.X n , we have the system of 

ordinary differential equations 


dx, 

dx, 


w+l 


n+a 


„A- xx dx x 1 -4 2 j dx 2 • ••* A- nx dx n — 0 
A xz dx x — A zz dx z — ~A nz dx n — 0 




dx, 


n+r 


(4)> 


A ir dx 1 — A zr dx 2 ,...—A nr dx n = 0 

These equations being included in the previous system (3), 
any integrals 

v = b, w — c , &c. 


W — 


of them will be integrals of it. Therefore v, w,... will be 
values of P satisfying the partial differential equation (2). 
If or they will be the only values which can satisfy it inde¬ 
pendently of X 13 X 2 ,.X n . Hence they will satisfy the 

equivalent system (I), and the general integral of that system 
will be 

F(u t v , w, ...) =0 . (5), 

the form of F being arbitrary. 

Thus the relation of the system (4) to the system (1) is the 
same as the relation of the auxiliary system of a single linear 
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partial differential equation to that equation. And tlie ground 
of this relation is seen to he the same in hoth cases. I he 
one form necessitates the other. 

3. Instead of employing the above mode of. deducing 
the auxiliary system, we might employ the following which 
is practically more convenient. 

Since any value P which satisfies the partial differential 
equations determines P = c as an integral ot the ordinary sys¬ 
tem, the latter must be consistent with dP = 0 in its de¬ 
veloped form 


dP , dP 7 , dP _ 

dx > + cTZ dx ° . + dx~ "* T “ 


dx. 


Eliminating 


dP dP 


dP 


dx l ’ dx a 5 . dx n 

by means of the n given equations (1), we have 

y - (dx n+x — A n dx t — A 2l dx 2 .— A ni dx n ) 

dP \ 

+ ~ ~ A V2 dx 1 A iJLil dx iZ .— A n jix n ) 


n 4-2 


+ 


dP 

:l7 . 


ax. 


n+r 


A lr dx t — A ur dx s .— A nr dx n ) — 0. 


nq~r 


'Whence, equating to 0 the respective coefficients of 

dP dP d.P_ 

dx ’ dx ’. 


/tfr 


we have the system (4). 

In the same way we can pass from the system of ordi 
nary to that of partial differential equations. . Prom the eqita 
lion dP — 0, in its developed form, toe must eliminate a numbe 
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of differentials dx x , dx 2 , ... equal to that of the given equa¬ 
tions, and then equate to 0 the coefficients of the remaining 
differentials . 


4. Lastly, the formal connexion of the two systems should 
be noticed. The partial differential equations being given in the 
reduced form (1), the ordinary system may be constructed as 

dP 

follows : For any differential coefficient, as ^— , in any 


TM-X 


column after the first, write the corresponding differential 
dx n+x , subtract from this the sum of dx v dx 2 , dx n , mul¬ 
tiplied respectively by the descending coefficients of that 
column, and equate the result to 0. The system of equations 
thus successively formed will be the auxiliary system sought. 


The transition from the ordinary to the partial system may 
be effected by the same rule, substituting only differentials 
for differential coefficients. 


[It appears from the manuscript that an example was to 
have been supplied here.] 


Up to this point the theory of systems of partial differen¬ 
tial equations is in analogy with that of single equations. 
But here a difference arises. We do not know beforehand 
what number of integrals a system of ordinary differential 
equations, in which the number of variables exceeds by more 
than one the number of the equations, admits. 


The theory which removes this difficulty will be developed 
in the following sections. It will be shewn that a system of 
linear partial differential equations which admits of solution 
by the assigning to the dependent variable a value which 
satisfies all the equations in common, must either itself satisfy 
a certain condition, or be capable of being developed into a 
new but equivalent system which will satisfy that condition. 
It will be shewn that when that condition is satisfied, the 
auxiliary system of ordinary, is capable of expression as a 
system of exact differential equations determining the inte¬ 
grals sought. 
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It will be found convenient to express by a single symbol 
the aggregate of the operations to which the dependent vari¬ 
able is subject in the expression of a partial differential equa¬ 
tion. Thus the equation 

dz dz dz 

Tt +x d^ + yw J - () 

may be expressed in the form 

A 3 = 0 

if we assume 

a d , d . d 
dt +x dx + y dy- 

Under this convention the following proposition is to be 
■understood. 


5. Prof. IT. If AP=0, A'P = 0 represent any two 
homogeneous linear partial differential equations of the first 
order, then will 

(AA' — A'A) Ps= 0 

also be a homogeneous linear partial differential equation of 
the first order, and it will be satisfied by all the common 
integrals of the equations from which it is derived. 

First, the equation will be linear. For, let a?, y represent 
any two variables whatever, or the same variable repeated, 

out of the set x l _ x n , and let A, 13 represent any functions 

of the variables x x _ x n . Then A may be represented by a 

series of terms of the form A , and 

of the form 13 ~. Hence (AA' — A'A) l y can be expressed 
by a series of terms of the form 


A' by a series of terms 
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which, on effecting the differentiations, "becomes 


A 


dB dP B dA dP 
dx dy dy dx 5 


the terms containing the second differential coefficients of P 
mutually destroying each other. Hence the equation 

(AA' — A'A)P = 0 


will "be a homogeneous linear partial differential equation of 
the first order. 


The constitution of the coefficients of this equation is easily 
determined. For suppose the given equations to be 


, dP , . dP 

Al dx. + A2 dx n 


, a dP _ A 

+ A n -7—— 0, 


dx 


n 


dP 


dP 


dP 


. 


dx a 


so that 

A=A. 




d 


Ll dx x . 

then the equation 


_i_ A A' — B — 

+ n dxA 1 dx. 




d 

dx ." ’ 


(AA' — A'A) P—0 

may be written in the form 


A (b ^ + B.~ 
V 1 dx ± 2 dx % 

., / , dP , , dP 
A V^ 1 dx. + A -*dx„ 


+ P dP ) 
dxj - 

+A dB ) 
n dxJ ’ 


and, since terms involving second differential coefficients of 
P will disappear, this becomes 

(AS X - A .'AJ g + (A B, - A ’A,) dP 


dx„ 


+ (A2?„-A^„)g = 0. 
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We see from this that the form of the result is the same as 
if the A or A' from either equation operated only on the coeffi¬ 
cients in the other equation. 

Secondly, the above equation will be satisfied by all the 
common integrals of the equations from which it is derived. 

For, let = c be a common integral of 

AP = 0 and A'P = 0, 

then 

A<jf>=0, A </> — 0. 

Performing on these the respective operations A' and A, 
operations which involve only differentiation together with 
algebraic processes, we have 

A'A<p = 0 , AA r <f> = 0 , 

whence, by subtraction, 

A4'</> - A'A (f> = 0, 
or (AA' - A'A) <f> = 0, 

from which it appears that is also an integral of the 
eq nation 

(AA'-A'A)P=0, 

as was to be shewn. 

6. Prop. III. If by the above processes of reduction and 
derivation we convert a system of partial differential' equa¬ 
tions into a new system, such that it expressed in the form 

A 1 Z > = 0 , A a P=0,. A m P — 0 , 

the condition 

(AAj-^Al) f==0 

shall for each pair of equations be identically satisfied, then 
the system of ordinary differential equations corresponding 
to this new system will admit of reduction to the iorm ot 
exact differential equations, the integration of which will 
enable us to construct the general value of I* satisfying the 
system given. 
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1st. Suppose the given system of n equations reduced to 
the form (1), marked by the peculiarity that n of the differen¬ 
tial coefficients appear only in successive equations and with 
the coefficient unity. Then taking any two of those equa¬ 
tions (we select the first two), we have 



d_ 

dx , 


"h jA. 


cl 


11 


dx. 


n+1 


I ^ 


d 


dx n+r ’ 


d 


+ -A. t 


d 


-f* dL,. 


d 


2 dx 2 ‘ 21 dx n+t . 1 2r dx. 


n+r 


from the forms of which we see that the derived equation 


(A x A 2 - A 2 A x ) p = 0 


cannot contain either 


dP m dP 
dx. dx u ‘ 


It can only, as appears from Art. 5, contain the differential 
coefficients 

dP dP 


dx. 

and must be of the form 


n+i 


' dx. 


n+r 


„ dP _ dP 

P. -- + B 9 


dXn+ , 2 Pc n+2 


dP 

+ P, 4^- = o. 


c&c. 


n-fr 


It cannot therefore be an algebraic consequence of any of the 
equations of the system (1) from which it was derived. It is, 

unless by the vanishing of P 15 _ JB r it present itself as an 

identity, a new equation algebraically independent. Com¬ 
bining this with the former ones, we have a system of n + 1 
equations admitting of the same reduction as to form fol¬ 
lowed by the same subsequent process of derivation. And 
the result of each of these completed steps is to convert the 
system into one containing one equation more than before; 
but containing in each of its equations one term fewer than 
before. The process must then end either in the genesis of a 
system of partial differential equations such that the further 
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application of the process of derivation of Prop. II. shall only- 
lead to identities, or in the emerging of the system 


dP 

dx x 



dP 

dx„ 


0, 


dP 


dx, 


n+r 


= 0. 


The latter supposition would imply that P is a constant. 
The consequences of the former we proceed to examine. 


The final system of linear partial differential equations 
will be of the same type (I) as the original system, but will 
differ from that system in that n will be increased, and r 
diminished by the same amount. We shall therefore simply 
state the form (I), only under the condition 

(A*Ay - AyAj) P = 0, 
and with the altered values of n and r. 

First, then, the common integrals of the new system will 
be the same as those of the original system. This is evident 
from Prop. II. 

Secondly. If we write 


m — n -f- r, 

the first equation of the system (1) will be 


dP A dP 

1 HH" . . » + ^ 

ax- ax 

1 W+l 


. dp 

.— . A- A 

12 d jc . ir d r 


0, 


and the auxiliary Lagrangean system of this will have m 
independent integrals 


u. 


■I, U s = C 2 ,. = e 


?n—l s 


among which the n — 1 known integrals (Chap. XXIV. Art. 5) 
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are included. And. the general value of P satisfying the 
above first equation will be 


JP F , Ug .... . 

The assumption P—x x would not satisfy the said equation, 
for it would lead, on substitution, to 1 = 0. Hence we infer 

that while the functions u 1 , w 2 ,. u m _ x are independent with 

respect to each other, they are also independent with respect 

to x x y so that the m functions u x , w 2 ,. u m-v> x \ ■> are mu “ 

tually independent in the sense explained in Chap. xxiv. 


Let us now transform the equations of the system (1) after 

the first by introducing u x , u 2 , . u m _ 1 , x t as independent 

variables. Those equations being 

A 2 P=0,. A n P= 0, 


the result of the transformation will be (Chap. xxiv. Art. 7) 


. . . dP ,» N dP ,. . dP . . dP 

( A2 “i) ^ . + - °> 


. A . dP , A >. dP 

^ dp (Aa) ^ 


.. , dr .. . dp 

+ ( A «tO du ^ + ( A n*.) ^ 


0 . 


Hut P — x x being an integral of each of the equations of 
the system (1) except the first, as appears from their forms, 
we have 

A^x x =0,. A n x x = 0, 

thus the last terms in the transformed system vanish. Further, 
the coefficients of the remaining terms reduce to functions of 

u lf u s ,' . u m -i merely. For, considering the coefficient Aj/ X , 

we have 


AAJ u x — 0, 
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rvhicli, since A^ = 0 reduces to 

A 1 A 2 w 1 = 0. 


Hence A 2 u } must "be a solution of A t P= 0, and therefore a 

function of , vi Q , . u m-i- And so for the others. It 

results therefore that the transformed system is 


, K 'dP,.,dP , A . dP 

(' A “ W ') 3m, + du s . + rfa 


= 0, 


m— i 


(A» m .) £ + (AX) -g 




dp 


du 


0, 


m-i 


« « a ,.w being the actual independent variables of the 

system. 


But the transformation having involved no loss of gene¬ 
rality, for a new system of m independent variables was 
simply substituted for an old one, the condition 

(AA--AA)P=0, 

satisfied before, will continue to be satisfied in the new sys¬ 
tem represented symbolically in the form 

A a P=0, A 3 P = 0,.A n P = 0. 

Any common integrals of this system will also be common 
integrals of the previous system. For as functions of 

. 

they will satisfy the first equation of that system, and they 
will satisfy the other equations, because the present system is 
but a transformation of those. The converse is equally mani¬ 
fest. 

Thus a system of n partial differential equations, contain¬ 
ing m independent variables and satisfying a certain condi- 
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tion, has in virtue of that condition been converted into a 
system of n — 1 equations between m — 1 independent vari¬ 
ables, and satisfying the same condition. This then is con¬ 
vertible into a similarly constituted system of n — 2 equations 
containing m — 2 independent variables, and so on till we 
arrive at a final single partial differential equation containing 
m — n + 1 independent variables. This equation has m — n 7 
that is, r integrals, and these are the common integrals of the 
system (1). 

But the system of ordinary differential equations corre¬ 
sponding to (1) is in number r, and is satisfied by all the 
common integrals of that system. Hence these differential 
equations must admit of reduction to the exact form. 

7. We may deduce from the above investigation the fol¬ 
lowing Rule. 

To integrate a system of simultaneous linear partial diffe¬ 
rential equations of the first order. 

Rule. Reduce the equations to the homogeneous form 
(I), express the result symbolically by 

A x P — 0, A a P = 0,.A n P=0, 

and examine whether the condition 

(AfAy - AjAi) P= 0 

is identically satisfied for every pair of equations of the sys¬ 
tem. If it be so, the equations of the auxiliary system, 
Prop, i., will be reducible to the exact form, and their inte¬ 
grals being 

u= a, v = h, w = c, . 

the complete value of P will be F(u, v, w, ...), the form of F 
being arbitrary. 

If the condition be not identically satisfied, its application 
will give rise to one or more new partial differential equa- 
tions* Combine an y one of these with the previous reduced. 
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system, and again reduce in the same way. With the new 
reduced system proceed as before, and continue this method 
of reduction and derivation until either a system of partial 
differential equations arises between every two of which the 
above condition is identically satisfied, or, which is the only 
possible alternative, the system 


dP 

dx x 


0 , 


dP 

dx. 2 


appears. In the former case the system of ordinary equations 
corresponding to the final system of partial differential equa¬ 
tions will admit of reduction to the exact form, and the gene¬ 
ral value of P will emerge from their integrals as above. In 
the latter case the given system can only be satisfied by sup¬ 
posing P a constant. 


Ultimately then the determination of P depends on the 
solution of a system of ordinary differential equations reduci¬ 
ble to the exact form. This does not mean that each equation 
of the system is reducible to the exact form, but that the 
equations may be combined together so as to form an equal 
number of equivalent equations of the exact form. Generally 
when we know this combination to be possible it is easy 
to effect it, and best to endeavour to do so. We might how¬ 
ever employ the method of the variation of parameters as fol¬ 
lows. Supposing p the number of differential equations make 
all but p + 1 of the variables constant, integrate the reduced 
system, and then seek to satisfy the unreduced system by the 
same series of integrals with the arbitrary constants as new 
variables. The successive integrations and transformations 
of this method would amount to the same thing as those 
upon which the second part of the demonstration of Prop. Hi. 
rests*. 


Lastly, given a system of ordinary differential equations 
containing a superfluous number of variables without know¬ 
ing how many integrals they admit, we must, supposing 
P—cto be any integral, construct the corresponding system 


« 


It was thus indeed that the author was first led to that theory. 
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of homogeneous partial differential equations satisfied by P, 
and apply to them the foregoing Rule. 


8. Ex. Required the integrals of the simultaneous par¬ 
tial differential equations 

jjp fjp jp 


Jtp jp 

_ + (»* + y-xy) s ^ = 0. 

Representing these in the form A 1 P=0, A a P = 0, it will 
be found that the equation 

(AjAg —A a Aj) P= 0 

becomes, after rejecting an algebraic factor, 

dP dP ^ 

X dz + dt ~ °’ 

and the three equations prepared in the manner explained in 
the Rule will be found to be 

dP 2 N dP 
+(3* +t)- d -=o, 

dP dP „ 

^ + 2 / Sz = °’ 

dP dP . 

-X + a? 3- = 0. 
dz 


No other equations are derivable from these. We conclude 
that there is but one final integral. 

To obtain it, eliminate 

dP dP dP 
dx 1 dy 9 dt 
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torn the above system combined with 


it. it, it. it 

£*+£*+£*+ 3 *- 


and equate to 0 the coefficient of -r in the result. We 
find 

dz-{t-\- 3a; 2 ) dx - ydij - xdt = 0, 
the integral of which is 

A 

3 y 

Z — Xt “ X *— *77 — 

2 

An arbitrary function of the first member of this equa¬ 
tion is the general value of P 

[It appears from the manuscript that another example was 
to have been added here. 
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CHAPTER XXVI. 


HOMOGENEOUS SYSTEMS OF LINEAR PARTIAL DIFFERENTIAL 

EQUATIONS. 

1. The theory of homogeneous systems of linear partial 
differential equations in which when expressed in the sym¬ 
bolic form 

A x P=0, A 2 P=0,.A w P = 0.(1), 

the condition 

(A Aj — AjA^ P = 0.(2) 

is for all combinations represented by i and j satisfied in 
virtue of the constitution of the symbols A*, A 5 , forms the 
subject of important researches by Jacobi {Nova Methodus ... 
Crelle’s Journal, Vol. lx. p. 1). The following are the most 
important of his results. 

1st. An integral of any one equation of the system being 
found, other integrals of the same system may be obtained 
without integration, by a process of derivation founded upon 
the condition (2). 

Let be an integral of the first equation of the system. 
Then is the equation 

A^= 0 

identically satisfied. 

Also the condition (2) being satisfied in virtue of the con¬ 
stitution of the symbols, we have 

(A <Aj - AjAi) <f> = 0; 
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and in particular, making i — 1, and separating the terms, 

A a A 3 <f> — AyAjCjS = 0, 
which reduces by a prior equation to 

AjA j(f) = 0. 

It appears from this that Ajcf), if it do not reduce to a con¬ 
stant, is an integral of the first equation A 1 cf>= 0, and, if it 
prove to be not a mere function of a new integral. 

This process may he repeated upon the new integral with 
a similar alternation of results. It will be evident from this 
that if we confine our attention to the two equations 

A X P~ 0, A 2 P=0, 

and suppose, as before, <f> to be an integral of the first, then 
will 

A 2 </>, A,(A„</>), A a (A 2 (A 2 ^))},... 

or, as these may be expressed, 

A. 2 cp 7 A.! 2 <p, A 2 n <jb, ... 

be also integrals of the first equation; and this process of 
derivation may be continued until wo arrive at an integral 
A/■</> which is not independent, but is expressible as a func¬ 
tion of prior integrals 

A.//>, A a *<f>, .A./-^, 

and, sooner or later, such a result must present itself, since 
the number of independent integrals is finite. 

It is further seen that the most general symbolic form of an 
integral derivable from the root integral cj> is 

A a a A/.A „/*<£, 

a, J3, .yu, being positive integers. 

The above remarkable theorem was in some degree antici¬ 
pated by the researches of Poisson. 
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2ndly. Jacobi shews how by the aid of such derived in¬ 
tegrals of the first equation of the system a common integral 
of the first and second equation may be found, and how from 
this integral and its derived series a common integral of the 
first three equations of the system may be found, and so on, 
until a common integral of the entire system has been as it 
were built up out of previous integrals of less general appli¬ 
cation. 

Let <f >, <£', <f>", .<£0-i) represent a series of independent 

integrals of the equation A= 0, of which (j> is the root in¬ 
tegral, and the rest are derived from it by successive applica¬ 
tions of the operation denoted by A 2 , so that 

<t> = A 2 <£,.= A/ ; 

also let A/</> be not a new integral but a function of 

ft, .<^ (fA-1) . 

Now <f>, <j>', .being particular integrals of A 1 P = 0,^ 

the function <p', .will also be an integral of 

the same equation irrespectively of its form . Let us inquire 
whether the form of the function can be so determined as 
to render it also an integral of the second equation A%P = 0. 


We have then to satisfy the equation 

Af,.= 0. 

By the principles of the Differential Calculus this equation 
assumes the form 

A ± dF A ±f dF A , / cIP A 

dj> + A ^ d$ + . + A '^ = °' 

But AA*</>' = <£".A a ^- S i = ^- 1 »; 

lastly, A 2 <£^ _1) may by hypothesis be expressed in the form 
f(f>, <p', .<£^ _1) ). Thus the equation to be satisfied is 
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0 


, 3F 

d<p 



dF f 
d<j>' "*~ 


+ 


dF 

dcjy^~ 2 ) 


+/«>, <f>\ 


C f >&*“!>) 


dF ~ a 

cf^ -1) " °» 


a linear partial differential equation of which the auxiliary 
system is 

defy __ (?<£>' __ _ d<b ( ^~ 2] _ d<fy (fX ~ l} > 

.“ '^- ir ~/«>, T, **** ( ° ; * 

Now the integration of this system may be made to depend 
upon that of an ordinary differential equation of the (/x — l) th 
degree between the two variables (fy ( ^~ 1) and <p. 

For we have 


defy' _ cfy" defy^- 2 ^ efy^™ 1 ^ 

defy <fi' J . dep ep' ’ 

d<fy- tt -~ l ' ) ./* (<£> $'•> . cp^~ 1 ^) 

dep <p' 


Differentiating the last equation with respect to <£, and attend- 
ing to the former ones, we shall be able to express —, — in 

a<p“ 

terms of the variables ep , cp\ . ep^~ 1 K Proceeding with 

this in the same way and continuing the process we shall be 
able to express the series of differential coefficients 


dcp { ^~ l) d'dfy^ ^ 
defy ? defy 


d^^cp (iX ~ l) 
defy ' ,x ~ l> 


in terms of <f>, cfy', . ep (fX ~’ l) . From these /.i — 1 equations, 

eliminating cfy' , cfy", .we shall have a final equation 

between 


<p, 


defy 


d >L ^ 

defy 1 * 1 


that is, a differential equation of the (/x — J) Ul order between ep 
and cfy ljl - 1) . 
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The complete integral of this equation will be of the form 
0(^-1 ) = /(£ Cti c a , . 

Differentiating this fju — 2 times in succession with respect to 
6 , and continually substituting for the differential coefficients 
of > their values as before assigned in terms of 

v, . ^~ l) , 

we shall have a system of fj, — 1 equations connecting the 

above variables with the constants c x , c 2 ,.c At _ 1 . Finally, 

solving these equations with respect to the constants, we shall 
possess the integrals required in the form 

<t>'y .^ (/A_1) ) = C lf 


(fa <f>‘, . = C M _ l3 

and each of these will be a common integral of the first two 
equations of the given system ( 1 ). 

[On the back of a page of the manuscript the following- 
paragraph, occurs, which seems to have been intended as a 
simplification of the preceding argument which begins with 

Its^form°will^be a mte ^ ra ^ ^ 1G equation can be found. 






c. 


Substgute in this for the differential coefficients of <£<'■-» 

then -values before assigned in terms of <£, <£' d," a i 

we have an integral of the svsfem n,J ti ’ 1 

mnn i‘n+Am^i ^ +f & I 1 systeni (,-g), and therefore a com- 

o c ic fiisi two equations ot the system (I). 

giiph.] n ° W retUm t0 the Pkce at w,lich ™ inserted a para- 

+ l,i r S St * i ?i the Same . Wa ^ Jacobi deduces a common integral of 
the first three equations of the system ( 1 ). For reiir^ent!,, 


<r 

£> 
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any one of tlie first members of the above system by and 
deriving thence the new independent integrals A^, A 3 SJ/y.. 
he substitutes an arbitrary function of these for P in the 
equation 

A a "tr-v „ 

A 3 P=0. 

It is evident that the solution of the partial differential 
equation so found will again be reducible to that of an 
ordinary differential equation between two variables. And 
so the process is carried on till all the equations are satis¬ 
fied. 

2. The above remarkable process was developed by Jacobi 
in connexion with the theory of non-linear partial differential 
equations of the first order. In that particular connexion it 
admits of certain reductions tending to diminish the order of 
the differential equations to be integrated. But these do not 
affect the general principle of the method. It was in this 
special form that the theory of the solution of simultaneous 
linear partial differential equations originated. Jacobi does 
not consider the theory of equations in which the condition 
(2) is not satisfied; hut the language in which he refers to 
the condition shews that he had speculated upon the general 
problem—-and it is difficult to conceive that he should have 
meditated upon it and not; arrived at its complete solution. 

[The manuscript here gives the first two words of 
the passage from Jacobi’s memoir which is quoted in tin 
Philosophical Transactions for page 480.] 






[CH. XXVII. 


CHAPTER XXVII. 

OF NON-LINEAR PARTIAL DIFFERENTIAL EQUATIONS OF THE 

FIRST ORDER. 

1 . In treating the present subject we shall first consider 
that class of non-linear partial differential equations of the 
first order which involves two independent variables, and 
then proceed to the general theory. The reason for this 
procedure is that the particular theory, though of course in¬ 
cluded in the general one, rests upon a somewhat simpler 
basis, and it was in fact developed by the labours of 
Eagrange and Char pit long before the general theory was 
known. The latter we owe to the independent researches 
of Cauchy and Jacobi. 

[Here the manuscript refers to the matter contained in 
Chap. XIY. Arts. 7 to 12 inclusive; and then passes on to 
the general theory.] 


General Theory. 

2 . Given an equation of the form 

z ■ =; (aq, aq, ... cq, u 2 , ... 

the number of arbitrary constants a. 2 , ... a n involved being 
equal to the number of the independent variables aq, aq, ... cr u , 
we obtain by differentiation and elimination of the constants 
a partial differential equation of the first order. Of this the 
proposed equation is said to constitute a complete primitive. 


596 



597 


ART. 2.] NON-LINEAR PARTIAL DIFF. EQUATIONS &C. 

The form of the above process which it seems best, as 
throwing light upon the inverse problem of deducing the 
complete primitive from the partial differential equation, to 
employ, is the following. Let the given primitive, solved 
with respect to one of the arbitrary constants a v be presented 
in the form 


f (*L} ... oc n , z } cty , ... oh) — <rq.( .1). 

Differentiating with respect to each of the independent vari¬ 
ables we have a system of n equations of the forms 

fx ( ; L> **• « 2 , <* n ) =0 1 


jfn (^i * • • • n : n ? ? * • • ~ ^ J 


These n equations enable us first to eliminate the n — 1 

constants a 9i . a n , and so deduce the partial differential 

equation sought in the form 

hq (a j , ... a n , 3, i j J^n) 9 . ‘ 

secondly to determine the n — 1 constants as functions of 
aq, ... sc nj j/q, ... p n in the forms 


2 1 5 **• *L n , .i, /^1 ? ■ • • }*>l) ~~ W'n 

.l 1 n (--f x , ... ,F n , Z , J>1 5 * • • J>n) ~ ( tn 


(')■ 


As the system formed of these n — 1 equations, together 
with the prevous one, is merely another form of the system 
(2) obtained by directly differentiating the primitive, it; follows 
that if from these equations we deduce the values of v , ... v 


as functions of a 
equation 




x n , <r , ... oq, and substitute them in the 


dz =jp x <ln\ 4- ]>jh\ z +- 


• 'f p n d.r n 



they will render that equation iutegrahle, and 
will he the complete primitive (1), the constant 
gained by integration. 


its integral 
rq being re- 










598 HON-LINEAR PARTIAL DIFFERENTIAL [CH. XXVII. 

Examining the system (3), (4) we see that the first mem¬ 
bers of all the equations which it contains are functions of 
x x , ... x n , z, p x , •». p n j while the second members are con¬ 
stants. The question then arises, What mutual connexion 
exists among these functions in virtue of which they yield 
values of p l9 which render the equation (5) inte¬ 

grate ? 

The answer to this question must involve the entire theory 
of the solution of partial differential equations of the first 
order, so far as relates to the determination of a complete 
primitive. Given a partial differential equation of the form 
(3) it is evident that if we can construct a system of associated 
equations (4) possessing the character above described, the 
final value of z obtained by integration of (5) will both 
satisfy the given equation and contain the requisite number 
of arbitrary constants. It does not follow from this that 
it will be the only complete primitive, but it will be a 
complete primitive. 

3. The relation sought is expressed in the following 
Proposition: 

Proposition. If 

3 • * * 3 *■'3 I \ 3 * * • III) = 

0»1 3 * * * 3 ^3 I % 3 * * * III) :=: ^ 

represent any two out of a system of n independent equations 
such that the values of p x , ... p n , thence determined would ma/ce 
the equation 

dz =p x dx t + p 2 dx 2 + ... +p n dx n 

inteyrahle, then the first members of these equations bein< 0 
represented for simplicity by F and <b, the condition 

^ (fdF dF\ d<& dF (d<& d®\) 

T\^i dz ) dpi dpi \dx i dz )\ 

the summation extending to all values of i, from 1 to n inclusive , 
will be satisfied identically. 
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Reciprocally, if the above condition he satisfied identically 
for each binary combination of functions in the proposed system 
of equations, and if these functions be independent, then the 
values ofp x ,... p n , as functions of x t , ... x n , z, which they yield, 
will make the equation 

dz = Pl dx t +p 2 dx 2 + ... + p n dx n 

integrable. 

It will be convenient to begin with the particular case in 
which the proposed equations do not explicitly contain z, the 
particular pair to be considered being represented by 

•P (pi i j x 5 * * • Pn) =: 

(aq, ... x n , p x , ...p n ) = b. 


Differentiating with respect to x t , and regarding p x , ...p n as 
functions of the independent variables, we have 

dF + dF,lp A + __ + dF dp n=0 

dx L dp 1 dxi ’ dp n dj\ 

d<P (bP dp x d c I> dp n _ ^ 

dxi dp x dxi * ** dp n dxi 

to which we may give the form 

d,F = __ dF d Pp -] 

dxi dpj dx { 

d<t> = v d< I> d Pj 

dxi *~‘ 3 dpj dx'i 




the summation with respect to j extending from j = 1 to j = n 
inclusive. 


From the first of equations (7) multiplied by subtract 
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dJF 

tlie second multiplied "by ^ , and sum the result with respect 
to i from i— 1 to i—n inclusive. We have 


^ fdF d®\ 

1 KdXi dpi dpi dxj 


= - s$. 


'dF d<t> dp,_dF <M? dpj 

Fpj dpi dxi dp>i dpj dx^ 


( 8 ), 


The expression under the double sign of summation in the 
second member vanishes when i —j; we may therefore re¬ 
strict the summation to unequal values of i and j. Now 
as for any particular combination of values, e. g. 2, 3, there 
would exist in the completed member both the terms cor¬ 
responding to f=2, .7 = 3, and those corresponding to j — 2, 
f=3, it is evident that if we employ the symbol 2# to denote 
summation with respect to different combinations of i and j, 
the second member of the last equation may be expressed in 
the form 

^ fdF d& dpj dF dd£> dpj 

lj \d_pj djpi dxi dpi dj)j dxi 


+ 


dF d$> dpi dF ddz> dpi 

dpi dpj dxj dpj dpi dxj 


or 


V )( C IZ (dpi 

* lJ *\dpi dpj dpj dpi) \dxj dx‘i 


d Pi 


so that the equation (8) becomes 

^ (^L ^ 

\djCi dpi dpi dxj 




'dF <m _dF d®\(dpi _ dpA] 

K dpi dpj dpj dpi) \dxj dxj J 


(9). 


The number of terms of which the second member ex- 

« Yh \ Yb 1 ^ 

presses the sum is thus —. .—- , and it will be observed that 

M 
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as to any particular term it makes no difference in what order 
the numerical values of i and j are assigned to these quan¬ 
tities'; e.g. whether for the combination 2, 3 we make i = 2, 
j = 3, or i— 3, j = 2; but we must confine ourselves to one 
order. 


Now when the equation 

dz—p 1 dx l J t- Pz dx 3 + ... -f -p n dx n 

is integrable in the manner here supposed, we have for all 
combinations of i and j, 

= d I>! _ 
dx s dxi * 

All the terms in the second member of (9) therefore vanish, 
and we have 


v 


fdF d< E> _ dF d<P' 

\d-Xi dpi dpi dx t / 


0. 


This is the direct form of the Proposition under the parti¬ 
cular limitation supposed. 

As F, <E> represent, under the same limitation, any two of 
the first members of the n equations (3), (4), which determine 

71 ( FI — 1 j 

jp l9 ...there will exist---- equations like the above. 

It is usual to employ for brevity the notation 




'dF dP _ dF d<P' 

jixi dpi dpi dxu 


[F0], 


and this being done the above system of equations expresses 

7X (XX 1 ) , y 

the —- functions of the form \_FiF~\ as linear homogeneous 

j£ 

functions of the H ^ ~ quantities of the form . 

ilJCj (V%Xi^ 

It is hence that the vanishing of the latter scries of quantities 
secures the vanishing of the former. 

The converse truth will therefore be established by shewing 
n ~ tl —— quantities of the form are, whe 

2 dxj dXi 


that the 


n 
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F l9 F 2 , ... F n are independent with respect to j? l9 y> 2 , 

f . 1 J 

expressible as linear homogeneous functions of the --—- 

A 

functions [FJF^ 

To avoid complexity of expression I shall establish this for 
the particular case of n = 3, and shall shew that the reasoning 
is general. 

The functions F x , F 2 , F 3 , being independent with respect 
to pa,p 3 , the determinant 


dF, 

dF ,; 

dF, 

dpE 


dp * 

dF, 

dF 2 

dF 

2 

dpi 

d P* ’ 

dp s 

dF, 

dF, 

dF s 

dpi 7 


d Pz 


does not vanish. This determinant we shall denote by A. 

In (9) writing for i^and <3> first F 2 and F 3 , secondly F 3 and 
F x> thirdly F x and F 2i we have on changing signs the system 


— [FFI — ( dF * ^3 dF 2 dF P 

2 3 W 2 d p z dps dp a 


dpg dp „ 
jdx Q doc. 








y (io)- 


) 

r FF~\ = (EE — d E dFA A dp g _ dp\ 

3 \dp 2 dp 3 dp 3 dpj \dx a dxj 

\Fm — (EE EE —EE dFP ( dp s _ dpP\ , 

1 \dp a dp 3 dp a dpj\dsc, dxj + 


Multiply the first equation by EE , the second by E** , the 

< 9 ». J d I\ 


third by EE an a add. Then 

- fj - ff 


EE [F,F 2 ] = A ^ 






<&r 3 docj ’ 
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whence as A does not vanish we have, on dividing by it, the 

function < ^~ — expressed as a linear homogeneous function 

dx 3 ax n L 

of and [FJQ. 

dF dF, dF 

In like manner multiplying the equations by ^ — , F --, ~r~ 

apz ap 2 ap 3 

respectively, and dividing by A, we obtain as a 

similar linear homogeneous function, and lastly, multiplying 

r/JT* fj Ti 7 (ITi* 

by -T- 1 , -t—-, , 3 , and proceeding as before, we obtain 

dp a dp 3 dp 3 

as a similar linear homogeneous function. 

dx 2 dx x 

From all which it follows that when [FJQ, [F 3 FJ, [F,FJ 
vanish, then 

dp 2 _ djp dp 3 _ d}\ dp x _ dp 2 

dx 3 dx t , 7 c/xq dx 3 7 dx 2 dx x 7 

will vanish also. 


The reasoning is general in its nature. If F l , Tg,, ...I y7 
are independent with regard to , yq, ... p n , the determinant 


’ . <§>« 

. -A.(n), 

dF n d F n 

dl> t ’.<7p« I 

does not vanish. This determinant is from its constitution 
as a determinant linear and homogeneous, not only with 

respect to any row or column ot elements, but also with 
respect to the possible binary combinations which can be 
formed of two rows or columns, ternary out of three rows or 
columns, etc. provided that these combinations are themselves 
of the form of determinants. In the language of the theory 
such combinations are called minor determinants, lienee if 
we construct the system of equations represented by (10), and 
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observe that the coefficients of any particular term of the form 
j n the several equations form a system of such 

doc } ax 


minors to the general determinant (11), it will he plain that 
the equations can by multiplication and addition be brought 
to a form in which the coefficient of that particular term will 
be A. At the same time the coefficients of all the other 

iPi _ w p]_ vanish. For a little atten- 


terms of the form 


dx i dxi 


tion will shew that they will be what the determinant A 
would become on making two of its columns or rows of ele¬ 
ments equal, and therefore will be identically equal to 0. 


Thus the Proposition is generally established for the case 
in which z does not explicitly appear in the functions 


F F 

M 1 5 2 ? 


• • t • * 



When # does appear in those functions the equations (6) 
will be replaced by 


dF 

dx^ 

dx i 


dF 

+ ? i lE + 


+JPi 


d<5> 

dz 


+ 


dFdp 1 + 

djp x dx % 

<mdp_ l + 

dp x dx t 



+ dp n 
dp n dx i 



from which it is seen that the theorem above established will 
only need to be changed into the form employed in the state¬ 
ment of the general Proposition. 

As the above is one of the most important propositions in 
the entire theory of Differential Equations, it may be desire- 
able to illustrate it by examples. 

[There are no examples in the manuscript.] 


4. We resume the general theory. 

The integration of non-linear partial differential equations 
may be effected by two distinct methods, both resting upon 
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the ground of the above Proposition. The first of these 
methods, originally established by a different analysis from 
that which will here be employed, was discovered by Cauchy 
(j Exercices d'Analyse), and rediscovered by Jacobi ( Crelies 
Journal ). The second method, discovered by Jacobi at a 
later period, forms the subject of his posthumous memoir. 
Nova Methodus . 


Cauchy's Method. 


We will, as before, begin with the case in which z does 
not appear explicitly in the proposed partial differential equa¬ 
tion, which we shall represent in the form 

. Pi’ . 2 7 n) = 0 .(0- 

yVe have seen that to find a complete primitive of the 
equation it is necessary and sufficient to construct a series of 
equations 

i»./V. Pn) = 


J n ..... a’ n , 2\ ■> . Pn'} ^n 



such that not only shall the conditions 

M] = 0,. [F\F n ] 


o 




connecting the new functions . F n with F be. identi¬ 

cally satisfied, but also the series of conditions 

[K K] = o.(i), 


F a and F b representing any two of the new functions re¬ 
ferred to. 

The first .of the above scries of conditions amounts to 
this, that . F n must be integrals of the partial differen¬ 

tial equation 

(u). 


[/';/>] = o 
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It is the peculiar aim of Cauchy’s method to determine the 
integrals so as to cause the second series of conditions to be 
satisfied also. And it is shewn that this will be attained if 
the integrals of (5), which form the first members of (2), are 

such that the particular values which p x ,_ p^ assume when 

x n is made to receive any constant value, as 0, are differential 

coefficients with respect to x x , . x n _ x pf any single function 

of those variables, the form of which may be arbitrarily 
assigned. 

The necessity of this condition is obvious. If the general 

values of p x , . p n are differential coefficients of a function z 

with respect to x x , . x n , then the particular forms which 

p t ,. p n _ x assume when x n receives any constant value are 

simply differential coefficients with respect to x , . x n _ t of 

what z becomes under the same circumstances. To prove its 
sufficiency we must shew that when it is satisfied the condi¬ 
tions represented by (4) will be satisfied also. 

Since F a and F b are integrals of [i^P] — 0, 

L^F a ] = 0 , [F x F b ] = 0 .( 6 ). 

Also, since if in (l) and (2) we give to x n a particular con¬ 
stant value, as 0, and then in (2) regard p n as a function of 

?.1 J Pi ?. Pn -1 

determined by (1), the system (2) will virtually contain only 

*!». Pi* .P*-l> 

of which p x , . p^_ t are differential coefficients of a single 

function with respect to x x , . x n _ x , it follows from the pro¬ 

position of Art. 3, that any two functions F a and F b will 
satisfy mutually the condition 

(dK d_F b _ 3F a dF\\ _ 

1 1 \dxi dpi dpi dxj 5 

the differentiations having reference to 

^1J. X n- 1» Pi ) 


Pn -15 
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explicitly as they appear in F a and F b , and implicitly as 
involved in p n » Thus the developed form, of the above equa¬ 
tion is 


f (dF a dF\ dp,\ r dF\ dF b dp n 
= 1 dp n dxj V dpi dp n dp { 


dK + dK dpd\ (dF b dF b dp, 

dpi dp n dpi) \dxi dp n dx. 


ct'ij d-i) * • 

the forms of -P* and being determined from (1). 

Performing the multiplications, the above equations will be 
reduced to the form 


fdFa dF b _ dF (t dF\\ 

\dxi dpi dpi dXi) 


dK 

%+i — n — 1 , 

fdPn 

dK 

__ dp n 

dF,; 

dp n 

—1 

\dxi 

dpi 

dpi 

dxi. 

dK 

-n— ! 

(dp* 

'■ * * a 

_ dpn 

dF ( . 

d p». 

*-< i ~l 


4' f 

dpi 

dxi 


0 .... (7). 


But from the form of the total differential of (1) we see that 


Hence 


i = n — 1 
^i — 1 


dF 


dp n 


dpn 

dpi 


dp n dF a 

dx\ dpi 


dpn dK 
dpi dx t 


db\ 

dpn 


dpi 

dl<\ 

^Pn 


= (dK db 

j-4i =, i 1 / . / 


dF. dF, 


dXi dpi dpi dx % 
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Now since by Art. 3 

yi=n(dj± dF. _ dJP dF.\ _ 

% 1 \dx i dp % dp i dxj ’ 

we liave 


*$i~n -i fdFi dF a 
~ i=1 \dx t d Pi 


dF\ dF\ 

d pi dxi) 


' dF x dF a 
,dx n dp n 


dJB\ dFJ m 
dp n dxj ’ 


therefore 


*«-*-! (&> dF± 

4-1 \dxi dpi 


dpn dF: 

dpi dxij 


-c 


dF\ y / dF x dF a 
dp n ) \dx n dp n 


dF\ dF a \ 

dp n d x j 


In the same way 

■Oi = U-l f dPn dF b 
d Pi 


dp a dF f \ 
d Pi dxj 

(dFX 1 fd_F\ dF b __ dF\ dF b \ 
\dp n ) \dx n dp n dp n dxj 


Ihe substitution of these values in (7) gives 
fdF n dF, dF a dF b \ 
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- n-1 (*E. *£ 

~' i ~ 1 \dxi dpi dpi dx x . 


+ dFa d £ b=z0 

dx n dp n dp n dx n 7 

(d.F n dF h dF a dF b \ ^ 
ydxi dpi dpi dxj ’ 

which is precisely the equation 

KFJ = 0. 

We see therefore that to solve the partial differential 
equation 

Fd x , .a - ,.. 1\ ?. 1>„) = 0, 

it is only necessary to construct the linear partial differential 
equation 

<11 _ H, l p \ _ n 

~ 1 V dxi dpi dpi dxj 5 
and to obtain n — 1 independent integrals of this 

•^2 0*1 5 * * * ■ * ' T >» ? / ? |1 •••• /O * f ‘2 ’ 




such that if we determine from these conjoined with the given 

equation the values of /q,_/>„, then those of yq,. p„ 

shall, when x n is made constant, be the partial differential 

coefficients of one and the same funct ion of x t ,. x tt _ t with 

respect to these variables in succession. 

Now provided that we can find all the integrals of the 
above partial differential equation the particular determination 
required may be effected in the following manner. 

The Lagrangean auxiliary system consists of 2n — 1 ordi¬ 
nary differential equations 
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These admit of 2 n — 1 integrals, one of which will be F x = c l ' i 
and this will agree with the given equation if we make c x — 0. 
We have therefore, besides the particular integral F x = 0, 
2n — 2 integrals of the form 


^2 ’ •" X n ? JPi 5 • • • ^n) — ^2 


$211—1 i } • * * }• * ’2?n) — ^2n —1 



Now suppose it required to find a value of z as a function 
of x x , ... x n , which shall satisfy the given partial differential 
equation, and shall reduce when = 0 (or any numerical con¬ 
stant) to a particular given function of x x , ... x n _ x , which we 
will represent by (x x , ... x n _J. Then on the assumption 
that x n — 0, we have first the given equation 

z — (x x , ... . (10), 


secondly the derived equations 


Pi 


Pn-i 


_ (gy, 

clx\ 


(jPll ♦** 


dx, 


n-1 


(XI). 


Make in the 2^ — 1 integrals a? n = 0, and suppose at the 
same time a^, ...£r n _ 15 y> 15 ...p n _ x to receive therein the same 
values as in the above derived equations. Then from the 
3n — 2 particular equations which we thus possess in the two 
systems united (particular because under the assumption that 
x n — 0), we can eliminate the 2n — 1 particular values of 
x i > • • **^n_i? Pi‘--Pn- 1 ? ail d so obtain n — 1 equations among the 
constants. These express the conditions which are necessary 
and sufficient in order that the values of^,... p n _ t thus derived 
from the integral equations may, when x n = 0, agree with the 
values assigned in (11). Accordingly if we substitute in these 
equations of condition for c 2 ,.. .c 2n _ x the general values <p 2 ,.. 
we _ shall. obtain n — 1 equations between x l9 ... x n9 p J9 ... p~ y 
which will at once be particular integrals of the system (8), 
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and will possess the property that the values of p t ,... p n __ x which 
they in conjunction with F y — 0 give will when x n — 0 reduce 
to the values given in (11). Hence these values with that of 
p n derived from the same equation will make 

dz — p t dx x —.— p n dx n — 6 

an exact differential equation. In the integral of this it will 
only remain to determine the constant so as to make the value 
of z agree with that given in (10). All the conditions will 
then be satisfied. 

We may collect the results of the above investigation into 
the following Rule: 

To obtain an expression for z as a function of the inde¬ 
pendent variables aq, ... x n , which shall satisfy the partial 
differential equation 

F (*^i ? * * * X n 3 jPl » * * * JPn) 

and shall when x n is made equal to 0 (or to any numerical 
value) reduce to a given function of x x , ... x n _ x , which we will 
represent by ^ (aq, ... vj. 


Hule. Construct the linear partial differential equation 

vi , n (dF<U>_<7FdP\ 

1 \djci dpi dpi dxj 

and forming its auxiliary Lagrange an system deduce its in¬ 
tegrals 

=: > * - - =: 3 

in addition to the known particular integral l 1 = 0. 


Between the above integrals and the equations 


Pi 


d^fr (-^ i i - • - a »,_j) 

dx. 


d'yj/' (x j i... *r fl _^) 
^ 7l ~ l dx. 


n-i 


eliminate, after making <r n = 0, the quantities 

oc l , ... ***»_1 ? P i ? * * * 2 ^ i * 
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In the resulting n — 1 equations replace 


c 2 by <f> 2 , ... c zn _ x bj <f> 


an —l ? 


0 


and we shall have a system of equations which with F 
will determine values ofjp lt ... ^> n , which will render 

dz —'p 1 dx x — ... — p n dx n 

an exact differential. The integration of this will give the 
integral sought. 

In the case in which the given partial differential equation 
is of the form 

F(x x , ... x n , z, p t , ...jO = 0, 

z "being contained explicitly, the linear equation to be solved is 


x*i = n 
Z-ti=z i 


UdF , 

dF\ 

j dF 

dFi 

'dP 

dP\ ) 

| vfe: 

dz j 

dp t ~ 

dpd 

CdPi +Pi 

dz)) 


= 0, 


and the argument by which it is shewn that the integrals of 
this to be employed in conjunction with F= 0 for the deter¬ 
mination of p l7 ... p n need only be so conditioned as to make 
•.• Pn-x differential coefficients of one and the same function 
of x 1 ,...x n _ 1 when x n — 0 is in character the same as that 
already developed in the present Article. It is only necessary 

. , ... . . •, dF dF 

to substitute in its exposition ~j~ 

(XXi Ct 

for the other functions. 

But as the auxiliary system 


for 


dxi 


and so 


dx x 

dx n 

dz 


dF 

dF~ 

dF 

dF 

%P i 

d p n 

1 

hs 

1 

• 

• 

1 

hs 

8^ i 


d Pi . 

dp n 



dF dF 

. . . 

If . 


dx x dz 


dz 


(12) 


virtually includes the equation 

dz ~~p t dx x — .. 


~P n dx n = 0 , 


the ultimate expression of the Rule will be as follows : 
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To obtain an expression for 2 as a function of aq, ... x n 
which shall satisfy the equation 

■F > * * * J ** 1 Pi* * * * jP«) 

and shall when is made equal to 0 (or to any particular 
constant value) reduce to a given function (aq, ... x ri _^) of 
the independent variables x t , ... x n _ x . 

Rule. Let 

<£*2 = ^2 ’ * * * ~ 

be the 2n — 1 integrals of the auxiliary system (12) which are 
additional to the particular integral l 1 '— 0. Make in these 2n 
equations x n — 0 and forming the further equations 

z = 'xf/' (x x , ... a? n _j) , 

d'P (x ... £r n . T ) 

.. 


i?«_a 


(*^1 ’ * * * 
clx n _i 


eliminate the 2n quantities £c 1? ... £, p x , ... p n - We thus 

obtain n equations among the constants 

Substitute in these equations (f> 2 for c a , ... <jk 3 » f° r and 
we have n equations connecting x l7 x n , z 7 p x ,... jU•> from 
which witli the aid of the given equation p v ... p n may be 
eliminated, and there will result a single equation connecting 
x l , ... x n with z. This is the integral sought. 

[It appears from the manuscript that an example was to 
have been supplied here.] 

5. Cauchy’s method is evidently a general one. Rut its 
generality is not of the same kind as that which belongs 
to Lagrange’s solution of linear partial differential equations. 
It conducts us, not to a form embracing every possible 
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solution, but to a system of results from which every possible^ 
solution may be derived, by arbitrarily varying* the form of 
the function which expresses the initial state of the dependent 
variable, that is the value of 2 ? when x n — 0, and then per¬ 
forming certain eliminations. To obtain a complete primi¬ 
tive we should only have to assume as the form of z when 
x n — Q a function of the variables x v ... x„_ t involving n 
independent constants. The form of this function is arbitrary. 
Each distinct determination of it under the conditions leads 
to a distinct complete primitive. The number of such com¬ 
plete primitives is infinite. 

There are some most important problems in which the 
knowledge of a single complete primitive is all that is re¬ 
quired. Eor this purpose the method of Jacobi which we 
shall now give may be employed. 


Jacobi s Last Method. 

6. Supposing z to be not explicitly involved in the given 
partial differential equation 

F x • •• sc n , jp x , jpti) — 0, 

which we shall as before represent by F x = 0, the problem of 
the discovery of a complete primitive consists in the finding 
of n — 1 equations 

F — a F == a 

such that between any two functions F { Fj the relation 

Ml=0 .(1) 

shall be identically satisfied. The values of p x , ... p n deduced 
from the equations, by rendering 

dz ~~jp x dx t — ... — jp n dx a — 0 

integrable lead us to the complete primitive expressed by its 
integral. 
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Now tlie idea upon which Jacobi’s later methods rest is 
that of directly" solving the different systems of linear partial 
differential equations flowing from the general condition (1), 
not of solving, as in Cauchy’s method, one of those equations 
and then limiting that solution hy conditions which virtually 
involve the satisfaction of the others. 


It is evident that the entire series of 


n (n — 1) 


conditions 


(1) will he satisfied if we determine F^ to satisfy the single 
equation 

[^J = 0, 


then F z to satisfy the system of two simultaneous partial 
differential equations 

[M] = o, [*,*3-0, 


then F 4 to satisfy the system of three simultaneous partial 
differential equations 




[/^ 4 ]= 0 , [FJQ = 0 , 


and so on, until finally F n is determined by the solution of 
the system of n — 1 partial differential equations 

[F r F n -] = 0, [F 2 FJ = 0,.= 0. 


Now all these are particular cases of the general problem 
of determining a function F which shall satisfy simultaneously 
the equations 

[F.P] = 0, [P 2 P] = 0, . [/';/'] = 0. (2) 

F F„. ... F being given functions between each pair of 
which the equation 

o 

is identically satisfied. Here P will represent in succession 
the series F# F z , ... F n . 

The given system is one of homogeneous linear partial 
differential equations. It belongs to the class of systems the 
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general theory of which is discussed in Chap. xxvr. But it 
is not necessary to apply the theory in its general form. We 
need only a single integral; for a single value of each of the 
functions P 2 , F S7 ... F n suffices in combination with the given 
value of j P t for the determination of a complete primitive. 
Now it may be shewn that the system is of the class dis¬ 
cussed in Chapter xxvi. If expressed symbolically in the 
form 

A X P — 0, A 2 P— 0, ... A n P — 0, 

the condition 

( A Aj - A Ai) o, 

will be identically satisfied. Hence Jacobi’s method for the 
treatment of systems of this kind may be applied. 

That the system is of the kind asserted is a consequence of 
the following proposition. 

Proposition. If the equations 

[uP~\ = 0, [vP] = 0 

are expressed in the symbolic form 

AP=0, A'P=0, 

then the derived equation 

(AA'-A'A)P=0 


will be equivalent to 


( 3 ), 
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Hence since is the coefficient of 3 ^ in A 'P, and 

dxj dpj dXj 

its coefficient in A P, its co efficient in the derivedequation (3) 
will be (Chap. xxv. Art. 5), 

. dv du 

dx~ Sx/ 

* -1 \dxi dpidxj djpi dxidxj dx i djpidxj dp i dxidxp 

d ^i= n f du dv du dv\ 

01 dxj yfx* djp i dp>i dxj ’ 


\uv\. 


dP 

In like manner the coefficient of -- 7 — is 

dXj 


M' 


Hence (AA' - A'A) 2> = 2£j f ~ 

J \ dxj dpj dj)j dXjJ 

= [«»] -P » 


whence the Proposition is established. 

Applying tliis to the system. ( 2 ) we sec that any derived 
equation will be of the form 

[FJ2 p = 0 . 

But — 0 by the conditions given; hence the condi¬ 

tion (AiA,- — A_, A*) P = 0 3 is identically satisfied. 

The results of Chapter xxvi. being thus directly applicable, 
to the system under consideration, we see that a common 
integral of the system ( 2 ) may be found by a series of alter- 
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nate processes of integration and derivation. We begin by 
seeking an integral of the first partial differential, equation. 
By a process of derivation, always possible, followed by the 
integration of a differential equation between two variables, 
we arrive at a common integral of the first two partial diffe¬ 
rential equations. Again, by a process of derivation followed 
by the solution of a differential equation we obtain a common 
integral of the first three partial differential equations. And 
so on, until a common integral of all is obtained. 

7. Another solution of the above problem has recently 
been given. Beginning as in Jacobi’s method by finding an 
integral of the first partial differential equation, a process of 
derivation agreeing in principle with Jacobi’s, only more 
extended, may lead us without further integration to a point 
at which the discovery of a common integral of the entire 
system will depend only upon the solution of a single diffe¬ 
rential equation of the first order susceptible of being made 
integrable by a factor. Failing this, it will enable us to 
convert the given system of partial differential equations into 
a new system possessing the same general character, but con¬ 
taining one equation less. Upon this the same process may 
be tried with a similar final alternative—and so on till the 
required integral is discovered. (On the Differential Equa¬ 
tions of Dynamics. Philosophical Transactions , 1803). 



CHAPTER XXVIII. 


PARTIAL DIFFERENTIAL EQUATIONS OF THE SECOND 


ORDER. 


[This Chapter is a reconstruction on a larger scale of part 
of Chapter xv. At the end of the Chapter reference will 
he given to other writings of Professor Boole on the subject 
here discussed.] 


1. The general form of a partial differential equation of 
the second order is 


where 

dz d. 

p = d*’ 11 


F{p, y, z, p, <b r, S, t)= 0 


(1) 


d,J ’ 


d' l s 

r = dJ ’ * 


,Pz 

t — 7 

d !J 


<y 

/> * 


It is only in particular cases that the equation admits of 
integration, and the most important is that in which the 
differential coefficients of the second order present them¬ 
selves only in the first degree; the equation thus assuming 
the form 

Hr + 8s + Ti=V .(2), 

in which 72, S, T , and Fare functions of a;, ?/, z,j> and q. 


The most important part of the theory of the solution of 
this equation is due to IVlorige, and was extended by Ampbre 
to the more general equation 

lit 4- Ss + Ti + II (.s’ 2 - rt) = V., .(3). 
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This equation, together with the particular equation of 
Monge, and the equation 

Rv -f- Ss -f- Tt -f* TJ (s? — t£) — 0, 

both which though falling under Ampere’s general form 
possess peculiarities demanding special notice, I propose to 
consider in this Chapter. I shall in conclusion make some 
observations on the theory of partial differential equations ot 
the second order with more than two independent variables. 

Monge’s method, and Ampere’s in so far as it is an exten¬ 
sion of Monge’s, consists in a certain procedure for discovering 
either one or two first integrals of the form 

u=f(v) .( 4 ), 

u and v being determinate functions of x, y , z, y>, and q ; anti 
f being an arbitrary functional symbol. From these first in¬ 
tegrals, singly or in combination, the second integral involving 
two arbitrary functions is obtained by a subsequent inte¬ 
gration. 

ISTow this procedure involves the assumption that the pro¬ 
posed equation admits of a first integral of the form (4). But- 
such is not always the case. There exist primitive equations 
involving two arbitrary functions, from which by proceeding 
to a second differentiation both functions may be eliminated 
and an equation of the form (2) obtained, but from which it 
is impossible to eliminate one function only so as to lead to an 
intermediate equation of the form (4). Especially this hap¬ 
pens if the primitive involve an arbitrary function and its 
derived function together. Thus the primitive 

z = $ (y + x ) + ^ (y — x ) — x {$' (y + a?) — ^ {y — a?)}... (5) , 
leads to the partial differential equation of the second order 


2 p 

r — t — --- 
x 



but not through an intermediate equation of the form (4). 

It is necessary therefore, not only to consider the case in 
which the assumed condition is satisfied, but also to notice 
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what has been done in those cases which do not at present 
fall under the dominion of any known method. 


Genesis of the Equation* 


2. PROF. I. A. partial differential e qua turn of the first 
order of the form u =f(v), or its symmetrical equivalent, 

E (u, v ) =0, 

in which u and v are any functions of x, ?/, z, p, q, always 
leads to a partial differential equation of the form 

Mr + Ss + Tt + U(s* - rt) = K 

For, differentiating the proposed first integral with respect to 
x , and with respect to y, we have 


_1_ 






du 


du 

r -f 

du 

dz 

p Hh 

dp 

dq * 


dF 

7 di 

? 

dv 

+ 

do 

fl 

+ 

c 

dz* 

du 


du 


du 

dz 

q ~b 

dp 

s -p 

dq 


dV 

7 d 

V 

d v 

+ 

dv 

u 

7 

dz <l 


<7 v 


r -{ 


dv 


•U> <h 


(7 r 
d P 


s I 


dv \ 

dq J 


0 , 


<). 


For brevity, write 

fdu\ ,, dii du 

UJ f0r dz^di 


and then eliminating 


. /dll\ dll du 
a,,d {ur J V '■'! dz ’ 


dF 

dv ’ 


dF 

du ’ 
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we have 


((du\ 

du 

du 1 

((dv\ 

dv 

dv 1 

lud 

_j_ ~y~ 
dj) 

r+ d q s \- 

IW 

+ ap 

s+ dd 1 


f fdii\ dn du 

\\dy) dp S dq^ 


dv\ dv do ) 
~dx) dp V dg S ] 


which, on effecting the multiplication, gives 


du fdv\ (du\ dv) 

dp \dy) \dy) dp) r 

(fdu\ dv du fdv\ /di 
\\dxj dp dp \dx) \di 

^ (fdu\ dv du /eftA) 
\\dxj dg dg \dx)) 

(du dv du dv\ . „ . 

\dq dp dp dg) ^ ? 


du\ dv du /do 
dy) dg dg \dy 


du\ (dv 
dy) \dx 


du\ (dv 
dx) \dy 


a result which, since u and v are by hypothesis given 

tions of x, y, z, p, g, is seen to be a particular case 
general form (3). 


■( 7 ), 

func- 
of the 


may hence deduce also the conditions under which 
particular forms included in the general form (3) arise. Tims, 
^hat the equation u =f(v) may give rise to a par- 
tial differential equation of tlic second, order of JVlonge^s form 

Rr 4- Ss + Tt = V, 
it is necessary that the condition 


du dv du dv 

dg dp dp dq~~® 

should be identically satisfied. This requires, by Chap. n. 
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Art. 1, that u and v, considered as functions of p and q, should 
not be independent. 


3. The geometrical relations of the equation (3) are also 
remarkable. It may in particular be shewn that an equation 
of this form will be satisfied by the equation of any surface 
which constitutes the envelope of any system of surfaces 
formed by the variation of three parameters in subjection 
to two arbitrary conditions. For let the common equation of 
the enveloped surfaces be 

z=f{x,y,a, b,c) .(8), 

the parameters a, b , c varying in subjection to the conditions 

(a, b, c ) = 0, <j> 2 ( a , b , c) = 0, 

conditions which, determining b and c as functions of a, may 
be reduced to the form 

b = <p (a), c = (a) .(9). 


Now the values of p aTU -l <1 
in the envelope as for the same 
we have for all such points 


being the same for any point 
point in the generating surface, 


df{. 


df (a*, y, a, b, c) 
dp 


( 10 ). 


These two equations in conjunction with (9) enable us to 
determine a, b, c as functions of a?, ?/, r:, p, q. Let these 
values he 

< 1 = 11 , b = v 9 c=w. 

Then suhstituting in (9) we have 

v = <p (u ), w = (m), 


equations which hold for all such points. These are 
partial differential equations of the first order of the 


then the 
envelope. 


Now each of these equations is of the general form (4) ; 
whence by .Prop. I. the partial differential equation of the 
second order is of the form (3), as was to be proved. 
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Let us actually construct this equation. 

Differentiating the first of the equations ( 10 ) with respect 
to x and to y, and regarding therein a as a function of those 
variables, and b and c as functions of a , we have 


d*f d*f db ; d*f do} da 


r = - 7—5 4 - 


dx* ^ \dadx " r dbdx da dcdx da) dx 9 
__ dj ( <Pf_ dj db dj dc\da 


s = 


dxdij \dadx dbdx da ~ r dcdx da) dy ’ 


4 




from, which we readily derive 


dx J dy \ dxdy) 


da 
dxdy) dx 


0 . 


Proceeding in the same way with the second equation of 
the system. ( 10 ) we have 



d*f \ da f d*f\da 
dxdy 7 dy \ dy 2 ) dx 


da 


Hence, eliminating and 


da 

dy’ 


we have 




= 0 


or 





t + s* — rt = 


dj d 2 / 
dx 2 dy 2 



the equation sought. 


. Comparing this with’the general form ( 3 ) we have the equa¬ 
tions 


d 2 f 

d£ 



<zy <£fdY_f 

_ _ 1 _ (£/: 2 \dxdy 

~~T~u -- —v - 


7 
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we arrive at the 

equation, 

$ 2 + 4 (UV — IIT) — 0. 

This then is the condition which must be satisfied in order 
that the equation (3) may admit of an integral representing 
the envelope of a system of surfaces in which three parameters 
vary in subjection to two connecting conditions. It is only 
proved however to be a necessary, not to be a sufficient, con¬ 
dition. 


d 2 f d f drf 

whence eliminating and 


Solution of the equation Mr + Ss -f- Tt + TJ(s z — rt) — I”, when 
a first integral of the form F (u, v) = 0, exists. 

4. In the following sections we propose 

1st. To shew that when a first integral of the above form 
exists, its discovery depends upon the solution of two simul¬ 
taneous partial differential equations of the first order re¬ 
solvable into linear equations. 

2ndly. To shew how from such first integral or integrals 
the second integral is to be obtained. 


Prop. IT. If the equation 


Mr + Ss + Tt + U (#* - rt) = V 

admit of a first integral of the form F(u, v) —0, in which n 
and v are functions of x, y, z, p, q , then will F (u, v) considered 
as a function ofx , ?/, z, p, q, and represented, as such for brevity 
by F satisfy the two partial deferential equations of the first 
order, 


M 





dF 

dj> 


-1- u 


+ ] 


(dF\ /dF\ 
\dx) \dy ) 

dF dF 

dp <tq 
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' dF \ 5 


R 


(dtv 
\dq / 


q dF dF (dF\* 

dq dp \dp) 


in which 


fdF\ _d_F 
\dx) doc dz 9 


+ u 

(fdF ' 

\ 

rdF\ 

dF 

[V , 

/ dp /• 

dq 

dF i 



dF 


dz ’ \ 

y 

II 

+ 

* 


Regarding the function F in the proposed integral d 
simply as a function of x, y , z, p, q, we have 


7=0 


dF\ 

dF 

dF 

dx j 

+ ~J — V + 

dp 

dq 

dF\ 

dF 

dF 

dy) 

+ ~T~ 8 + 
dp 

dq 


0 


t = 0 


1 


y 


(ii). 


j 


On the other hand, regarding F as a function of x, y , z, p, q, 
mediately through u and v, we have the system 


dF (fdu\ du du } dF (fdv\ dv dv } 

du j \dx) dp T dq J dv [ \dx) dp 7 dq j ~~ 

dF ( {dii\\ ^ du $ _j_ du 


du I \dy) ^ dp * " r dq 
and these systems are equivalent. 

ct fa 1 

Now if from the second of these systems we eliminate 

an ^ ~dv ’ We 0 ^&in- 2), a result which must he equiva¬ 

lent to the proposed partial differential equation, 

Rr + 8s -f Tt + ?7(5 2 - r«) = V 


u \ dF (fdv\ dv dv ) . 

5 1 + *r + #* + ‘; = °> 


M12). 




( 13 ). 


This equation then considered as a relation between r, .9, £, 
must be an algebraical consequence of the relations (12)’ arid 
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therefore of the equations (11). If then we determine alge¬ 
braically two of the quantities r, s, t, (we select r, t) from the 
system, and substitute their values in (13), that equation 
ought to be satisfied independently of the value of the re¬ 
maining quantity s. Now supposing p and q to be both con- 

dF dF 

tail led in F, so that neither -j- nor vanish, we have 
from (11), ^ 


fdF' 

v dx. 


dF 

-4- - c* 

do 


dF 

dp 


' dF\ dF 

a^) + fy s 


dF 

dq 


substituting* which in (13) there results 


/JF\ dF fdF 
III 7 . ) ; + T("f 

\doc J dq \dy 

+ {* O 


dF\ dF TT fdF\ fdF' 
+ U —j — 

\ax 


) dp 

a dF dF ™ 
s .+ T 

dq dp 


\dy 


+ V 


dF dF 

dp dq 


(djy 

V dp J 




7T fdF\ dF TT /dF\ dF) . . 

77 ^ +r % 7 r =0 -"- (14) - 


Now as this equation is to be satisfied in virtue of the con¬ 
stitution of It, 8, T, Uj V , and the function F, and indepen¬ 
dently of s, both tlic coefficient of s and the absolute term not 
containing* s must be separately equated to 0. Thus F con¬ 
sidered as a function of x, y, z, q , and containing p, q, at 
least must satisfy the partial deferential equations 


It 


a 


4 - T 


doc J dq 


f dF\ dF 
qly J dp 




+ U 


f dF\ fdF\ 
qlx J \dy J 


+ V 


dF dF 


It 


(dF 




\d 


dF dF 

j^y ■ * 1 ^ rji 

*■ d p <k 


dp dq 
dFV 

dp) 


0 


I 

Y 


■+ u 


V dF\ dF / dF\ dF] 
[\dx J dq) \dy J dq 


0 


( 15 ). 
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(dv\ 

(iv\ 

dv 

dv 

\dx) ’ 

U y)’- 


dq' 


This result may also be established by forming the equa¬ 
tions of condition which express the proportionality of 
JR, JS, ... V, to the corresponding quantities in the constructed 
equation (7). From these equations of condition it is actually 
possible to eliminate in two distinct ways the quantities 

the result being the formation of two 

partial differential equations for u agreeing in form with those 
above given for j F. (See the memoir Ueber die partielle Dijfe- 
rentialgleichung ... Crelle's Journal, Vol. 61.) The actual 
transition from the former to the latter rests upon the con¬ 
sideration that the equation F ( u , v) — 0 , when F is arbitrary, 
is not really less general than the form <E> {F(u, J), v} — 0, in 
which the <E> is arbitrary. And here u has been replaced by 
F(u, v). 

The only condition respecting the application of the above 

equations is that we do not admit any relations which make 

dF dF . , 
either -7— or -7- to vanish. 
dp dq 


5. Prop. III. The solution of the system o f partial diffe¬ 
rential equations established in the last proposition may in all 
cases be made to depend upon that of simultaneous linear part ial 
differential equations of the first order . 

In demonstrating this proposition we shall consider first 
the case in which U— 0 , then the case in which V= 0, lastly 
the case in which neither of these quantities vanishes. The 
ground of this division will appear in the investigation. 


Case 1 . Suppose IT— 0 . The equation then is of Monge’s 
form, 

Rr + Ss+ Tt = V. 

The second equation of the system (15) becomes 


R 



S 


d -I<W+ T 

dp dq 
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and therefore breaks up into the equations 


(IF (IF (IF 

— m = 0, ,- ?n„ 

io 1 dp d<{ 


0 , 


up 


and ?w a being the roots of the quadratic equation 

T — 0 .( 15 ). 

As each of the above constituent equations is of the ionu 

(IF 


m 


dp ’ 


the system (15) may be reduced to the form 


'dF\ dF 


'(7F\ dF 


dF dF 


Urn (7 ] 7 + T{";-)~y + Vm . V =0. 

\dx J dp \<7y / dj> dp dp 


which breaks up into the equations 


dF 

"> 


o. 


it 


fIF\ „,/IF\ T , IF 

"*fc) + / U) + I,rt ./y. " 


The former of these we must, reject (Art. t). 
mains for the determination of /''the system of Ini 
differential equations 


There re- 
car partial 


Ihn 



+ T 


dF dF 

— VI 

(/< I <tp 







and there will exist either one or two svstems included under 
this form, according as the roots of the quadratic (10) are 
equal or unequal. 
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Case II. Let F = 0. The system (15) then becomes 


R 

R 


(dF\ dF (dF\ dF fdF\ 

\dx J dq "** \dy ) djp \dx) 

\dq J aq dp \ap J 



4 - U 


dF\dF 
d x J dp 



Eliminate U by multiplying the first equation by 


(dF\ dF /dF\ dF 
/ dp \dy ) dq 1 

the second by 

fdF\ (dF\ 

\dx ) \ dyJ ’ 


and subtracting; we obtain, after rejection of the 

- . dF dF 

factor -=- j —, 

ap dq 


R 



common 


"We shall put this equation in the place of the second equa¬ 
tion of the system. This we are permitted to do under the 
restriction that in seeking to satisfy the system so changed 
we do not make use of any relations which would cause either 
of the two factors employed in the process of elimination to 
vanish or become infinite. 

The new equation reduces to one equation, or breaks up 
into two equations of the form 



m being determined by the quadratic equation 

Rm 2 + Srn + T — 0. 
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Making (^j~) = m (^) * n ^ rst Ration of the system 
(15), we get 



dF 

dq 


+ T 



+ Tim 



which breaks up into 

^= 0 , 


dF . m dF „ rdF' 


\dy) 


Em + T -T- 

dq dp 


-P Tim 


(-) 

\dy) 


0 . 


But if we combine the first of these with (18), we obtain 



and this combination causing both the factors employed in 
the elimination of U to vanish must be rejected. There 
remains then the combination 



and this will represent either one or two systems of equations 
according as the quadratic determining m has equal or un¬ 
equal roots. 


Case ill. Let neither U=0 nor V= 0. 

Multiply the second equation of the system (15) by an 
indeterminate quantity l, and add to the first; then we have 
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We shall enquire whether it is possible so to determine Z 
as to resolve this into linear factors. 

"We might investigate this by resolving the equation sl& 

dF dF 

a quadratic with respect to -y- or . But the form of 

dq dp 

the equation suggests what the forms of the linear factors 
must be if the resolution be possible. For as the squares of 
dF 

and both appear, and these squares alone, in the func¬ 
tion to be resolved, it is clear that ~ and will be tir e 

dq dp 

only differential coefficients of F which will appear in both 
linear factors in common. The most general supposition 

possible is then that one factor shall contain %- and with 

dq dp 

(^aD ’ °^ er same with ^ . 


Assuming then one factor to be of the form 

7 dF dF , /dF\ 

it is seen from the form of the coefficients of the first throe 
terms of (20) that the other factor must be of the form 

dq m dp n \dy) 9 
and the resolved form of (20) must be 


{&*E,TldF U ( dF\ If 

| dq_ m dp n \dy)] | 


dF dF /dF\ 

d^ + m d^ +n {di) 


o. 


Multiplying out and equating coefficients, we obtain tli e 
conditions 
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T1 Tin 
LJ l — -—- , 


m 


T= Urn 

71 ’ 


~jr~r ~j Ul 

ul= —. } 

A 71 


R = Rn, 

TF 

V - SI = Rrn 4- . 

m 


The third and fourth of these conditions arc equivalent, 
and give n = 1. The first and second are also equivalent, 

and give These values reduce the last equation ot 

condition to 



RT 

u 


V= 0, 


so that l is determined hy a quadratic, 
of equation (20) now becomes 


The resolved form 


'n^ + m d ^+ u 

[ dq dp 



dV T dF hiI<’\\ 
dq + V dp \<UJ) 


= <). 


To these results we may give a 
making Ul=m; not the m, used 
the quadratic for determining m. 


somewhat, simpler form by 
above. We have then as 


7)1 


+ Sin -I- RT — W— 0 


( 21 ), 


and as the resolved lorm of (20), 



dF dF 

- J~, 4* 7 )1 j 

dq dq) 


+ U 




'dF 

\(Lc 


0 . 
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X^et 772 j and be the values of m. Then we have from the 

last the two distinct equations 


jfdF 
JtC - 7 —h m 


dF rr ( dF M f dF „dF rr /dF\) 

F + * Wf ha* + T dj + u (&)\ = 0 ’ 


-pdF t dF , TT (dF 

R l%+ m >d£ + u (dU 


dF m dF -r-r/dF 

m *dj +T dv + u (& 


and it is evident that these will be together equivalent to the 
equations (15) from which they were derived. 

Now to satisfy these equations simultaneously it is neces¬ 
sary that we should equate to 0 one linear factor from each of 
their first members. If we equate to 0 the first linear factors, 
we have 

7>dF dF TT fdF\ ^ 
dq 1 dp ^ \dy ) U ’ 


7? dF dF __ fdF\ 
dq 2 dp ^ \dy ) 

whence, by subtraction, 

{ x dF 

K - ™,) 5 - = °- 

This combination must therefore be rejected (Art. 4). For 
the same reason must the combination formed by equating to 
0 the second linear factors in the left-hand members of the 
above two equations be rejected. There remains then only 
the combinations formed by equating to 0 the first factor of 
one of these members, and the second of the other. 

Thus we should have the combination 


p dF dF y.— /dF 

Jx, --- b on ~j — + U { ~— 
dq dp \dy 


= 0 


( 22 ), 
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with the combination which would be obtained from this by 
interchanging m x and «i 3 . 


6. It results from the foregoing investigations that the 
function F is in all cases to be determined by the solution ot 
two simultaneous linear partial differential equations with 
five independent variables. Now the theory developed in 
Chapter xxv. shews that the number of integrals of such a 
system cannot exceed three. That theory enables us both to 
determine what the number of integrals is, and to construct 
the system of ordinary differential equations, reducible to the 
exact form, upon which their discovery depends. 

We have seen that the knowledge of two integrals u ~ a , 
v — h of the system enables us to construct a general first 
integral 

F (a, v) — 0, 


of the partial differential equation (3). And the solution of 
this first integral would lead us to the second integral which 
is the final object sought. Hut the direct solving of a partial 
differential equation of the first order which is not linear and 
which involves in its actual expression an arbitrary function 
is difficult, and happily it, may he avoided here. I lie fol¬ 
lowing propositions will enable us to accomplish the virtual 
solution by a different solution, founded however upon the 
same general principles. 


7. Prop. rv. The integrals of the respective systems of 
simultaneous linear partial differential equations upon which 
the determination of F depends are so related that tf from two 
such respective integrals the values oj p and q arc determined, 
they will render the equation 

dz = pdx. + qdy 

integrable. And in the particular case in which, the two systems 
become identical , any two integrals of the system stand in the 
same relation . 
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Eor, let €> be an integral of the system (22), and ‘St r an 
integral of the associated system obtained by interchanging 
m x and m 2 in the case in which these quantities are different. 
Then <E> satisfies the equations 




m n 


dq 

d® 


dp 


\dy 


dq dp 

and ^ satisfies the equations 


+ r " + tr(»; 


0, 


0; 


, d'V (W\ 

s ai +m ^ + u U) 

dV dW fd' P\ 

m ^ + T dp +£r UJ 


o, 


o. 


But the necessary and sufficient condition in order that the 
values of p and q derived from the equations c l> = 0, y l r = O, 
may render dz — pdx — qdy integrable, is 


aw 

<M> 

/dW\ 



dp 

dp 1 

\dx / 




fd<$' 

\ d'V 

d<P 

/» 

+ 

\dy , 

1 d<l ' 

dq 

\dy ) 


0 


( 23 ) 


See Chap. xiv. Art. 11, Equation (36). 

Now if from the previous equations we determine the values 


of 


td®\ 

rd<$>\ 

( d S\ 


\dasj’ 

Uv)’ 

\dx J ’ 

c 


dW 

dy 


and substitute them in the above equation of condition it will 
be identically satisfied. 
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The determination of (g) ,... from the previous systems 

requires that U should not vanish. Hence the l' rf :V *! sit '/ 
Siehed except in the case of U=0, winch lelt doubtful. 

To examine this case let us revert to the system (17) which 
is proper to it. To that system since 

Jim 2 — Sin 4 - r r= 0 , 

whence Jimpn^ * > 

we may give the form 

f ( IF\ f'U'' 


dF dF A 
^- TO ‘^ = 0 ’ 


*.° 


v db 


or the form obtained from this by interchanging m x and m,. 

Substituting in these respective forms <1> and F in sneers 

sion for F, we find 


dF _ 

dF 

/dF\ 

dq 

m x j > 

dp 

\dxj 

dF _ 

dF 

/dF 

d'i 

■ m., , 

- dp 

\dx 


m. 


hi , 


%/<!> 


V </<!> 


\d-lf J bl tip 

/thv\ v <i'\ r 

\d >j) ■ U dp 


and these values substituted in (-,'») reduee it. to an identity . 
Thus the proposition is established generally. 

Lastly, as in the case in which the. two roots ot the pu.nl 
ratio for determining in are equal, the two systems <>i partial 
differential equations for determining <l> and F heeoiue one, it 
follows that if from two integrals ot that one system we ran 
deduce values of p and <j these values will render t he equation 


integrable, 


dz — pdx — qdp ----- 0 
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8. Prop. Y. When the system of simultaneous linear par¬ 
tial differential equations determining Fadmits of two integrals 
u — a, v = b, it will admit or will not admit of a third inte¬ 
gral w = c, according as the roots of the quadratic determin ing 
m are equal or unequal . 


The system in question, (22), becomes when we divide by 
TJ and write for an< l their full expressions 


in which 


dF dF m x dF R dF_ 
dy +q dz* U dp + ~U dq " ’ 


dF dF T dF ™ dF 
dx +P dz + U dp + U dq^ ~ °’ 

or A X F— 0, A 2 F=0 7 


d d m x d R d 
'dif +q dz~ ¥ Tj dj) + 77 dfff 


d 


~~ dx 4 


d T d 




m. 


d 


dz Id dp U dq' 

Hence the equation 

(^A,-aa )f=o 

becomes 


m x ~ m 2 dF 


U dz 


+ (a - - A m ' 

+ { 1 TJ A2 TJ, 


dF 

dp + 


( A ‘ 


If 


■A 

* -“o 


F\ dF 


U) 


0. 


In this expression the coefficient of the first term only has 
been calculated. 


Now, by the theory developed in Chap. XXV. in order that 
the two simultaneous partial differential equations .should 
have their full complement of integrals (three) it is necessary 
that the above equation should be satisfied identically. This 
involves three conditions, namely, 
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77i x — ?n 2 = 0 , 



fhe first of which is the one affirmed in the Proposition to he 
necessary. 

Secondly, it is to he shewn that if this condition be satis¬ 
fied and if the system of given linear equations admit of two 
integrals u— a, v — b, it will admit of a third. 

Replacing rrt x and ?? 2 2 by m the system becomes 
dF dF m dF It dF _ 

dy ^ dz U dp U dq 7 

dF dF T dF in dF 

dx JrP dz + U dp + U dq ~ °' 

Now if we construct from this the corresponding system of 
ordinary differential equations, we shall find it to be 


dz —pdx — qdy = 0, 


dp- 

T 

7 on 

- 

■ c ~ u 

d<l- 

771 

“ u ( 

7 It 

lx ~ u 


dy = 0, 
dy — 0. 


Now it is impossible that the first of these equations should 
he integrated without a previous determination of p and q as 
functions of x, ?/, z, seeing that dx, dy , dz are the three differ¬ 
entials entering into that equation. Such determination can 
only come from the integration of the second and third equa¬ 
tions of the system. .But if these equations can be integrated 
in the forms u = a, v = />, then v and v being particular values 
of F satisfying the partial differential equations, it follows 
from the last Proposition that the values of p arid q which 
they will yield will make the first equation integrable. 
Hence if the system admits of two integrals it will admit of 
three ; as was to be shewn. On the basis of these Proposi¬ 
tions the theory of the second integration rests. 
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Theory of the Second Integration. 

9. First suppose the values of m unequal. 

Then u x — a lt v x = h x "being the two integrals (and we have 
seen that there cannot be more than two) of one of the systems 
of linear partial differential equations, and zq — « a , z? 2 = Z> a those 
of the other, the general first integrals of the given system 
will be 

(u t , Vj) = (V (v 2 , v s ) = 0. 

The values of jp and q determined from these will by 
Proposition iv. render 

dz —pdx — qdy = 0 

integrable, and the integral of this will be the general integral 
of the proposed partial differential equation. For it will in¬ 
volve explicitly or implicitly two arbitrary functions derived 
from those in the first integrals. 

It suffices however, following herein Charpit’s method, to 
combine one general first integral derived from the one sys¬ 
tem with a particular first integral derived from the other 
system, e.g. the integrals 

(zq, zq) =0, zq = a. 

The values of p and q hence derived, and employed as 
before, will lead to a second integral involving one arbitrary 
function and containing two arbitrary constants. This con¬ 
stitutes a complete primitive from which the general solution 
will be obtained by converting one of the arbitrary constants 
into an arbitrary function of the other, and eliminating the 
latter between the equation and the one derived from it hy 
differentiation with respect to that constant. 

Secondly, suppose the values of m equal. 

In this case we have but one system of partial differential 
equations so constituted however that if it admits of two inte¬ 
grals it will admit of three. 
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Let u—a, v — b, w—c represent these integrals. Then if 
from these we eliminate jp and q we shall obtain a final inte¬ 
gral of the form 

2 =f(. x > Ih a i b, c), 

and this constitutes a complete primitive from which we shall 
deduce the general integral by making b = <p (a) , c (a) , 
and eliminating a between the equations 

z=f{x, y, a, <f> (a), y[r (a)} 

A _ df [x, y, a , <f> ( a ), ^(a)} 

da ' . '* 

To prove this let us combine the general and particular 
first integrals 

v = <f> (u), u = a. 

The values of p and q hence obtained make 

dz — pdx — qdy — 0 

integrable, and the result can be no other than the remaining 
integral w — c , or rather what this would become on eliminat¬ 
ing jp and q from it. But since the equations by which this 
integration are to be effected are equivalent to 

u — a, v — cf> (a), 

w will become a function of as, ?/, z, a and <p (a). Also l,y 
Char pit s method c is to be treated as a function of a, so that 
ultimately we have the result above assigned. 

We have here supposed U not to vanish. If it do the 
theory assumes another but simpler form. Let 

v =f( u )> W = ^r O) 

be the two general first integrals. Then, since by the con¬ 
dition at the close of Art. 2, if p be eliminated from these 
equations q will also disappear, it suffices to eliminate them 
together in order to obtain the general second integral. 
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10. Although the cases in whicli U= 0 and V=0 have in 
the foregoing sections been treated for simplicity apart, their 
theory might have been deduced from that of the case in 
which neither U nor V vanishes. 

Thus to deduce the equations for the case of U — 0 elimi¬ 
nate from the general system (22) an( j in succes- 


dq_ 


dp 


dF' 

dec / 


si on, and we find 

But from (21) JRT — m x m^ = UV. 
Substituting, and then dividing by U we find 


= 0 , 


0 . 


V 


dF 

dp ' 




(*£) 

\dy) 


+ R 


r f + 2 , (f)- 


m. 


f dF\ 

Jx) 

dF\ 

dx) 


0 , 


= 0 , 


the equation determining m l9 m 2 being 

rrd + 8m + R T= 0. 

This is equivalent to the results of Art. 5, Case I. 


11- We found it necessary (Art. 3) in order that the gene¬ 
ral partial differential equation of this Chapter should be satis¬ 
fied by the envelope of a system of surfaces the equations of 
which contain three parameters varying’ under two conditions 
that the relation 

8 *+ 4 {UV-BT) = Q 

should be satisfied. 

. It appears from Art. 8 that this is but one of three condi¬ 
tions necessary and together sufficient for this purpose. Tlx* 
formal conditions for every form of ultimate solution con¬ 
sistent with the existence of a general first integral F {u, v) = 0 
can be deduced in the same way. 
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[In the Bulletin de VAcademic Imperials des Sciences de 
St Peiersbourg , Vol. IV. 1862, there is an article entitled Con¬ 
siderations sur la recherche des integrates premises des equa¬ 
tions differentielles partielles du second ordre, par G-. Boldt 
(Lu le 7 Juin 1861). 

The article occupies pages 198—215 of the volume. Al¬ 
though the name does not quite correspond, I consider that to 
be a misprint, and 1 attribute the article to Professor Boole, 
partly from the nature of the contents, and partly because it 
is known by his friends that lie was engaged at a time corre¬ 
sponding to the date here given in the preparation of a mathe¬ 
matical article in Trench. 


The object of the article is to determine the conditions 
necessary for the existence of a first integral of the equation 

,7*o 

II + 3 , . + V , " + W= 0, 

clxdy dy 

n tXx cl: 

where M, S, T, and IF are any functions of oc, y, z, ' and -f- ; 

dx dy 

and also to determine the conditions which must hold in order 
that Arnpbre’s method of integration may he employed. 


In Crelle’s Journal, Yol. i,xr. there is an article hy Pro¬ 
fessor Boole, entitled Uehev die particllc Differ entialgleichxmq 
zweiter Ordnung Mr + Ss + Tt 4- U {s £ — rt) = V. 

The article is dated 1862 ; it occupies pages 309—333 of the 
volume. 


Among Professor Boole’s 
very closely resembling the 


manuscripts T found a, memoir 
article in CreUe’s Journal; it 
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would appear that the memoir was drawn up with a view to 
publication in the Transactions of some English Scientific 
Society, and that this design was afterwards abandoned in 
favour of the article in Crelle’s Journal. 

After some hesitation I have resolved to print this memoir. 
Even if the memoir had been identical with the article in 
Crelle’s Journal it would have been convenient to the English 
reader to be able to avail himself of the investigations; and 
the memoir contains remarks which do not occur in the article, 
and which are interesting in connexion with the history of the 
subject. There is some repetition of matter which has already 
been given in Chapter xxvm.;. but I was unwilling to impair 
the completeness of the memoir by abridgment or omission. 
Accordingly the memoir forms the next Chapter of the present 
volume. 

In Article 2 of the next Chapter will be found the pro¬ 
cess to which there is an allusion towards the end of Article 4 
of Chapter xxvm. 

. It is obvious that the subject of partial differential equa¬ 
tions of the second order was much studied by Professor 
Boole. The chronological order of his writings on the sub¬ 
ject appears to be as follows : 

1. Chapter xv. of the first edition of Ids work. 

2. The article in the Bulletin of St Petersburg. 

3. The memoir which forms Chapter xxix. of the pre¬ 
sent volume. 

4. The article in Crelle’s Journal. 

5. The Chapter xxvm. of the present volume.] 



CHAPTEB XXIX. 


ON THE SOLUTION OP THE PARTIAL DIFFERENTIAL EQUATION 
Br + 8s + Tt + U (s~ - rt) = V, IN WHICH B, S, J 7 , Z7, V 
ARE GIVEN FUNCTIONS OF X, y, S, p, q. 

1. The equation, the theory of the solution of which 
I propose to consider in this paper, is remarkable from its 
connexion with Geometry. If the equation of a surface 
contain three constants which vary as parameters in sub¬ 
jection to any two conditions connecting them, the gene¬ 
rated envelope will satisfy a partial differential equation of 
the above form. In other words any envelope of the surface 

F (Xj y, z, a, b, c) = 0 

formed by the variation of a, b, c in subjection to two con¬ 
necting conditions 

<p x (a, b , c) = 0, (p 2 (a, J, c) = 0 

is necessarily an integral of a partial differential equation of 
the form given above. 

Now this theorem is the more important, because it is 
only when three parameters in the equation of a surface 
vary in subjection to two relations that the envelope pos¬ 
sesses, irrespectively of the form of the connecting relations, 
any definite character. If there be but one connecting rela¬ 
tion it is possible to determine that relation so as to make 
the envelope assume the form of any surface whatever, ana. 
therefore the possible system of envelopes is in such case 
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unlimited. If there he three connecting relations the para¬ 
meters become absolutely constant and no envelope exists. 

The partial differential equation 

Rr+Sa+Tt -f £> 2 -r*) = F 

is remarkable also as including all the cases in which a 
partial differential equation of the second order admits a 
first integral of the form 


«=/(«). 

u and v being definite functions of x, y, z, p, q, and f (v) 
arbitrary in form. 

Neither of these statements is sufficiently general to con¬ 
stitute a theory of the genesis of the partial differential equa¬ 
tion under consideration, but the second one is more general 
than the first, and is indeed sufficiently so to serve as the 
ground of an investigation which connects the solution of 
the equation in all cases with the satisfaction of a system 
of simultaneous ordinary differential equations of the first 
order and degree. And this is the ground upon which the 
method of the paper will rest. I propose to shew, 1st that 
the solution of the given equation on the assumption that 
a first integral of the form u —f (v) exists requires the satis¬ 
faction of a system of two partial differential equations of 
the first order and second degree; 2ndly that this system may 
be resolved into four systems, each consisting of two partial 
differential equations of the first order and first degree, two 
of which systems are irrelevant and the other two relevant; 
3rdly that the solution of the two relevant systems ulti¬ 
mately depends on the solution of a system of ordinary 
differential equations of the first order, and that from these 
ordinary differential equations the given equation of the 
second order may be deduced independently of the assump¬ 
tion above mentioned. 1 shall also discuss the theory of the 
second integration. And I shall exemplify another method 
of solution connected by a remarkable law of reciprocity with 
the above method. 
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First Investigation . 


2. Prop. I. If u —f (v) be a first integral of the equation 

Hr + Ss + Tt + U (fi - rt) = V .(1), 

then will u and v, considered as functions of x, y, z, p, q, each 
satisfy two partial differential equations of the form 

*©' +s (fi)(l) +r ©' 1 


(du fdu\ du fdu 
+ V \ dp [dx) + dq \dy 


du\ du 


dx) dq 


+ 1 


jFdu\ du 
\dyj dp 

du\ (du\ . 


■ 00 , 


/ du\ fdu\ rr du du 

+ TJ ~j— ) ~~f ) + * ~j"~ ~j 

\dx) \dij) - dq> dq 


/du\ , /du\ , - du du du , du 

in which ( s ) and [-Q stand for - ([ - + p % , and ^ + q ^ 

respectively. 

To demonstrate tills proposition we shall form directly the 
partial differential equation of the second order of. which 
u =f(v) is an integral and, comparing that equation with (1), 
deduce the conditions for the determination of u and v. 

Differentiating u=f(v), first with respect to x and secondly 
with respect to y, we have 

d u du dz du dp du dq 

dx dz dx dp dx dq dx 

(dv dv dz do dp dn dq) 

= •t { \Tlx + dz dx + "dp dx + dq die] ’ 

du du dz du dp du dq 

dy dz dy dq> dy dq dy 

(dn do dz dv dp do dq\ 

f [dy dz dy dq) dy dq dy] 
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, du du , (du\ du du 1 fdu\ 
or, if we represent _ +i ,^ by , ^ + 2 ^ ty (^) , 

i h ? r >% and £^ s ’ and | by *> 

/cZiA du j?,, \ {fdv \ dv , dv) 

U) + r ^ + s ^ =/W |UJ + r 2^ +s 4’ 


Eliminating f' (v) we arrive at the partial differential equa¬ 
tion of the second order, 

(du (dv\ dv /duX\ 
t dp \dy) dp \dy) ) T 




du 

dq 


\dccJ] ^\dq dp 


du dv\ . , 
dp dq) 




It is seen that as respects the mode in which the quan¬ 
tities r, s, t are involved this equation is of the same form 
as the given equation (1). That it may "be equivalent, its 
coefficients must stand to those of (1) in a common ratio u. 
This gives 


du i 

fdv\ 

dv 

(du\ 

=^R . 




.(«). 

dp ' 

\dy) 

~d P i 

\dy) 




du 

(dv\ 

dv 

fdu\ 

dv ( 

du\ 

du 

(dv \ 

n 

s 

CQ 

3. 

II 

dq 1 

Kdy)' 

dq 

\dy) 

+ dp\ 

dx) ‘ 

~dp 

\d£) 

dv 

fdu\ 

du 

(dv s 

II 





dq 

Kdx) 

dq 

\dx; 




.(e). 
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du dv du dv 
dq ~dp dp dq 



'du\ fd %;A /du\ fdv\ 
Ay) \dx) \dx) \dy) 





As we have here five equations which are homogeneous with 
respect to the four differential coefficients of v and to p, it is 
clear that we can, by the elimination of these quantities, 
obtain a relation connecting the differential coefficients of u 
with R, 8, T, &c. But the peculiar cyclical form of the 
functions in the first members of the above system enables 
us to effect this elimination so as to lead to two final equa¬ 
tions independent of v and p. 

Thus multiplying (a) hy © (c) by 

(A *7 © © > and W V % % > and addin s> we find > 011 

rejecting the common factor p, 


^ fdu\ du t rr>(du\ du JT (du 
R ^lx) di +T \dv) dp + U [cbc. 


\dy) dp 
-r-rdu du 

+ V—j - 7 - = 0 

dp dq 


'du' 

Ay> 


(4). 


Again, multiplying (a) by (© , (V) by ©) (© > ( c ) V 

(|T> and w b y (£) % + (|) I > adding > and again ie ‘ 

jecting the common factor p, we have 


R 


f duY 

\dx) 


+ 


*©(: 


diC 

dy. 


+ T 


fduY 

\dy) 


+ V- 


du\ du (du\ du) 


doc) dp 


+ 


fdu\ 

\dy) 


dq) 


1 = 0 


■(*)• 
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Hence, u considered as a function of x, y, z, p, q satisfies 
the two partial differential equations (4), (5), both which are 
of the first order and second degree. 

As u and v enter symmetrically into the system w, (&). 
&c., v will also satisfy two partial differential equations of 
the same form, viz. the equations 


z(i) ~ + t(±) P 

\dxj dq \dy) dp 



Further, these two systems of equations constitute the 
complete system of equations resulting from the elimination of 
p from the five equations (a), (5), (c), &c.; for in their deter¬ 
mination, no factor involving either the differential coefficients 
of u and v, or the quantities It. S. T' &c. has been reiected 
directly or indirectly. 

I am not aware that the above results of elimination have 
been noticed before. 

3. Prop. II. The system of partial differential equations 
above obtained for the determination of u 7 viz. 


s (dp)du + T fdu\ du 
\dx) dq \dyj dp 
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admits of resolution into four systems , each consisting of two 
linear partial differential equations of the first order . Of these 
systems two only are relevant to the solution of the problem. 


For, multiplying the second by an indeterminate quantity 
X, and adding the result to the first, we have 



Now let us see if it is possible to determine X so as to 
make the first member of the equation resolvable into linear 
factors. We cannot say d priori that such resolution is pos¬ 
sible as we should be able to do if that member were homo¬ 
geneous and of the second degree with respect to three instead 
of with respect to the four subject variables 

/ du\ / du\ (du\ fdu\ 

[fix) 5 [fid/) ’ [dp) ’ \dq) * 


Observing that the squares of ^ and ™ are wanting 
in the first member of (8) while those of an d (f~^~) 


appear, we are led to assume as the proposed equivalent of 
that member an expression of the form 





-f n 



Multiplying the factors of this expression together and 
then equating the coefficients with those of the first member 
of (8) we have 
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Mm 4- Xm == Z7+ 8X .(a), 

mm — TX . (b), 

Xn = XV— mn .(c), 

Mn' = M ... (d), 

Tim! — T .(e), 

nn — V, .(/), 


From (b)j (c), (d), we find 

n—V, ri — 1, m — XV, 


m 


T 

V’ 


values which, will be found to satisfy (e) and (f) also, and 
which reduce (a) to the form 

FV - S VX + RT- UV= 0. 


Supposing X thus determined, the equation (8) becomes 



Th<s result is a little simplified if we retain m in place of X . 


We thus find as the resolved form of the given equation 



m being determined by the quadratic 

m*-Sm+BT- UV = 0. 


If m x , rn 2 be the values of m thus found, we have 
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and these two equations are manifestly together equal to the 
system (7). 


jNow these equations can only he simultaneously satisfied 
by equating to 0, one factor in the first member of each ; and 
the different combinations which are thus possible give rise 
to four binary systems of linear equations. Let us examine 
these systems separately. 


If we simultaneously equate to 0 the two first factors of 
the left-hand members of the last two equations, we have the 
systems 



a system which, when m 1 and m 2 are different, is reducible to 
the system 



It is clear that this cannot lead to a value of w satisfying 
the given differential equation (1), because ^ it takes no 
account of the forms of S, TJ\ and T. Indeed if we actual y 
eliminate 


du\ (du\ du du 
dx) 9 \dy) 9 dp 9 dg[ 


from the above equations by means of the system 



du du 
dp T dq S 


du 


du , 

i 4 


0 


r» 




( 10 ), 
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(derived from the assumed first integral u —f(y) by making 
f ( v ) = c, and differentiating the result first with respect to x, 
then with respect to y), we find as the result 

Vt + R(s*-rt)^ 0 . 

Again, if we equate to 0 the two last factors of the right- 
hand members of (10), we have 



which, if m x and are different, reduce to 



And it is evident that neither are these equations consistent 
with the given equation (1), because they take no account of 
S, U } and R. The equation of the second degree to which 
they actually lead is 


Vr -f* T (s 2 — rt) — 0. 


There remain then the two systems formed by combining 
the first factor of each one of the first members with the 
second factor of the other, viz. 
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That these systems are relevant to the solution of the pro¬ 
blem under consideration may he shewn by eliminating from 
either of them by means of (10) the quantities 

fdu\ fdu\ du dn 
\dx) 9 \dy) 5 djp 5 dq_ 


The actual result will be 

V{Rr + Ss+Tt+ U (s 2 — rt) -V} = 0.(13), 

which, except in the particular case of V= 0, reduces to the 
given equation. 

More generally, if in the equation 

u =f(v) 

u and v are any distinct solutions of the system (11), the 
same result of elimination may be deduced. For v by hypo¬ 
thesis satisfies the equations 



Subtract these equations multiplied b J f' iy) from the corre¬ 
sponding equations of (11), and representing vt f iy) by Tf, 
we have 



which being of the same form as (11) it follows that 

W = 0 or u — fid) = 0 

also leads to the partial differential equation of the second 
order (13). 
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4. Prop. hi. To reduce the determination of the first inte¬ 
grals of (1) to the solution of a system of ordinary differential 
equations . 


Each, of the systems (11), (12) presents u as satisfying 
simultaneously two linear partial differential equations of the 
first order. 

To deduce the value of u thus conditioned it will obviously 
suffice to multiply in each system one of the partial differen¬ 
tial equations by an indeterminate multiplier X, to add the 
result to the other equation so as to form a new equation 
which will, like those from which it is formed, be linear and 
of the first order, and which on account of the indeterminate 
character of A will he equivalent to the two. From the 
auxiliary equations which we obtain in the process of solu¬ 
tion, X must be eliminated. 

If in this way we combine the equations of the system (11), 
we have, on arranging the resulting equation according to the 
differential coefficients of 


{R 4- Xm 2 ) 


du 

doe 


Hh (rn l 4- XT) 


du 

dy 


+ |Bp + m 1 q + \(Tq +m s ^) j ^ 


+ F^ + XFj“ = 0. 

dp dq 


Hence we have tlie auxiliary equations 

_ dy _ dp ^ dq __ dz 

R 4- Xm 2 m x + XT V XV Rp 4- mg 4- X (Tq 4- m z p) 9 

du = 0, 


and it is to be remembered that m ,, m 2 are the roots of the 
equation 

rrf-Sm+RT- ZTV= 0 . 
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Eliminating X from the first four of tlie above equations we 
have 

Udq 4- m x dx — Rdy = 0] 

Udp + m z dy - Tdx = o|.(I). 

dz — pdx — qdy — 01 

This then is the system of ordinary differential equations 
deduced from (11) upon the integration of which the determi¬ 
nation of u will depend. 

A similar system, differing from the above only in the 
mutual transposition of m x and is given by (12), viz. 


Udq 4 m/lx — Rdy — 0 
Udp 4 m x dy •— Tdx = 0 * 
dz — pdx — qdy = 0. 


(ii). 


If from either of these systems we can deduce two inte¬ 
grals of the forms 


u — a, 



it is obvious, from what precedes, that 

u =f(v) 

will constitute a first integral of the proposed (1), and there 
being two systems in question, two such first integrals, each 
involving an arbitrary constant may coexist. 


5. Prop. iv. To deduce the second integral of (1). 

It will be necessary to consider separately the cases in 
which m, x and m % are equal and unequal. 

First let m 1 and m. z be equal. 

I3oth the systems (I), (II) reduce to a single system which 
may be expressed in the form 


dp = y T dx - y T dy 


dq 


U 

in 


dz = 


U 

'~jdx 4 Rdy 
pdx 4 qdy 




( 14 ). 
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Now, since the condition = $ is here satisfied, it is 

ay ax 

manifest that if from any two integrals of the above system 
of the forms u — a } v — b, simultaneous values of p. and q 'be 
determined, these values will render the third equation of the 
system integrable, and the effect of its integration will be 
virtually to determine z as a function of x, y, and three arbi¬ 
trary constants, viz. a , b, and a constant c introduced in the 
last integration. Let us represent the result in the form 

s = cj)(x, y, a , b, c) . (15). 

Now what relation will this result bear to the general solu¬ 
tion of the partial differential equation given, to the solution 
which we should obtain by integrating, not the particular 
equations u — a, v = b, but the general first integral u =f(v), 
which includes them both. 

To integrate the equation u —f(y ) it suffices to deduce any 
particular equation involving an arbitrary constant b , which, 
in conjunction with u —f{y) will render 

dz — jpdx — qdy = 0 

ntegrable, and to integrate the last equation regarding the 
arbitrary constant of integration as an arbitrary function of 
b. The result is a complete primitive in which, by the 
variation of b as a parameter the general integral is implicitly 
involved. 

Now either of the equations u — a , v = b will, in conjunc¬ 
tion with u ~f{v) determine^? and q so as to make 

dz —pdx — qdy — 0 

integrable. Take the equation v = b, then u =f (?;) reduces to 

«=/(»)- 

Thus, in place of the equations u = a, v = b, of the previous 
section, we have 


*-/(*), v=b 
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for the determination, of p and q. The constant c introduced 
in the final integration "becomes also, according to the above 
theory, a function of b, and the complete primitive is of the 

form 

«*=£{*> y , &,/(&), f’®}.( 16 ), 

while the general integral is found by eliminating b between 
this equation and its differential with respect to b. 

The general integral therefore represents the envelope of 
the. surface represented by (15), a, b , c being parameters sub¬ 
ject to any two connecting conditions. 

As m arc supposed equal, a necessary condition of the 
possibility of this species of integration is that 

$ 2 — 4 (RT— UV) =0.(17), 

the value of m is ~ , and the system (14) reduces to 


8 


Udp + -V ty — Tdx = 0 


TJdq + — dx 


> 


dz 


2 

pdx 


Rdy = 0 
qdy = 0 J 


•( 18 ). 


arbitrary constants, the equation expressing that value wdl be 

=? sa 

conditions. 


x. 


Let the given equation be 

xqr + ypt •+* xy (s — r€) —Pd' 

Ilcrc n = xq, s = 0, T = yp, U=xy, y=n- 
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The condition (17) is satisfied, and (18) becomes 

xydp — ypdx — 0, 
vcydq — &qdy — 0 , 
dz —pdx — qdy — 0. 

From the two first of these we find 

p = ax, q = by, 

whence from the third, 

aod by 2 

S= T + 2 +c ' 

This is the complete primitive, and. the general primitive 
consists of all possible equations derived from this "by making 
a, b, c vary in subjection to two conditions. 


Ex. 2. Given 


(l 4 cf) 5 — %pqs 4 - (H- p 2 ) t 


s — rt 


(1 4_p 2 4 <f) * 

- (l+^ + g 2 )*. 


Here the equation for m reduces to 

m 2 4 2 'pqm -\-p t q* — 0, 

whence m — — pq> and the system (18) gives 

7 - - - 7 TT 4- pqdx + (14- <f) dy 

( 14 ^ 2 4 £ 2 > 

dp 


0 , 


(1 4/427 


1 +pqdy 4 (1 4 p 2 ) dx — 0. 
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Subtracting tbe upper equation multiplied by pq from the 
lower one multiplied by 1 + y 2 , and dividing by 1 +y> 2 -f- £ 2 , 
we have 


whence 


dx + 


+ f) dp - pqdef 0 

(i+^ + a 2 ) 1 


a- | P 

V(i +P*+<t) 


= a . 


In like manner, 


y + V(i +J+2 2 ) -5 ' 

Hence determining p and q, 

(as - a) dx 4- (y - b) dy 

' vTl (y-S)-}- 

Therefore (a; — a) 2 4- (y — &) 2 -+* (s — c) 2 = 1. 

JFrom this form of the complete primitive it is evident that 
the general integral will represent all possible tubular surfaces 
formed by the motion through space of a sphere of constant 
radius unity. 


Secondly, let m x and be unequal. 


Then since, in neither of the systems (I) and (II) is the 
(l i) do 

condition = p satisfied, from neither system separately 
dy dx i j 

can values of p and q be obtained which make dz—pdx + qdy 


integrable. 


But, as will be shewn, any two integrals obtained, the 
one from the one system and the other from the other, will 
give values of p and q which will render dz — pdx + qdy in- 
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tegrable, and the general solution will consist of all possibh 
integrals of the latter equation thus obtained. 

Or if the complete first integral of either system be com 
bined with any particular integral involving an arbitrary 
constant obtained from the other, the two will furnish value! 
of p and q which render dz—pdx J rqdy integrable, and iti 
integral will be a complete primitive involving one arbitrary 
function in its expressed form, another in the connexion o 
its two constants; the general primitive being found in th< 
usual way by making the constants vary as parameters ii 
subjection to a single arbitrary connecting condition. 

In fact^ it may be shewn that if we attempt by the process 
of Charpit or Lagrange to integrate the partial differentia 
equation of the first order u — f ( v ), deduced we will here sup¬ 
pose from the system (i), we virtually construct the system 
(ii) in the auxiliary equations upon which the process o: 
solution turns. I have obtained a direct proof of this proposi¬ 
tion, but I think it preferable and at the same time sufficient 
to direct attention to the prior ground upon which it rests in 
the relations of the systems of partial differential equations 
(H)> (12) from which the systems of ordinary differential 
equations (i), (n) are derived. 

Let P~ 0 represent any integral of the system (11), and 
Q = 0 an y integral of the system (12). Then we have 


- V 

II 


fdP\ 

\dx) 

+™.( 

tdP\ 

\dy) 

- V 

dp_ 


fdP\ 


/JP\ 

d s ~ 

~-m 2 

\dx) 

1+ T\ 

\dy) 

- V 

dQ _ 
dp 


(dQ\ 

\dccj 

+ ^ 

&) 
\dy J 

- V 

dQ _ 

dq 

- 

(dQ? 

\dx j 

) + T 

(dQ\ 

Uy)' 
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Hence we deduce 

dP(dQ\ dQ /dP\ dP_ [±Q\ _ dQ AZP\|. 

dp \ dx) dp \dx) + dq \dy) dq \dy)) 




The second member of this equation is identically 0. Hence 
dividing by V we have 

dP(dQ\ dQ fdP\ dP rdQ\ _ d_Q fdP_\ fl9 x 

dp\dx) dp \dx) dq\dy) dq \dy ) 

But this is the known condition under which the values 
of w and q deduced from the equations P — 0, Q — 0 make 
dz — pdx + qdy intcgrable ; see Chap. XIV. Art. 13, liquation 

( 3 < 3 ). 


We conclude then that if from the systems (i), (n) we can 
deduce two corresponding systems of integrals 

u l =a x , v x = b t , 

— a<L ■> b 2 , 

then will the first integrals of (1) he 

=f K)> 

wh ile the second integral will consist of all possible relations ob¬ 
tained either 1st by specifying the forms off, f and obtaining p 
and a as functions of x and y and integrating dz=pdx 4- qdy, 
or Mildly, by specifying one of the functions f,f, leaving the 
other arbitrary, determining p, q, integrating dz — pdx fqdy , 
and regarding the final constant of integration as an arbitrary 

parameter. 
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Ex. Given ar 4- bs 4 ct 4 e (s 2 — rt) — 7i, the coefficients 
"being constant. 

Here JR — a, S = &, T=c, e, V=h. 

Hence m x . m 3 are the roots of 

m 2 — bm 4 ac — eh — 0, 

and the systems (i), (ii) give 

edq 4 m x dx — ady — 0] 
edp 4 dy — cdx = o! 

edq 4 onqdx — ady — 0 
edp 4 m x dy — cdx = 0 

Whence the first integrals are 

eq 4 m x x — ay =f x (ep 4 m % y — cx ), 

eq 4 mpc — ay —f 2 {ep 4 m x y — cx ), 

from which all possible second integrals are to be derived in 
the modes above explained. 

Let us take the second of those modes and give to the 
second of the above first integrals the particular form 

ejp 4 m t y — cx — C 7 

G being an arbitrary constant. From this, and from the 
other integral, left in its complete form, we have 

„ _cx - m x y + C m _ ay-m x x+f x {(w 2 - m x ) y 4 C } 
e ' q ~~ e 

whence, substituting in the formula dz —pdx qdy, inte¬ 
grating, replacing the arbitrary form 

J/i (0 dt by (m, - mj <f> (t), 
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and introducing an arbitrary function of C for the arbitrary 
constant, we have 




— m x xy 4- 



Cx+ (j> {(m 2 


y + c} 


+ ir (C) 


for a complete primitive. The general primitive consists of 
all possible relations obtained by eliminating C between the 
above equation and 

1 

0 —-[x + <p’ {(m 2 — m x ) y 4- G}~\ + (C), 

when the forms of </> and ^ are specified. 


Second Investigation. 

6. If from the equation 

JRr + Ss + Tt+ U (s 2 - rt) = V. .(20), 

we eliminate r and t by means of the equations 

djp — rdx + sdy , 
dq = sdx 4- tdy, 

the result will be 

\lldy> - Sdxdy 4- Tdx* - U (dpdx 4- dqdy)~\ s 

= Rdydy 4- Tdqdx — TJdjydq — Vdxdy . (21)* 

There are different considerations (all of them however in¬ 
volving, as I have been led to think, a more or less explicit 
reference to some theory of the genesis of the given partial 
differential equation) which indicate that its solution depends 
upon that of the equations obtained by equating to 0 the part 
affected and the part not affected by s, viz. upon the solution 


of the equations 

Rdif - Sdxdy + Tdx* - U {dpdx + dgdy) = 0.(22), 

IliZpdy + Tdqdx - Udpdq - Vdxdy =0 .(23). 
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Without entering into these considerations let us inquire 
what consequences may be deduced from these equations 
assumed to be true. 


It is seen that these equations are connected by a remark¬ 
able reciprocity with the partial differential equations (7). 
They will in fact be converted into these equations if we 
change 

<Zx, dy , dp, dq, U, V, S . (24), 

into 


dw du du du y-r TJ 
dy'~~~dx' d$' V ’ 


-S 



respectively. From this formal connexion it follows that if 
we multiply (22) by A and add to the result (23), we shall be 
able to determine X so as to permit the resolution of the equa¬ 
tion thus formed into linear factors. Ultimately we shall, as 
appears from Art. 3, reduce the system (22), (23) to an equi¬ 
valent system of the form 


(- Bdy - m x dx 4 Udq) (- m x dy - Tdx 4 Udp) = 0, 

(- Bdy - m 2 dx 4 Udq) (- m 2 dy - Tdx 4- Udp) = 0, 

771 1 an( ^ m % being determined by the equation 

m* + Sm + BT- UV=Q, 

or, changing the sign of m, 

(- Bdy 4 m x dx 4- TJdq) (m x dy - Tdx H- Udp) = 0 ) 
{-Bdy -f m 2 dx+ Udq) {m z dy - Tdx + Udp) = ol" 2 ° 
m x and m 2 being as in the former investigation roots of 

m 2 — Sm + BT- UV= 0. 


berate hlfe° 0 the Cmres P ond ™0 Actors of the first mem 


— Bdy + m x dx- f Udq — Oj 

— Bdy 4 m 2 dx 4 Udq — OJ 
7n x dy — Tdx -f- Udp — 0) 
m 2 dy - Tdx 4 Udp = OJ 







ART. 6.] OF THE SECOND ORDER. 667 

The first of these, m v and m 2 "being different, is resolvable 
into 

Udq — lidy = 0, dx = 0 ; 

the second into 

Udp — Tdx =0, dy — 0, 

and it is obvious that neither of these can lead to the given 
partial differential equation (1). The first of them combined 


with the equations 

dy = rdx + sdy, dq — sdx + tdy .(27), 

leads in fact to the partial differential equation 

.(28), 

the second in like manner leads to 

T-Ur=Q .(29). 


"But equating to 0 the non-corresponddng factors of the first 
members of (26) wc have 

— Hdy + rnplx + Udq = 0l 
m/ly - Tdx + Udp = 0) ’ 

m x dy — Tdx 4 - TJdp = 0| 

— Tdy ~f“ m a dx -4~ Udq == 03 


Now these systems when completed by the equation 
<lz — pdx 4- qdy agree with the systems (i), (n) deduced m the 
|)revio 11 s investigation. 

I t remains to shew that these systems actually lead to the 
«riven partial differential equation (1) directly . Eliminating 
from either of them, combined with the system (27) the dif¬ 
ferentials dx, dy, dp , dq, we shall have as the result 

U{Rr + Ss+ Tt+ U (s ' 1 — rt) - V} = 0.(30), 

-which, rcjcctins the factor IT, as from (13) we rejected V, is 
the dillcrential equation proposed. 
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Ground, of the Reciprocity above noticed. 


7. The reciprocity above noticed is not of a primary cha¬ 
racter, but is founded upon two prior laws which I shall pro¬ 
ceed to demonstrate. 

If from the partial differential equations of the system (7) 
we eliminate V and substitute the resulting' equation in the 
place of the first equation of the system we shall obtain the 
equivalent system 


*©' 


*© 


q da du fdu \ 2 
d<i dp + 1 \Jp) 

, rr f fdu\ du /du\ du\ 
\\dxj dp) \dy) dp j 

,+s © ©+*■©■ 

i jr f /du\ du f du\ du) 

+ F tUJ ¥ + W *ai 




o 


}>- ...( 31 ). 


0 


i 

j 


These equations are both symmetrical and it will be ob¬ 
served^ that they are convertible the one into the other by 
changing 


into 


du du du du JT q 
dp 5 dp ’ doc 5 dy ’ ’ ’ 



du du, du du 
dx ? dy } dp ’ dp ’ 




7 


i espectively. This is a law of reciprocity which connects 
solely the differential coefficients of u and the coefficients 
U, b, V oi the original equation. 

^ is by hypothesis a solution of the given partial 
differential equation. Regarding it however simply as an 
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equation which is true and the truth of which is consistent 
with that of the equations 


dp = rdx + sdy\ 
dq = sdx + tdy J 


(34), 


and differentiating it first with respect to x, secondly with 
respect to y , we have 

du du dz du dp du dq ^ 

dx dz dx dp dx dq dx ’ 

du du dz du dp ^ d u dq ^ 

dy dz dy dp dy dq dy ’ 

equations to which we may give the form 


du\ 

du du 

dx) 

T dp S dq 

du\ 

du du 

dy) 

dp dq 


Now this system is of the same form as the system (27) 
and will agree with it if we change 

du du du du . * 

dx 9 dy 9 dp’ dq . ’ 

into 

dp, dq, dx, dy . (30), 

respectively—a change which does not affect the coefficients 
of the given equation, and which is therefore the expression 
of a law of reciprocity distinct from that last noted. The 
combination of these two laws does however lead to^ the 
law exemplified in the researches of the previous Article; 
see (24) and (25). 

The question here arises whether it would not have been 
better to employ from the first the symmetrical forms (31) of 
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the partial differential equations of the first order and second 
degree upon which u depends, than the unsymmetrical forms 
(7). It was indeed from the symmetrical forms that the 
chief results of this paper were originally obtained, but the 
unsymmetrical forms lead to the same end in a simpler way, 
and therefore they have been made use of in the present 
memoir. 

It may be proper to notice, in concluding this section, that 
the symmetrical forms in ordinary differentials would have 
emerged in place of the unsymmetrical ones of (22) and (23), 
if the quantity s 2 — rt had been retained instead of s. The 
equations 


dp = rdx 4- sdy , dq = sdx + tdy, 

enable us in fact to reduce the given equation (20) to the 
form 

Rdf + Sdpdq -1- Tdq 2 - V{dpdx 4- dqdy) 

= {s 2 — rt) [Tidy 2 — Sdxdy 4 - Tdx 2 — U {dpdx + dqdy)}. 

Hence arises the symmetrical system 

Pdp 2 + Sdpdq + Tdq 2 — V {dpdx 4- dqdy) = 0, 

Tidy 2 — Sdxdy 4- Tda? — IT {dpdx 4- dqdy ) = 0, 

which is connected with the system (31) by the single law of 
reciprocity expressed in (35) and (36). 


Postscript. 

8. At the time when the above investigations engaged my 
attention I was totally unaware that the subject of them had 
been discussed by Ampbre {Journal de VTJcole Poly technique, 
Tom, xi.) and recently by Professor Be Morgan (Cambridye 
Philosophical Transactions , Yol. ix. Pt. IV.). 1 feel it there¬ 

fore incumbent upon me to state why after acquainting my- 
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5*elf with the results of their labours, I offer this paper for 
publication. r 1 


The method of Professor de Morgan so far resembles the 
first method of this paper, and that of Ampbre the second, 
that while the former makes the solution of the problem 
depend directly upon that of simultaneous partial differential 
equations of the first order, the latter makes it to depend 
directly upon the solution of simultaneous ordinary differ¬ 
ential equations of the first order. The formal connexion of 
these methods by the law of reciprocity is, I believe, esta- 
bl ished for the first time in this paper. The system of partial 
differential equations of the second degree (7) has not, so far 
as I sirii aware, been given before. 

Hut a point which I think of deep importance is the follow¬ 
ing. 11 y connecting, as in this paper, the differential equa¬ 

tions of the second degree, whether ordinary or partial, by an 
indefinite multiplier which is afterwards determined so as to 
admit of the resolution of the system into its component linear 
elements, wc assure ourselves that each step of the solution 
offers a complete sequence to that which has gone before, and 
it only remains then to separate the different elements an 1 
determine whether they are relevant or irrelevant to the end 
in view. That any such distinction exists has not, so far as 
1 am aware, been noticed before. And it seems to me tac 
more important that it should be noticed because the solution 
of partial differential equations in cases far more general than 
those above considered seems to depend upon the satisfaction 
of simultaneous differential equations of a degree higher than 
the first,. I have in fact by an application of the Calculus oi 
Variations arrived at the conclusion that the theory of the 
solution of all partial differential equations of the secona 
order, whatever the number of variables may be, is iei\ inti¬ 
mately connected with the satisfaction of a system of dirrer- 
ential equations of the type 


dF 

dr 



dF 7 7 , dF , 2 A 
-j- dxdy + dx = 0, 



O representing tlie given partial differential equation, a: 
y lxU y two of the independent variables, anu /■, s, t nu. 
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second differential coefficients of the dependent variable with 
respect to x and y. 

I may perhaps at some future day resume the subject, to¬ 
gether with an inquiry into the theory of the solution of the 
partial differential equation of this paper, when the conditions 
under which the auxiliary equations (i), (n) are supposed to 
be integrable are not satisfied. 

9. 2sTote. It may be desirable to establish directly the 
converse form of one of the results of Proposition IV. For 
this object we shall shew that the equation of the envelope of 

z = (j> (x, y, a, b, c) .(1), 

where a, b, c are connected by any two conditions of the 
forms 

^ («> ?>, c) — 0 T x 0, b, c) = 0, 
will satisfy a partial differential equation of the form 

Rr+ Ss+Tt+U (s* - rt) = V .(2), 

in which also 

S 2 = & (MT — UV). 


Differentiating (1) we have 

__ dcj> ^ defy da defy db defy dc " 

dx da dx db dx^~ dc dx 

V 

— d<p da defy db defy dc 

^ dy da dy db dy dc dy ^ 

and by the nature of an envelope these reduce to 

_ defy defy 

P dx 3 ^ ~ dy 


( 3 ). 


Again differentiating these equations with respect to x and 
y, and writing for simplicity 


dadx 


— a , 


d 2 <fy __ 
dbdx 


d?<fy 

dedx 


= a> tf'jt t>‘ d * < P _ r* 

dady ’ dbdy ~ Ji ’ dddy ~ ° ’ 
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dx 


s = 


dx 9 

d **+Ap+B%-+o£, 

v dy dy dy 


d 2 (f> A , da -in, db p, dc, 

S — ~z—~~ 4- -A. ->-h jl> *3 — h O 

dxdy dx dx 


dx 9 


Hence we find 

i 

e* 

1 

<n ; JT* 

1 

l 

= 

{a% +B 

— 

(a~~ + jb 

V dx 


, da -j, & 

■' +yl % + JJ */ */ 


d*4>' 

dif, 


n db , „<fcy A’ da , n db , C — N ) 

+ ^ + C *?)r S + 2r a* + C dx) 


dy dy 


dc 

dy 


da ■ db da db 


I) 

+(«■-«> (I 

Now since a, &, c are connected "by two conditions, so that 
l and c are functions of x and y only as being functions of a , 

we have 

da db da db ^ db dc db_ dc _ ^ 
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Thus the above equation reduces to 

£4Y- 

dxdy) V dx l ) \ dy 2 


$- 


= 0 , 


or 


if 2 dxd/ + <M t+s rt ~^df 




2 JL \ 2 


\axai 


( 4 ). 


^This equation is of the general form (2). Its coefficients 

tt j &e. are determinable as functions of x, y, z, p, q when 

the form of the complete primitive (1) is given. For this 
purpose the complete primitive with the two derived equations 
(3) suffice. 


Again, comparing (4) with (2) we have as the conditions 
of their equivalence 

R_ S T rT V 

d 2 cj) ! d‘<f> V » 

if dxdy da? cb? dy 2 \dxdy) 

conditions which suppose R, 3, T, IT, V connected by the 
relation 

tf-liRT- UV)= 0 . 



CHAPTEE XXX. 


ADDITIONS TO CHAPTER XVII. 


[Tiie present Chapter consists of additions to Chapter XVII. 
Art. 1 was intended to follow Chap. XVII. Art. 1.] 

1. The theory of the solution of linear differential equa¬ 
tions in a series flows very beautifully from their symbolical 
expression. It is usual in treating this subject to assume the 
form of the series, and deduce from the differential equation 
the law of its coefficients ; but the symbolical form of the dif¬ 
ferential equation determines in reality the form of the solu¬ 
tion as well as the law of derivation of its successive teiins. 


Let us begin with the binomial equation 


Operating on 


in which 


f 0 (D) u—f x (D) = 0. 

both sides with we have 

u-<p(n)e r& u={f Q (n)}- 1 0 , 

, m] m 


Hence {1 — <f>(D) ^ 9 }u — {f Q {D)} 0. 

Xow {will be determined by the solution of a 
linear differential equation with constant coefficients, and wi 
be necessarily of the form 


AP+JBQ+ GB + 

in which A, B, C,... are arbitrary constants, and P,Q,R,-. 
are functions of the independent variable. 
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We have then 

{1 — <f> (D) € r ^j u — AP 4 _Z? (2 - 4 - (JR 4 • • •» 
therefore u = {1 — cj>(R) € r *} _1 (AP + RQ 4 OR 4- •••)• 

Now let ns represent <f> (JJ) e r ° by p ; then 
U — (1 — p) 1 (AP 4 RQ -f- (JR Hr - • •) 

— (1 4 p H - p 2 4* p 2 4 .. •) (AP 4" R Q, 4~ (JR 4 • - ■) 

= 4(l4p4/3 2 +p 3 4...)-P 
4 R(1 4 p 4 p 2 4 p 3 4 —) Q 
4 C (14 p 4 p 2 4p 3 4 ...) R 
4 ... 

Represent the first line of the above expression by 
then since 

p m = 4>{R) e r6 (p(D) e r& ... m times 

= e mr °<p (D 4 mr) cjy(R 4 mr — r) . <fi (D 4 r ), 

we have 

u x = A {P 4 e rQ 4> (D 4 r) P 4 e 2rd cj> (D 4 2 r) cf> (D 4 r) P 

4 6* re cf>(D 4 3 r) 4 2 r) <f> (D 4 r) P + ...), 

in which it only remains to perform the operations indicated 
by <j>(R + r), by <fi(R 4 2 r) <f>(D + r), ... on the function P. 

Let us in the first place suppose the symbolic function 
f 0 (R) to be of the form (,D — a) (R — b) ...; then 

|/ o (D)rO=i^ + l)V 0 H-.... 

Here P=e ad . Hence substituting in the above expression 
for u, and observing that/(D) e n0 =f(n) e 719 , we find 

u \ ~ Aie ad {l 4 <f> (a 4 r) C 6 4 </> (a 4 2r) cf> (a 4 r) € 2rd 4 ...), 

or 5 since e 0 — x , 

= Ax a (l + <f(a+r)a; r 4^(a4 2r) </>(a 4r) ^ 2r 4 ...} ; 
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u = -Ax a {1 4 cf> (a 4- r) of + <£ {a + 2 r) <f>(a + r) x* r 4 • • 
4- JBx 1 ' {l + <j>(b + r) x r + <j> (b + 2 r) <f>(b 4- r) x* r 4 ...} 
4- »* • , 


tlie solution sought. 

Consider now the general equation 

/„ (- 0 ) « +A (- 0 ) « + • ■ • +/. (-D) e n9 u = 0 . 

Ilcro we have, representing by <f> m (D), 

{1 + &(D) «• + .... + <£„(!>} <"*}« = {/.(^)] J 0; 


tlicreforo 

«=(i + & w +.</>» (-°) ^r 1 {/. w o- 

II ere we have first to determine {(X))} -1 0, then to deter- 
mine the effect of the operation represented by 

{l+&( 2 >) +. cf> n (D)e- r 1 

upon this. 

Now { (j^>)} - 1 0 is given by the solution of a linear diffe¬ 

rential equation with constant coefficients, and will therefore 
be of the form 

AP + BQ + CR+ 


_1, 13, C, ... being arbitrary constants, and P, Q, B, ... func- 
lions of 6. 


.A.gain, since 

{l + ^(Z>)6» +.+ *.(2>) a” 9 }- 


l _ 

I + </> 1 (B)e° +. 4 ■ <p n {D) £ n6 

It may be shewn by a process of actual symbolical division. 
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attending to the laws of combination of symbols, that the 
expression may be expanded in the form 

F 0 (D) + F x (B) e* + F, (D) e*° -1- .... 

To determine the functions F 0 (D), F^D), . we may 

proceed as follows. From the equation 

{1 + (D) e ° +.+ (•©) e ” S } 1 

= F 0 {D) + F 1 (X>) e 8 +- F 2 (D)e 20 + ... 

we hare 

1= [1+^(2)) f+ ...+<£„(£») e""} {F 0 (D)+F£D) P+F,(D )^+...} 

= F 0 (£) + {F x (D) + (B) F 0 (B — 1)} e 0 4-.(1). 

Hence F 0 (D)=1, 

F 1 (B) + <f> 1 (D)F 0 (D^ l)-0; 
therefore F t (D) = - <f> t (D) F 0 (D - 1), 

and so on. Hence F 0 (D), F X (Z)), .are determined in suc¬ 

cession. The general law is as follows: the coefficient of 
e m& i n the second member of (1), when m is greater than 1 7 is 

^ <P) + 4>1 P) (D - 1) 4- & (JO) F^ [JD - 2) + ... (2), 
whence 

F„ (D) = - <j>, (2>) F^ t {D - 1) - <j> 2 (D) F^ (D - 2) - .... 

lij 7 " tins foimula tlis successive vslues of F (TT) c<xri lie 
deduced from those of F^JD), (_£>), .... 

Combining the above results we obtain thus for u the ex- 
pression 

-u = {\ + F l (D) e a + F,(D) e !S +....}{AF+BQ+...} 
=*A{P+F l [B)PP + F 2 {I))e“>P + ....} 

+ B{Q + F X {D)PQ + F 2 {P)^Q+....} 

l • * * * 

Fetus m applying this expression first suppose that the 
factors of/„(£)) are real and unequal, so that f 0 {D) is of the 
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form (JD-a) (D — V) (D-c).... Further, let us suppose that 
no two of the quantities a, b, c, — differ by an integer. 

Then {f <i (D)}-'Q=A^ + B^+ . 

whence we may assume 


P = € 


,a9 


Q = 


Thus the expression for u becomes 

A^ + F^D) 6<“ +1 > s + F,(D) e( ” +2 > 9 + 
+ ^{e M + F l (i>) e^ 1 ' 9 + F, (D) e l ™ )e + ■ 

— 1 ■ j ' " 1 * n # ® ^ 


■•1 


or, since 


F(F) e m9 — F (m) e mS , 


u = A{e* 6 + F t {a + 1) e‘ a+1 > 9 + F 2 (a + 2) e {a+ ™ + . ■ ■ ■] 

+ B{S + F l (6 + 1) e tM ' e + F 2 (b + 2) 6'™'° +....} 

“4” * - * * 

Hence, replacing e e by x, 

u = A {x“ + F 1 (a +1) a:** 1 + (a + 2) a”* 2 +.. ■ •} 

+ B{x l + F 1 (b + 1) aF' + F^l + 2) a?" 2 +.•••} 

' • * • * 

In (2) replace in like manner X> by a + t and we have, 
putting i for m, 

Fi(a + i) + 4>M + *) F <-i( a + * ~ x ) 

+ ^(<r + i) FL 2 (« + i — 2) +.= °> 

or, if Fi (a + 1) be represented hy w a+ $, 


u 


'a-pt 


+ <£ x (to + i) ^a+i-i + <£ 2 ( a + i) Ua+i-2 d“. 


Put m for a + i, thus 

Urn + 4>1 ( W ) 1 + <f>2 ( m ) U >n-2 +. = 0 ‘ 

This agrees with the law established in [there is no refer¬ 
ence in the manuscript, but the law intended appears to be 
that given in Chap. xvii. Art. 9.] 
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Secondly, suppose that r of the factors of f Q (D) are equal 
and of the form I) — a. 

Then {j^(-D)} _1 0 contains a term of the form 
€ ad (c 0 4 - cj) 4- cj)* -1- ...... 4- c r-1 6 r ~ x ). 

Hence the corresponding portion of u is of the form 

■f 1 4- F t (D) <■« 4- F 2 (D) ... j e*" (c 0 4- cfi +.4- c r _ 1 6 r ~') 

= ie'"’ + (D + a + 1) + {D 4- a + 2) -K.. J v .. .(3) 

where v stands for c 0 4- c x 8 4 - c 2 # 2 4-_ 4 - c r _ x 6 r ~ x . 

How F t [D 4 - a +i) v 

— 4 1 ) 4 Fl (& 4 ~ 1 ) D 4 - Fi r (a, 4 - 1 ) - — 4 - • • • *| 

which on performing the differentiations becomes a polyno¬ 
mial of the form 

a 0 4 - a x o 4 -. 4 - A r _ x er-\ 

We see thus that (3) will assume the form of a series of terms 
e a9 , e {a+1)d , .... each multiplied by a polynomial of the (r — l) th 
degree in 6. Or arranging the terms otherwise it will con¬ 
sist of a series of terms of the form 


B Q + B x e-± .4~i? r _ 1 0 r -\ 


in which B 0 , B , .... 

e< a+2 >*,. Or lastly, 

question is of the form 


. B r _ t are series involving e a0 , e {a+1)9 , 
changing e 6 to x } the portion of to in 


-®o + -®i (log x ) 4-.+J9L, (loga:)^ 1 , 

-^o5 A? being polynomials in each of which the lowest 

power of x is x a , and the successive powers increase by unity. 

This establishes the assumption in [there is no reference 
in the manuscript; probably Chap. xvil. Art. 10 is to be 
supplied.] 
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Thirdly, let f 0 (D) contain r factors D — a x , D — a 3 ,.. ,Z> — a r 
in which a x , a s1 . a r differ from each other by integers, toge¬ 
ther with other factors. 

The portion of u corresponding to the factor D — a t will be 
{1 + F X {D) e e + F, (D) e 2 » 4-... .}Ae at9 , 

in which 

F m (Z>) 4* = - •[& (D) (. D ) <=<”-»»• 

+ &{D) e”F^(Z>) e<~*»+ 

Thus F m (Z>) e m& consists of terms of the form 

<f>i (B) (D) 6Mf 

e being one of the numbers 1, 2,.... w. Hence (Z>) 
will consist of terms of the form 

j being one of the numbers 1, 2, ... n. Continuing this until 
i -\-j 4- k 4- ... — m, we see that F m (B) e™ 9 will ultimately con¬ 
sist of terms of the form 

UD) e i9 &{D)e*<f> k {B) 

i, j, 7c, ... receiving arbitrarily any of the values 1, 2, ... n, 
and i-\-j + h 4- ... being equal to m. 

Thus the portion of u derived from Ae at9 will consist of 
all possible terms of the form 

A<pi(D) e i9 </)_,• (B).e je <p k (D) e ke .... (e a<e ) 

= A4h (B) (j bj (D - i)j> k (B - i-j) .... e<"> + ^ 
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Let i = a, % + / = A. i + j + . excluding the last 

term = /t; and let the symbolical numerator which involves 
only direct functions be represented b y f(D), and we have 

__ Af{D) _ 

f, Wfo (■» - «)/. (D - ft) . {J> - /*) 

in which a, f3', .... /x, m are integers ascending by differences 
not exceeding n. 

[A few lines of the manuscript here are obscure, and I 
venture to express in other words the idea which seems to be 
involved. 


Let D — a s denote one factor of f Q (D ), then the correspond¬ 
ing factors in the denominator of 


Af{D) 

/• (■*>)/. iP - °-)foP -ft....f 0 (D- At) 



are (D — a,) (D — a g — a) .(. D-a t ,-/t) .(5). 


Now if a 8 is not greater than a t , then a s + /jl is less than 
a t 4- m ; hence no factor in the expression (5) can be identical 
with D ~ m — a t . But if a s is greater than a t , then one fac¬ 
tor in the expression (5) may be identical with D — m — a t . 

Hence it follows that the denominator of the expression (4) 
may contain D — m —a t to the power r — 1, but not to a 
higher power.] 

And, since 

(D — m — a £ ) g( m+a e)d 

= <=<»+“<>* jc 0 + c x e + ... + , 

we see that u will contain r sets of terms together of the form 

A + B (log x) 4- G (log x) 2 +. + K (log x) r ~ l , 

A, B, C.... being polynomials in x. 

This establishes the rule in [there is no reference in the 
manuscript; probably Chap. xvn. Art. 10 is to be supplied.] 











ART. 2.] ADDITIONS TO CHAPTER XVII. 683 

[There is no hint in the manuscript as to the position 
which Article 2 was intended to occupy; and the reasoning 
does not seem fully developed.] 

2. Prop. The solution of the equation 

f 0 (D) u+f^D) e e u-\- ...... +f n (D) e» 9 u = 0 

being expressed in the form 

{1 + F x {&) e» + F, (D) e 20 + ....+}{/« (D) }'* 0, 

it is not necessary to introduce new constants in interpreting 
F X (D), it suffices to interpret particularly if only uni¬ 

formly and consistently. 

For let 

{/o (-#)} -10 = + BQ +.5 

and in interpreting 

F m (D) e me (AP+FQ+ .) 

let a new constant he introduced which was not in the inter¬ 
pretation of 

F^ (D) (AP +BQ+ .)■ 

Now F m ( D ) e m ° + & (Z>) e°F„^ (D) 

+ <P 2 (I>)r°F,^(D)^-™+ .= 0 , 

therefore 

F m (D) e ms = -</>, (D) (#) - • • • • 

{/. ( Z) ) ^ ,)s + 

lienee the new constant comes from {f a (D)}~'0, and the term 
containing it must be A'P, or B' Q, —, where A , B — are 
constants. Suppose it A'P ; 

then as derived from this, 

F„ l+l (D) e<“ +, > 9 {/„ {D)}~' 0 = - <£, (B) e e A’F, 

F^(D) e ln,M)9 {/„(£>) y 1 0 = - <f>, (D) <?F m „ (B)^ 9 A'I > 

{B)e w F m {D)^A'P. 
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Thus (D)e( m+i>e = — <f>i (D) e°F m+ ,^ * +M) * 


4>.A d ) e<> F -»+i-z e 


c (»l+i-2)0 


The law of derivation is exactly the same as in the deri¬ 
vation of Fi (D) € ie from F iw _ t (D) . 

[Art. 3 seems intended for a reconstruction on an extended 
scale of part of Chapter xvii. Art. 3.] 

3. We proceed to consider more fully the theory of the 
"binomial equation 

<£(£>) = U. 

Now the possibility of solving’ the equation depends upon 
the nature of the symbolic function <fi(D). It is perhaps the 
most general account of the present state of the theory to say 
that there exist certain 'primary forms of this function which 
render the equation solvable, and that to each of these pri¬ 
mary forms an infinite number of the forms arc reducible by 
general theorems of transformation. As these theorems 
admit of a statement which is independent of the form of the 
function <£(£>), we shall establish them first. 

PjROP. II. The function </> {!)) in the equation 

u ■+■ <f> (. 1 )) G r0 ll = TJ 

can without otherwise changing the first member of that equa¬ 
tion be ls£ affected with any constant factor , or 2nd/// con¬ 
verted into <p(D -a), or Zrdly converted into {<fi (— 


First. Let U=f(e e ), and in the equation 

u 4* cp (JD) e r9 u — f (e 0 ), 

1 d d 

let e 6 ~a r e e '. Then = ? an( l the equation becomes 


u + c<£ {1J) e rd u —fi (a r e^), 
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in which Z> = ^p. Thus has been affected by a con- 

stant factor a. 


Secondly. In the same system let u—e a6 v. Then 

e a9 v +• <^> (Z)) e( a+r ) e v (e 0 ), 
or e a0 v 4- € a0 <^> (D -f e r0 v =f (e 0 ), 

therefore v 4~ <fi (D + a) e rd v — e~ a0 f (e 0 ). 

Here </> (D) has been changed into (D 4- a ). 

The result of this transformation may he conveniently ex¬ 
pressed by the following theorem. 


The equation 

u +<f> (D) e r9 u — IT 

will be converted into 

v + <p (Z) + a) 6 r9 v — V 

by the relations 

^ = e fl0 v, lT=e^V. 


Thirdly. In the same equation let 6 = — S '; then 

d __ d 
dO d& 9 


and we have 

w4-^>(-D)e“^=/(e“ 0 '), 


in which 



Hence 


^ 4- (Z) - r)} u =/(e~ 0 ') ; 

therefore e r9 'ii, + <£ (?— D) u — f (e -0 '), 

whence u + {(f>(r — Z>) } _1 e rQ ’ u = {^>{r — U) } _1 € r0 f (€ -r ). 
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Irx this equation let u = e r6 'v . Then by the last theorem, 

«+{^(-^)re T ^ = {<i> (- x>)r/(e- 0 '). 


Thus 


u + (f> (Z>) =/(e*) 

converted into 

*+{<£(“ D)}- 1 6 r ^ v = {<56 (- D)P/Xe-*'), 
^ winch J) ~ y "by assuming 


0 — — 0\ u — € r0 v. 


The above transformations leave the index r in the first 

member unchanged. If however we assume 6 = — , whence 

d d a 

<29 = a d& ’ we sll0u ^ have 

u-b cf> (aD)e a =fie a ). 

Bj combining this with the previous results we see 
that it is possible to convert <£(£>) into cb(aD+b), and into 
|<p (aD 4- 6 )P. 

. themost important transformation of the function <fi(D) 
is that which is established in the following proposition. 

[The proposition referred to is Prop. 111 . of Chap. xvn. 
Art. 3.J 


[Article 4 was intended to follow the words 11 or subse¬ 
quently in the derivation of u” in Chap. xvn. Art. 4 .] 

4. It becomes therefore important to establish rules for 

the treatment of the constants which in these different wavs 
arise. J 
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Now the entire process of solution consists of three stages, 
namely : 


1st, the determination of V by the equation 


v= 

v r cj> {£>) 


u .. 


2ndly, the solution of the transformed equation 

V + ir(D) V, 


3rdly, the determination of u by the relation 

u== j> QS Jh v 

r ^(D) 

Let us consider these separately, supposing <j> (D) to con- 

j) _j_ a 

tain a single factor g which is made to disappear in the 

generation of ^fr(D) y so that a and b differ by a multiple of r. 
Thus the given equation is of the form 


+ u. 


( 6 ). 


The transformed equation is of the form 

v - yfr (D) e r0 v = F, 

in which 


. J) 4- a rr I) -f b r . r 
u = r 'UTb v ’ V = r *JJ + a U - 


First, suppose a — h ~nr, where n is positive. 

Thus 

u = (D 4- ci) (D 4 -ci — r) ... (I) 4- a — nr 4 t) v, 

V — j(Z> 4 ci) ( D 4 a — r) ... (Z) 4 a — 7ir 4 r)| IT. 
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Hence 

u = (Z) - 1 - a) ... (D 4 - a — nr +• r) {1 — ^ (Z>)e 0 } _1 V 

= (D + a) ... (D + a — nr + r) {l — i]r (D) Z7, + Qtr* 

+- C' a 6 "(“ _,)e +.+ (7 ji e-(*-”’- h ')»l. ...(7), 

where U t is a particular value of 

|(X> -f a) .... (D -f & — nr -f r) j- 27. 

The part containing the constants will consist of terms of 
the form 

(2) + a) ... (Z> + a - nr 4 - r) {1 - ^ (Z>) 

= (i) 4 - a) (D +- a — r) ... (Z> + a — wr + r) jl-j- t|t (X>) € rd 

4 - y]r (D) e re ^r (Z>) 6 re -b .. .1 Ce~^ e 

= C(D 4 - a) (D a —r) ... (D + a — nr •+ r) 

4- 1W e-( a ~ ir ^ e + ^ (27) ir (I? - r) e “< «-"-*”)<> + ... J. 

Now all these terms vanish up to the one containing 
6 -(*-«r) 0 . therefore we have to perform the operation 

C (D + a) (D 4 - a — r) ... (D -f- a — oar 4 - r) on 

(Z)) \p (D — r) ... yp (D — Jr) e ~( (C ~ nr ) e 

+ ir(D)^(D-r)...-f(D -Jr - r) <f <-»’-’• >» + ... .1, 

where j — n—i— 1 ; that is, we have to perform the operation 
C {D + a) (D 4 - a — r) ... (JD 4 - a — nr 4 - r) on 

(Z>) ’p (Z 2 — r )... p (7) —Jr) € “( <t -' nr >0 
4 -p (Z)) e e p (Z)) ... p (D —Jr) e “( a_wr )® _p ... 1 
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Now ^ (Z>) \jr (D — r) ... ^ (D ~-/r) e" (a_nr) ® 

— ^(w-r — a) -vjr(rtr — r — a) ... ^ (w —jr — d) €”( a “ nr)d 

— _ 7 ^ e ”( a ~ nr ) 0 • 

therefore we obtain 

22 (7 (23 + a) ... (23 + a - nr + r) j<f <«—>* + -f (23) + .. ..j. 

— SO (2? + a) ... (23 + a — nr + r) I 1 + ^(23) e* 

+ ir (23) e 0 ^ (23) e e +... X e-^'K 

Thus this expression is the same in form for all values of 
*. Therefore ail the terms containing an arbitrary constant 
in (7) are equivalent to only one term. 

Secondly, suppose a — h = — nr. 

Then u = |(23 + V) (23 + b - r )... (25 + b - nr + r)| 

V=(D+V) (73 + 5-r) ... (D + b-nr + r) IT. 

Here there arc no constants in V. But u contains n arbitrary 
constants not in v, and as there is no subsequent process in 
the method for destroying these or reducing them to mutual 
dependence, it is necessary that the relations connecting them 
should be sought by comparing the solution with that given 
by the method of development in series. 

Note. It would be better to reduce (6) to the form 

u - -jr ~— -f (23) e re u = U 
J) — a 

before the demonstration. 

[Article 5 was intended to follow Chap. XVIT. Art. 7. 

There is a memoir by 'Professor Boole on the subject of this 
Article, entitled On the Differential Equations which deter¬ 
mine the form of the Hoots of Algebraic Equations I he 
memoir occupies pages 733—755 of the Philosophical Prans- 
actions for 1804.] 
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5. If ¥e agree to regard as primary those forms of "bino¬ 
mial equations which are integrable but not through any 
reduction effected by the Propositions of Art. 3, and to which 
equations through the application of those propositions other 
equations are reducible and so made integrable, it becomes 
very important to enquire what these primary integrable 
forms are. It does not appear at present possible to give a 
general answer to this question, but so far as is known, such 
forms if belonging to differential equations of a degree higher 
than the first stand in a remarkable connexion with the 
theory of algebraical equations. By the study of this theory 
Mr Harley was led to the conclusion that y defined as an 
implicit function of x by the algebraical equation 

y n — ny 4- (n, — 1) x = 0.... (8), 


n being greater than 2, satisfies the binomial differential 
equation 


y 




2 n 


D 


3 n— 2 


n 


n 


) ••• ( 


D 


n 


n + I' 


n 


JJ(D-1 ) 


: ( n —1 )0 


(JJ — n 4- 2) 


y 


o. 


in which e G = x. In this expression the factors of the nume¬ 
rator are equidifferent, as of the denominator, their common 

difference being -, but the equation is not resolvable by 

Tb 

Propositions II. and nr. into forms, the integrability which 
had before been recognised. 

The above result first reached by induction was confirmed 
by Mr Cayley by the aid of Lagrange’s theorem. 

To the form (8) all algebraic equations of the third, fourth, 
and fifth degrees are known to be reducible. 

Mr Harley lias subsequently found that y considered as a 
function of x defined implicitly by the equation 

V n — ny n ~ x 4- (n— 1) x = 0 
satisfies the symbolical differential equation 

- 1) Z>Y x y ~ (n - 1) (nD - n - 1) [nD - 2]"-‘Vy 

— [n — l\ n ~ l e 6 
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the factorial notation according to which 

[m] n = m (m — 1) (m — 2) ... (ra — ?i 1) 

being here adopted. 

These results are implicitly involved in a more general 
theorem which I shall now demonstrate. 


Theorem. 

equation 


If , y z . y n are the n roots of the algebraic 

y n — ay n ~ x + 1 = 0 , 


and if the m il1 power of any one of these roots be represented 
by u, and log a by 0, then u as a f unction of Q satisfies the dif¬ 
ferential equation 


u — 



I) 


m 

n 





e n ° u = 0. 


Jind the complete integral of the above differential equation 
will be 

u — C t yf + Cqgf .+ C n yf 




Let y n 
the form 


then the given conation may he expressed in 


T*“ 1 


z == b -}" az j 
in which & = — 1. Hence, by Lagrange’s theorem, 


u 


m m 


71—1 7 tfh 

h n +• ah n h* 
do 


+ 


1. d 


1 .2 db [ 




d 

db 


b " r +• <&c.. 


tlie general term being 

_ 1 
1.2 ... r 
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which, on effecting the differentiations and adopting the fac¬ 
torial notation becomes 


m 

~m + (n — 1) r 

r—1 m—f 

h w 


n 



n [r]' 


a 


and tins expression will be found to represent the nrst term 
as well as the others of Lagrange’s expansion provided that 
we interpret the form 


1>]° by 1, and [>]-’ by jA— 


Further, the above general development includes the n 

m 

particular developments of it, or y n arising from the giving 

to h its 7i particular algebraic values. In this way it repre¬ 
sents the m th power of each of the n roots y , y . y n in 

succession. 

How representing the above general term by u r a r , we shall 
have 


m 


u r = 


m + (n — 1) r 


n 


m—r 

h n 


m 


Mr~n 


n [r] r 

~m + (n — I) r l^”- 1 *?zr+i 

-4-i- n\ b “ 

n 


\r-n 


n \r— 

Theiefore, after reduction and replacing b by_1 




-l)r _ T*" 1 

1_ \n n 


n 




r-w. 




(»)• 


It follows therefore that the complete series of -which the 
fentlll e?aSion“ X ^ * re P resented « ***** the difie- 



A ¥>nn *4 "1 
jfV iv A t ij m I 


ADDITIONS TO CHAPTER XTII. 


u 


m. — 1 m . 

—.-.- D q-1 

n ~ 1 fL 
V i} 

! 

* ; <9 

5 ■ 5 

1 

1—* 

_ n n 

\ /f 



_IJ\ n 


e n0 u = 0 ...(I). 


If wc integrate tlie equation in a series (Chap. X\ n. Art. 9), 
the initial terms of the value ot u will be 

C Q + C x a + Cji* .+ C^a*-', 

the succeeding terms being formed from these by^ the law 

(9)* Hence, if the arbitrary constants 0 0 C t . he so 

determined as to make the above initial terms agree with 
the first n terms of the Lagrangean expansion m any ot its 
particular forms, the succeeding terms will also agree, and 
the Ijagrangean expansion will thus become a particular i lite¬ 
ral of the equation (I). The aggregate ot such particular 


^ X (l X v; k. tuv l \ ' / „ *11 1 I* 

integrals, each affected hy an arbitrary constant, will theietoie 
also he an integral of the difterential equation, and \\ ill, m 
fact, constitute its general integral, subject to exception only 
in flic case in which for a particular value ot *ni the inU\mals 
7 /a w , ;?//*,_ 2/n n cease, to be independent. 

instance, it in == — 1, and we reduce the equation to 
the form 

(y T ~ “If 1 + 1 = °> 

it is seen that except when n = 2, we have 

V \ -1 "k y>i 1 .d- y» = b. 

Here then the solution 

u - Cj/r + Q/.; w .+ o n i/,” 1 .(10) 

ceases to he general for it becomes 

U = ( CJ y — O n ) if x 1 ~P ( f'«) g-j • * * 'I ( C,!_| f n) M-P 

and virtually involves but — l arbitrary constants. 

If, however, we give to the integral the form 

c „- +0w - +( r + 


tt 
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the last term of which becomes a vanishing’ fraction when 
m = — 1, we find for the general value of u in this case 

u = Qtft 1 + c#*-* .+ a_ 1 r 1 .- 1 

+ On (yf 1 lo g y x + y* 1 logy 2 .+ y^r 1 logy,*), 

and in this way we may proceed in failing cases generally. 

. Lastly, it may be observed that in certain cases the differen¬ 
tial equation (I) admits of reduction to an order lower by 
unity than its own. And in particular this happens in the 
failing cases above noticed. Thus, if in (I) we make m — — I 
the equation will he expressible in the form 

D (7) — 1) ... (D— n 4 -1) u 

1 Vn -1 _ 1 "I”-* 

-- 2 ) - 1 (D — n H1- 1) <z nQ u = 0, 

n\_ n 71 J v ' 5 

whence, operating on both members with (D — n H- l) -1 , we 
have ’ 

[DJ-'u — - -—- D — - — 1 ] e n0 lc = ( 7 e (n-n» 
n n 71 

u -J 


The general integral of this equation will he expressed by 
(10) provided that a proper relation be established between C 

and the constants <7 l? <7 S ,. G v . If we choose to determine 

O so as to give to the integral the particular form y~\ we shall 
find on substituting for u its Lagrangean development making 
m= — 1, b =~1, and calculating the coefficient of a n ~ l or 
€ (n-t)e [ n t h e fi rst member of the differential, 

71 


Hence, if n he greater than 2, we have <7=0. 
therefore that if n be greater than 2, the equation 



-— -D-- 

7i n 



n—l 


It follows 




n 


e n9 u = 0.(II), 
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in which e 9 = a has for its general integral 

u = C t y 1 1 + 0 2 y 2 1 .... On-xV «-i? 

y qj ? .2/jj-i being any w — 1 roots of the equation 

y n -ay n ~ x + 1= 0- 

X t may he useful to notice the forms which the above 
results assume when 9 is changed into - 9, and therefore D 
into — D ; see Art. 3. 


It will be found that (I) becomes 

r i) - IT 


n 


n — 1 7 ) _ m 
n 


W “ 1 (I) 7)1 

(.—I- 

V n n t 


e n9 ic = 0 .(Ill), 


of which the integral is therefore 

u — (\yr 4- QjJ'T .*h 

7 . .. y being the roots of the equation 


y n - - + 1=0 


and log a being denoted by 0 ; 
while as the equivalent of (II) we have 


( 11 ) ; 


|;/) 

w — w r-;--—ri n i 

“ j>+- 

7 i n 


e n9 u 


0.(IV), 


of which, supposing n greater than 2, the integral is 

u = ••• ^n-i. ? 7 1 .«-p 

.y n _ i being any n — 1 roots of tlie same algcbiaic 

equation. 
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Mr Harley’s^ results may readily be deduced from the 
above. Thus it will be found that the equation (11) re¬ 
duces to 

t n — nt + (n — 1) x = 0 

if we mate 

-I 

y~ r = (n — 1) 71 cc n t, a 


n—l n—l 

Ti 


(n — l) 71 cc 


n 


m t r d 

Hence, making a? = e 6 ' and representing by D', we have 
for the transformation of (IY) 


D 


0__ V' 

i 

n 

)_ % 

— T)' 

n — 

1^' 


1 

= in- 

1) € 


«—i 

e"\ 


9 ' 


Substituting and multiplying the result by €«, we find 


c 


n — 1 


n -1 


n 2n — 1 }7l ~ 2 


n—l 


n — l 


n 


[D'f - 1 

which is Mr Harley’s first equation. 


= 0 , 


m 


If in (I) and (III) we make l— — =oc, whence m=n- noc , 

and at the^same time change & into cib ”, and y into yh ”, we 

shall obtain the following somewhat more general statement 
of their united import. 
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The differential equations 


6$7 


u 


n — 1 


-D-a 


n 


b 

u — b 


«-i f J) 


n 


H~ 


a-2j 


[i>]“ 


£* 9 « = 0 , 


n — 1 ~ 

n ~ l /£> \ 

.. D Hr OC 1 

(-0C+ 1 ] 

n 

\n / 


e n9 u 


0 , 




are both satisfied by the general integral 

u = C x y *-«* + .... + <7 M y/ 

y t , yz, — y n are roefe of the algebraic equation 

y n — cy 1-1 -f~ Z> = 0, 

provided that for the first equation a — e 0 , and for the second 


a, = e~ & . 


If n — 2, the above equations assume the forms 

'B 


u — 


rD 

i vY 


ajf 2 4-cx- 2 


D (D - 1 ) 


€ 2ft ffc=0. 


, - («- 


6. [The two principal papers by Mr Harley on tlie dif¬ 
ferential equations exhibited on page 190 are the following: 

(1) On the Theory of the Transcendental Solution of 
Algebraic Equations, Quarterly Journal of Mathematics , 
Vol. V. pages 337...300. 

(2) On a certain class of I linear. Differential Equations. 
Manchester Memoirs. Third Series. Yol. 1 1. pages232...24,5. 
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In a letter bearing date January 13, 1864, Professor Boole 
pointed out to Mr Harley that his second equation might also 
he deduced from the general theorem discussed in Art. 5 . 
Employing the above notation the deduction may be pre¬ 
sented in the following form. 

The equation ( 11 ) will reduce to 

t n — nt n ~ l •+ (n — 1) ac = 0, 

if we make 

_ i i i i i_ 

y = (n-~l) ”x~ n t, a =z-(n— l)"sc tt : 

n ' 

and for the transformation of (III) we have 

i i & 

D = nD\ 
n s J 7 7 

_ V7i _ 

n=(n- 1 ) * € * u. 

These substitutions being effected we arrive, after some 
slight reductions, at the following equation, 

[(* - 1 ) ^ - ^] w " 1 D'v! - (n - 1 ) \nU ~ m - 1 ] W = 0 , 

which, making m— 1 and u = £, gives 

** [(n- 1 ) D f -- (» - 1 ) [w/}' ~ 2 ]V^ = 0 , 

an equation which admits of reduction. In fact, operating on 
both members with ( 2 /- 1 ) _1 , and determining the constant, 
as in the former case, by the aid of the Eagrangean expansion, 
we find 

n"- 1 [(n - 1 ) D'] n - J t— (nU -n — 1) [nD' - = [n — 

which is Mr Harley’s second equation. 

The references and deduction, here given were to have 
been added to the memoir which is cited in page 189, ac¬ 
cording to Professor Boole’s desire; hut by some accident 
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they were not printed, and the omission was not discovered 
until after his death. 


Mr Harley has lately succeeded in obtaining the fol¬ 
lowing extension of Professor Boole’s theorem. 

The differential equation 


a 


r 


<n n 

X T- U 
ax 


n— r d vi 

— -- x . * -}-1 

n ax n 

is satisfied by the m l " power of any root of the equation 

2 j n — xif r *t a — 0, 

u being considered as a function of x. 


r d m 
ii dx ii 


x T u 


0, 


From this he deduces the following; the differential equa¬ 
tion 


n 


n 


n — r (l m 
~r ' 35 dx ” r 


n n — r 

* d 


x . 


u 


n d 
r X dx 


m 

r 




n 


x'u = 0, 


-(n-ir 

is satisfied hy the m ih power of any root of the equation 

y n — n?/ r + (n — 1) x = 0. 

For the materials of this Article 1 am indebted to Mr 
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THE JACOBIAN THEORY OF THE LAST MULTIPLIER. 


1. A SYSTEM of n differential equations of tlie first order 
and degree containing n - 1-1 variables admits of n integrals 
of the form 

tq, w 2 , ...w„ being independent functions of the original vari¬ 
ables. When n — l of these integrals have been found they 
enable us to eliminate n — t variables, with their differentials, 
from the given system of equations, and so to obtain a single 
final differential equation of the first order between the two 
remaining variables. The final equation admits of being- 
made integrable by a factor, and its solution so found would 
constitute the n th and last integral of the system. We pro¬ 
pose in this Chapter to develope the theory of the above 
integrating factor as established by Jacobi. The term ‘ prin¬ 
ciple of the last multiplier,’ which is more usually employed, 
seems objectionable; for the essence of Jacobi’s discovery 
consisted not in demonstrating the existence or the nature of 
the last integrating factor, but in the peculiar form of the 
method which he gave for its determination, and in the rela¬ 
tions which are implied in that form. The discovery may be 
briefly said to consist in this; viz. that instead of forming by 
means of the n — l known integrals the final differential 
equation between two variables.and applying methods analo¬ 
gous to those of Chap, v., to determine its integrating factor, 
we construct antecedently to all integration a linear partial dif¬ 
ferential equation of the first order, any one integral of which 
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will enable ns to assign an integrating factor of the final differ¬ 
ential equation, whatever the order of the previous intef/ratinns 
may have been. Again, this partial differential equation de¬ 
pending for its construction only upon the form of the system 
given, we can often by examining* it affirm beforehand that it’ 
all the integrals but one of the system be in any way found, 
the final integral will be deducible by quadratures. This 
happens in the case of the most important of all systems of 
differential equations—that of Dynamics. 

Further, an ordinary differential equation of the u th order 
being reducible to a system of n differential equations of the 
first order, Jacobi’s theory may here also enable us to pre¬ 
dicate the possibility of the last integration when the previous 
integrations have been effected. 


Beginning with a single differential equation of the first 
order reduced to the form 

d,c dy 


in winch A and 1 are functions of the two variables ./* and t/ y 
we know by Chap. v. that the integrating factor /i will In] 
given by the solution of the partial differential equation 




+ 


0 . 


dx ' d\/ 

the form of which should be carefully noticed. 


( 0 , 


Consider next a system of two differential equations of the 
first order expressed in the general form 




dz 

Z 


('A 




X, F, and Z being functions of the. three variables .r, > h and 
suppose one integral, represented, by 

4> (•'*> V> *-) = .(:>), 


to be known. The function </> (x. 


lh <>r, as we shall express 
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it for brevity, <fi, will obviously satisfy the partial differential 
equation. 


y | y ^ 4 * 


dx 


dy 


+ Z 


d(f> 

dz 


0 



of which indeed the given equations form the Lagrangean 
auxiliary system ; see Chap. xiv. 


If from the given integral we determine z as a function of 
cc, y and c, and substitute its value in the first of the given 
differential equations, viz . 


dx dy 

x~T> 


the latter will be converted into a differential equation be¬ 
tween x and y. But we may leave to the equation its prior 
form, provided that we regard X and Y as functions of the 
variables x and y, both explicitly as they appear therein, and 
implicitly as they are involved in z. And this being so, the 
equation (1) will become 


d (jxX) dJjjJT) dz 

dx dz dx 

mi i r* dz — (dz • 

JLlie values or and m 

dx dy 

from the known integral (3); 


dJjL Y) d(yu Y) dz _ 
dy dz dy 


this equation must be found 
they are 


dz __ d(f> _ dcf) dz dcf) _ d(f> 

dx dx dz J dy dy dz 5 


substituting which we have 

d (jlX) d$ _ dJjxX) d<f> d (y Y) d$ d (/x Y ) defy 

dx dz dz dx + dy dz dz dy~°'"^ 


This then is the partial differential equation for dctcrmin- 
ing /x. But the construction of this equation supposes <fi to 
be known.. "VVe propose to shew that /x can be determined by 
a process in which the only partial differential equation to be 
solved can be constructed without the knowledge of </>. 
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Since "by actual differentiation 

d f . d<j>\ d r £ dcf)\ _ dA d<f> ^ dA d<f> 

doc \ dz) dz v dx) dx dz dz dx ’ 


it follows, writing fiJC for A , that 

d (jlX) d<f> d ( jjJl) d<p _ d f # y d4>\__±r , x <24>\ 

dx dz dz dx dx \y dz) dz V ^ dx) * 
Similarly 

d (/x i ) d<p _ d (jx Y) dcf) _ ^ r dcp \ ^ d~ / yr d^ \ ^ 

di) dz dz thj dy\ dz) dz\ dy) 


L/astly, wc have 



Now adding the last three equations together we sec that 
the first member of the result vanishes by (5) : we have thus 



The second line of the first member is equal to 


d 

dz 






and therefore vanishes by (4). There remains then 






704 


THE JACOBIAN THEORY 


~CH. XXXI. 


Hence if we put 


we have 




d(f> 
dz 



a (MX) . d(MY) , a (MX) n 

doe + dy ~ + ~Tz 0 



If then by the solution of this equation a, value of M dis~ 
timet from 0 he found, the function ~ will he an integrating 

factor of that final differential equation which remains when z 
tias been eliminated from the system (2) by means of am/ 
known zntegral <j> ~ c. J 

It will be observed that the equation for 31 is analogous in. 
form to the equation for fa in the previous system. And this 
form of the general theorem. 


Thus proceeding to the case of a system of three equations 

dx __ dy dz dt 

we see that if 

ir & z, t) =c 

be a known integral, yjr therefore satisfying the equation 


X ^T+Y*±: + Z d -± + T*t- 

then the system 


ax^ * 1$ ^ ~ s* -^- = 0 - 


( 0 . 


dx ay dz 

X~~Y~~Z 


will virtually involve only the variables *, y, 


z } since t 
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through the known integral becomes a function of sc, y, s. The 
equation (6) now becomes 


a (MX) , d (MX) dt d (M Y) ^ d (. MY) dt 
~dX ~~ + dt ~ dx + dy dt dy 


f d(MZ) 

dz 




a (MZ) 

dt 



0 , 


or putting 


dt _ dyjr ' dyfr 

dx dx ' dt * * 


d {MX) dir _ a (M X) dir a {MY ) df _ (l [MY] df 

das dt dt da: dy dt dt dy 

d {MY) dir _ d { M Y) dir 

dz dt dt dz ’ 


and this is equivalent to 


dx 


ai 


dz 


§) 


dt 


a 


, \m(x ,j '% + r + 

dt] \ dx dy 


}-»■ 


and therefore becomes on rejecting the term in the second 
line by (7), and putting 


M 


ddjs 

dt 


X, 


a (NX) , a (NY) , a (NX) , a(NT) 

H- 7 -1- 1 -- + 


dx 


dy 


dz 


dt 


0 ... ( 8 ). 
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If from this equation a value of JST distinct from 0 be ob- 

N 

tamed, then M = > and therefore 

dt 




N 


d'ty d(f> 
dt dz 


This is the final multiplier, i. e. the integrating factor of 
the final differential equation between x and y which remains 
when z and t have been eliminated from the given system by 
means of the two known integrals. In calculating fju from 
the above formula we must proceed as follows. The value of 

tf* 

—T~ must be found from any given integral ^r = c; hut that of 


^ must be found from another integral from which by means 

of the former one t has been eliminated. Thus the general 
forms of the integrals will be 


2h t) = c, 

<3 f> fa V , C) =C. 


Lastly, the values of y found as above, and that of 

JVgiven by any solution (distinct from 0) of the partial dif¬ 
ferential equation (8) having been substituted in the expres¬ 
sion for fi, we must eliminate z and t from that expression by 
means of the two known integrals. The resulting function 
of x, y, c and c will be the integrating factor sought. 

The reasoning above employed is in its nature quite inde¬ 
pendent of the number of the equations of the original sys¬ 
tem. The general theorem to which it leads may be thus 
stated. 


Theorem. The system of n differential equations 

_ dy, <h, n 
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being given, if a system of n — 1 integrals 

4*1 ^ 1 > 4*2 1 * * * ' 4* >i—l ~ ^n-i ? 

be so reduced by elimination that the variable y shall not 
appear in the variables ?/ 15 ?/ a .shall not appear m <j> 3 , and 
so on, then the integrating factor g of that final differential 
equation between x and y n will be given by the formula 

M 

/x <14*1 ^ 4*2 ’ 

’ * ‘ ^«-1 

in which Jf represents any integral distinct from 0 of the par¬ 
tial differential equation 


c/.r (/// 1 



In applying this theorem the expression for /x must he 
freed from all the variables except x and y n by means of the 
given integrals. 

This is .Jacobi’s theorem. < hi account of its great importance 
I propose to give another demonstration of it founded upon 
the Calculus of Variations. 


2. tSecoml demonstration founded upon the Calculus of 
Variations. 

It will he most convenient to present the proposed system 
of differential equations under the symmetrical form 

d*\ i __ d.r, __ _ d.r n 

y Y -“ y 5 

£ ** * <, .M \ 

the independent variables being rr,, a? 8 ,. x n of which 

X l0 -Ah, — X n arc any functions. Wc have thus n — 1 diffe¬ 
rential equations, and we are to seek the integrating factor of 
the differential equation which remains when hy moans of 
92 — 2 known integrals n — 2 of the variables with their diffe¬ 
rentials have been eliminated. 
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Suppose P—c to be any integral of the system, then P 
satisfies, and it suffices that it satisfies, the partial differential 
equation 

a p jp JP 

Xl ^* X *fa,'''' + Xn dx n = 0 . 


Now if in place of cc t , a? 2 , .... x n we introduce a new sys¬ 
tem of independent variables u x , u a , .... u n which are functions 
of the former, then we shall have 

■y dP y dP y dP 

”•* + ^dx n 

__ rr dP t TT dP t TT dP 

~ u * du„ + u " ddL ’ 


U x , C4, — Z7^ being functions of u t , ?/ 3 , .... u n . And by the 
theory of the transformation of multiple integrals, 




r dP jj dP 
>d^ — + u "d^_ 


r n ^ cfi/, .... du n , 


where 


du t 
dx x r 


dx„ 


du 7 

"dP„ 


The foregoing equation we may express in the form 

Xi dx t dX ' ^ i 

Hence, representing by 8 an operation of differentiation 
•winch affects only the form of P as a function of*,,!,, ... ^ 
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or of iq, w fl , .... w n , and not the independent variables them¬ 
selves, we have 


/ n 


, , , v r e* dSP 


Xi -r-dx.dxt .... dx„ 




. . 7 du. (Iil 2 .. .dit 0 

11 du 


and therefore integrating by parts and equating the portions 
on each side which remain under the sign of rc-fold inte¬ 
gration, 

/ M. V 

^hPdx.dx, ....dx n 

= % J ^ (dll) — du n . 

Whence again transforming the integral in the first member 

^ P dX t ~ p dn l du a — du n 

* J ^ ^ 11 ^ ~ 

* r i (in 


= _j ^■yT'jF y ^7* (.Z/q <7dq .... tt » H > 

and tills being true quite irrespectively of the form of P, 
we have 

I d\\_^ d ( Ui\ 

II dx, " w dl h [J/J * 

In this equation Jacobi’s theorem is virtually contained. 
For let the given equation he multiplied by any.factor. Then 
in the above Jg into fi/A*, and into 71/P*, we 

1 v J(.lAV,.)„ v J Yd/7.^ 


angmg 


have 


11 <U 


du i \ 7/ 1 * 


Hence, if if be determined to satisfy the equation 
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¥e shall have 



This is wholly independent of the relations connecting 
with aq, a? 2 ,.... x n . Now choose the n — 2 variables 
5 •• •• w *-2 so lhat Wj = c 1? ^2 == c 2 , .... w n _ 2 = c„_2 shall be 

integrals of the given partial differential equation (a). Then 
that equation transformed becomes 



3JP 


+ 17- 


dP 

du„ 



of which the auxiliary ordinary equation is 

U‘ 7 l dif' 7l _^ U~ n _^ du n ~ 0. 


At the same time the equation (Z>) becomes 


_d_ 

du n _ t 




4- 


d_ 

du. 



= 0. 


M 

Hence is the integrating factor of the preceding diffe¬ 
rential equation between u n _ t and u n . 

Jacobi’s theorem in its most general form is thus seen to 
be the following 


Theorem:. If the System of differential equations 

dx x _ dx 2 __ dx n 

r • • * • - -"VV 

1 A 2 A „ 

be transformed by the introduction of a new system of vari 
ables iq, .... u n , so chosen that 


sliall be integrals of the given system, then the final differen¬ 
tial equation between u n _ x and u n shall have for its integrating 
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factor in which. M is any function satisfying the partial 
differential equation 

d {MX) d {MX) a {MX) _ 

7 "T* 7 • « * « T" 7 V) 

/ / yi j-\f ' 


dx n 


dx„ 


and II stands for the determinant 


du x 

du x 

dx x 5 ’ * 

dx n 


du n 

dx x ’ 

’ dx n 


The form of Jacohi’s theorem obtained by the previous 
demonstration may be deduced from the above by choosing 
for u n _ x , two of the original variables, for example a?^,a? w , 
and transforming the integrals u x , w 2 , — u n _^ so that u a shall 
contain only x 2 ... x n , u 3 shall contain only x a .,.x n , and so on. 


I'jxamp les. 


3. Jacobi has established by means of the above theorem 
the very remarkable theorem that in any ordinary dynamical 
problem the forces depending not upon the time hut upon the 
material constitution of the system, if all the integrals hut 
two of the dynamical equations are found, the two remaining 
integrals can be found by quadratures. 


1st. In a dynamical system of free points the forces act¬ 
ing upon which depend only upon the position of the points, 
we have if we represent the entire system of rectangular co¬ 
ordinates taken in any order by x, ?/, £,... and the correspond¬ 
ing resolved forces divided each by the corresponding mass 
by X, Y\ X,... the system of equations 


<Px 


t r- 


(T>> 
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or putting 


dx 

dt 


x 


dy 


dt 


dx _ dy 


x 


y 


f * • 


dx _ dy 

~X~~Y 


N<yw as X, Y... do not contain t we may consider first tlie 
system 

dx _ dy 

7 * *• • • 

* y 


dx _ d y 

~X~~~ 


jjr 


and it is evident that if we can find all the integrals of this 
system, t will he given Tby the equation 

. f dx 
l — i - -f- Q 

J X 

x r having been first converted by means of the supposed in¬ 
tegrals into a function of x. 


To determine the last multiplier of the system last written 
we have first the equation 



dx 


, d (M/) 

dy 


, d {MX) , d(MY) 



which since X, Y... do not contain x\ y’... is satisfied by 

M— a constant. Giving to the constant the particular value 1 
we see that if 7 


v> l Cj 3 V, 2 Cq , .... u n _ 2 — 

are n — 2 integrals of the system, and if by means of these 
we eliminate n — 2 of the variables and construct the differen¬ 
tial equation between the two remaining variables, the into- 

grating factor of that equation will bo , in which II is the 
functional determinant of eq, .... u n . 
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2ndly. Suppose tlie system subject to a material connex¬ 
ion which establishes an equation of condition among some 
or all of the co-ordinates. If we represent the co-ordinates 
taken in any order and multiplied each by the square root of 
the corresponding mass by x, tlie corresponding resolved 

forces by X, X,... and the equation of condition expressed by 
means of the above modified co-ordinates by <f> — 0, the diffe¬ 
rential equations will be 


<Tx 

df 


X+X 


d<f> 
dx ’ 


df ^ dy''"’ 


the transformation above employed reducing all tlie equations 
to the same type. [See the next Chapter.] 


Making 


dx 

dt 


x 


dy , 

i y ■ 


the system becomes 


dt 


dx dy 


dx 


dy 


x 


y 


X —{~ x 


dcf> 

dx 


F-f X 


dy 


and the Jacobian equation for M becomes 

CZ(M(X+Xf)[ 


d (Mx') d {My) 
dx dy • * * * ~h 


dx 


d\M[ Y + X 


+ 


d(f>\] 
dy) J 


d y 


o. 


Fow <f> does not contain x\ y'.... Let us inquire whether 
it is possible to determine M also as a function of x, y .... 
without x, y .... so as to satisfy the above differential equa¬ 
tion. 
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The equation would become 

rdM. 


, dm T.-fdX defy dX deb 

dy \dx dx dy dy 


or if we write 


a; — + v’-~ = 8 

dx a dv ? 


and from this we must eliminate A. 

Now since ef> = 0 , we have by differentiating* and putt in: 




, defy , deb 

x d^ + y + -°’ 

and again differentiating 

„d 2 <f> ^ , d*<b 

* dx* +y dy* + + 2a ^ + • 

tfcc' defy dy 

dt * * *' — 


or since 


dx _ y defy 

— +x 2 -,... 


.* 4 . »/» 

' cfcc 2+2 ' dy* 




^ d.c dy 


defy defy 


+ X^ + + .... 

a# ay 

+x \(S) +(£) +••••}=°» 


2 
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and differentiating with respect to x\ 
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/ , d~<f> , d*ef> \ 

2 r d^ + y ~d^dy + --) + 

or if we make 




2 § 4 - 0 — 0 

dx + dx V ~ u * 

ttiL wit/ 


Similarly 


^ rv defy dX „ 

2S ^f + 5y « = 0 ' 


Therefore 


~d<f> d<j> R <?<£> 

dx dy dy 


or 


/d.X defy dX defy 
+ \dx' dx + dy' dy + '" 


SO+(—*$ + --&+ ' 

'■40 1 l / 1 1 * 1 t 7 ~ .... 

\dx dx dy ay 


-<3 = 0, 


Q = o, 


, ,. d,X defy dX deb 

and now eliminating ~ + - , -/ -p ... 

wx ax dy dy 

we obtain — MSQ = 0, 

which is satisfied by M — 

4. [Among Professor Boole’s manuscripts I found five 
pages in German, forming part of a memoir, which was pro¬ 
bably intended for Orelle’s Mathematical Journal. The 
memoir was to have discussed two applications of the Calcu- 
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lus of Variations; one to the Jacobian Theory of the Last 
Multiplier, and the other to the Solution of Pfaff’s equation 

X x dx x 4- X 2 dx 2 +.4- V 2n dx^n = 0. 

But there is only a single paragraph relating to the second 
application. 

The manuscript contains the same demonstration of the 
Jacobian Theory of the Last Multiplier as in Art. 2 of the 
present Chapter; after this demonstration some remarks occur 
of which the substance will now be given.] 

It is worthy of notice, that Jacobi in the 36th volume of 
Crelle’s Journal , deduced by the aid of the Calculus of Varia¬ 
tions the result on which the preceding demonstration of the 
Theory of the Last Multiplier depends. In fact, he shewed 
that if V denotes any function of 

dz dz 

? * * • *^» ? z i i > 

X n 

and Fbe transformed by the introduction of a new system of 
independent variables u xi u 2 , ... u n1 then the following rela¬ 
tion holds, 


A 



d 

dx 


dV 



d_ dV 

dx n 7 dz 
a 7 — 
dx„ 


d( AF) _ d dJAV) 
dz du , dz 


d d (A V) 


d 


du „ 


du n j d 


du 




A = 


d.r t 

dx x 

du x ’ ‘ ‘ 

* • * * * 7 

au n 

dx n 

dx n 


where 
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Jacobi applies tliis result to the transformation of the ex¬ 
pression 

( rV.d‘V (PV 

Hh > * • 

cb: 

But neither Jacobi himself, nor any other person, so far as I 
know, has drawn attention to the application of the result 
which I have given here. 

[The substance of the single paragraph relating to the 
second application of the Calculus of Variations will now be 
given.] 



Clcbsch has earned the thanks of all who are interested in 
the higher parts of the Theory of Differential Equations, since 
he has performed the same service for Tfaff’s problem as 
Jacobi did for the Theory of Partial Differential Equations of 
the first order, and thereby for the equations of Dynamics. 
But while I recognise the great importance of the results, I 
consider it desirable to give a simpler deduction of the system 
of partial differential equations therein involved, and on which 
the other results depend. 



CHAPTER XXXII. 


THE DIFFERENTIAL EQUATIONS OF DYNAMICS. 


[It will be seen that this is only a fragment of the Chapter 
which was to have appeared under this title.] 


I do not propose in this Chapter to discuss the origin and 
interpretation of the differential equations of motion or to enter 
into those details of their application which are found in all or¬ 
dinary treatises on Dynamics. But they constitute a system 
analytically so remarkable from the forms in which it is 
capable of being* expressed, and from the general methods of 
integration which emerge out of those forms, that they are 
well deserving of a special attention. 


Referred to rectangular co-ordinates the differential equa¬ 
tions for the motion of a system of points free or connected 
are 


m 


dfx 

w 


= X+\Q + (A, 


d\fr 
dx **’ 


dy_ 


m -tZ : = 


df 

dfz 


r+x^+, 4 * 

ay ay 


m — 


dt 


d(p 

dz 


Z X — j~ -j- fx 


d-ifr 

dz 


m 


dW 

df 


= X' + X^. +/J, 

dx 


ddf 

7 ? • • • . 

dx 
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Here m is the mass at the point (x, y , z), m' that at (x, y\ z'), 
X, Y, Z the resolved forces at {x, y, z) tending severally to 
increase those co-ordinates, and so on. Lastly 

(p = 0 , tJt = 0 ,... 

are the equations of condition each of which may involve all 
the co-ordinates, and X, fx... are indeterminate multipliers. 


The above is usually termed the first Lagrangean form of the 
differential equations. In applying it we must either elimi¬ 
nate A, fju... from the given equations, and then by the equa¬ 
tions of condition just so many of the co-ordinates with their 
differentials,or we must retain X,/x,... as variables so conditioned 


that the values of 


d~x d 


~dt 


.2 0 


df y 


tically the differential equations involving - 
rived from <f> = 0, viz. the equations 


.. in the system shall satisfy iden- 

ddx d?~ 

de 


y 

.2 J * * * ' 


de- 


d?P 

dt z 




The first Lagrangean system may by a slight transforma¬ 
tion be reduced to a form in which all the equations are of 
one type, viz. of the type which they would have if all the 
masses were equal to unity. 

For taking the first equation of the system and dividing 


by r m'~ we may express the result in the form 


d* (m~x) X ^ d(b d<r 

K ' = , +X- : \ -f- fx ; V 

m* d {jii^x) d 


dt 


from which we see that if x, y ... had been taken to represent 
the entire system of co-ordinates taken in any order and mul¬ 
tiplied each by tin*, square root of the corresponding mass, and 
X, Y... the corresponding resolved forces taken in the same 
order and di aided each by the square root of the correspond¬ 
ing mass, the system of equations would have been 
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d 2 x 


dt 2 

d*y 

dt 


ax ax 

dy dy 


all being of one type. In general investigations this form 
is to be preferred. 

3Trom the first Lagrangean form another known as the 
second Lagrangean, and from this again a third known as 
the Hamiltonian are derived. The second Lagrangean form 
is properly speaking an expression for the effect of a trans¬ 
formation of co-ordinates in the most general sense upon the 
original system, i. e. of a transformation which in place of 
x, y,... the entire system of given co-ordinates substitutes 
a new system of variables f, 77, ... the expressions of which as 
functions of x, y, ... are known. It is not necessary that this 
new system of variables should be co-ordinates in the proper- 
sense of that term, determining three by three the positions 
of the several masses; it suffices that they should in their en¬ 
tirety determine and be determined by the co-ordinates given. 

The second Lagrangean form may be established as 
follows: 


Differentiating the equations <p = 0, 0,... with respect to 

any one of the new variables £ we have 


dcf> dx d<$> dy 
dx d§ dy d <~ 


- 0 , 


d-yfr dx t d'jr dy 

lBd%^lly~d%' 



whence if we multiply the equations of the given system by 

ctoo ay I t 

d% * 5 * * * an d add, we have 

dx d?sc dy d*y dx , dy 

d% de + d% dt* ~ A + 1 d% ••• 




CHAPTER XXXIII. 


ON THE PROJECTION OF A SURFACE ON A PLANE. 


[The following memoir was found among Professor Boole’s 
manuscripts; a Title and Introductory Remarks were to have 
been prefixed, hut with this exception the memoir appears to 
be finished for publication. It is sufficiently connected with 
the subject of Differential Equations to find a place in the 
present volume. 


The memoir by Sir John Ilerschel to which allusion is 
made is entitled, On a new Projection of the Sphere; this was 
read before the Royal Geographical Society of London on 
the 11th of April, 1859, and was printed as part of the Journal 
of the Society, Vol. XXX. 1860, pages 100. .. 106. A chart of 
the World on Sir John IlersehePs projection has been pub¬ 
lished by A. and (J. Black of Edinburgh. 


The history of the, subject will be found in Chapter xxm. 
the Coup Paul historiqne snr la Projection ties Cartes de 


of tile coup a tea /nswrique sur ta I'roje 
Geographic... Par M. D’Avezac, Paris, 1863. 


For the materials of this introductory notice I am indebted 
to Sir John Ilerschel.] 


on 


1. Let x, ?/, s he the rectangular co-ordinates of any point 
the given surface; x, y’ the co-ordinates of the correspond¬ 


ing point on the plane of projection. Let the equation of the 

Ffalh ») = 0; 

0 . 


given surface he 


or, for simplicity, 
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The condition of projection upon which Sir John irerschel’s 
investigations are founded, and which we shall adopt here, is 
that of the similarity of corresponding infinitesimal areas on 
the surface and on the plane. The object of the problem then 
in general is the discovery of the mode in which x, y depend 
upon x, y, and 2 in accordance with the above condition; its 
object in any particular case is the determination of x, y as 
functions of x, y, z. 

Regarding then x, y as ultimately functions of x, y, z we 
have 


dx 


dx 

dx 


•y (dbxdCj KAjtAs 

+ + dz > 


ax 


dy 


dz. 




dy + 




in which dx , dy , dz are not independent, but are connected 
by the condition 


dF 

dx 


dx + 


dF 

dy 


dy 




dz 


0 . 


Now for brevity write 


dx 


dx! 


dx 

dx 

= a , 

dy 

= &, 

dz = 

dy 

dx 

= a \ 

11 

- v , 

dz 9 

dF 


dF 

= £, 

dF 

dx 

dy " 

dz ~ 6 


then 


dx’ — adx 4 - bdy 4- cdz .., 
dy — ddx + b’dy 4- cdz 
0 = Adx 4 - Bdy 4 - Cdz 


( 1 ), 

0 ), 

( 3 ). 
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Now the condition of the similarity of infinitesimal cor¬ 
responding areas may be resolved into the two following 
conditions, viz.: 

1st. The equality of their corresponding angles. 

2ndly. The proportionality of their corresponding sides. 
And these conditions we shall introduce separately. 

1st. Assuming any point x\ y on the plane of projection, 
let x alone vary, and the infinitesimal line generated, is dx , 
while (since dy' = 0) (2) and (3) become 

a dx -4- Id dy 4- cdz — 0, 

Adx 4- J>dy+ Cdz = 0, 


whence, if wo write 

L — Be — Cld, M= C<d - Ad, N= Aid - BA, 


wc have 


dx dy dz 
Jj = M = ~N 


M, 


so that the direction cosines of the infinitesimal line on the 
surface F corresponding to the line dx on the plane (x id) 
will he ^ 


L 


M 


N 


( A 2 4 M a 4 .iV 2 ) '• ' (Id 4 M 2 4- .A ) * ’ (Id 4 AP 4 A’ 2 ) * 

In like manner, if y alone vary, wc shall find for the 
direction cosines of the infinitesimal line on the surface F 
which corresponds to dy' on the. plane 

7J Ad N' 

(//-+ s m Y ‘’ (//■+ .)/•=+ N'*)t ’ {/z+nn+N'd . 

where 1J= lie - Ch, M' = Oa - Ac, N' = Ah - h’a. 

By the first of the conditions of similarity the angle "be¬ 
tween these lines on the surface must be a right angle since 


.W. 
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doc and dy are at right angles. Hence we have, from 
(5) and (6), 

XX' + MM' 4- 2sTN' — 0 ...(7). 


2ndly. The ratio of the length of the element doc to the 
corresponding element on the surface is 


or, by (1), 


dod_ 

a J dod 4- dy 2 + dz 1 ’ 


adoc 4- hdy 4- cdz 
Jdx 2 4- dy 1 -j- dz 3 ? 


and therefore by (4) 

aL -4- IM 4- cN_ 
Vx 2 T IP + "W ’ 


equating which to the corresponding expression for tlie ratio 
of the length of dy to that of its projection on the surface, 
we have 

aL + lM+cN dll 4- VM* 4- cN* 

vx ~ . c 

Now if we substitute for X, M, N> X', M\ N' their values, 
we shall find 

aL 4- bM 4- cN = A (b'c - Id) 4- B (da - cd) 4- C (db - ah '), 
cl1! 4r VM ,J r dJST = A. (bd— b’c) 4- B (cd — da) 4- C (ah' — db ) 7 

and the second members of these equations differ only in sign. 
Thus ( 8 ) may be expressed in the form 

(Vc - bd) + B (da - cd) 4 - C (ah' - db) j- 


1 


1 
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But the first factor of the first member of this equation 
being the determinant of the system 

adx -t- bdy 4- cdz — 0, 

adx + b'dy + cdz — 0, 

Adx -f Bdy +• Gdz = 0, 

expresses when equated to zero the condition that if in the 
system (1), (2), (3) dy vanishes doc shall also vanish; and 
dx and dy being independent, this condition cannot be satis¬ 
fied, so that (9) reduces to 


(J? + M 2 + 1V) * (£' a + M" i + N' 2 )^ 


whence 

IB -f M ,2 + JST 2 -1? - M* - N* = 0 .(10), 

and this, with (7), will fully express the conditions of simi¬ 
larity. 


2 . If we multiply (7) by 2 V—1, and add and subtract 
the result from (10), we obtain the equivalent system 


(B + L V- l) 2 + (M f + M V- I) 2 + (N' + JVV-1 f = O 
(B - L V- l) 2 + (M r - Mf + {JST- NSZiy = 0 



L + L V- 1 


dF dx 

dy dz 


dF do ' 
dz dy 


Now 
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Writing then 

x' -h y V— 1 


a? — y 


V- i 


we have 


L' h- L*J— l 


L — L V— l 


dF dti dF du 
dy dz dz dy 7 

dv_ 

dy dz dz dy 


In the same way 

M' 4- M 


dF du dF du 
dz dx dx dz 7 


dz dx dx az 


N' + NJ- l 


jst - i vV -1 


dF du dF du 
dx dy dy dx 

dF dx dF dv 


dx dy dy dx " 

Substituting which in the system (11) there result 


dF 

du 

dF 

du N 

2 

(dF 

du 

dF 

duV 

dy 

dz 

dz 

dp 

) 4 

\dz 

dx 

dx 

dz) 






(dF 

du 

dF 

du\“ 





4* | 

\dx 

~dy ~ 

dy 

dx) 

(dF 

dv 

dF 

dv\ 

2 

(dF 

dv 

dF 

dvV 

\dy 

dz 

dz 

dy) 

1 4 1 

\dz 

dx 

dx 

dz) 





4 

(dF 

dv 

dF 

dv\* 





\dx 

dy 

dy 

dx/ 


..( 12 ), 
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to which we may give the somewhat more convenient form 
(/dF\* /dF\* . fdF\* 1 (/duV . / duX 2 . MA 2 ) 


i«. • * . 
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dF du dF du dF dux 2 
da; c&c dy dz dz) 



dF do t dF do t dF c2y\ 2 _ n /TTS 

" 7 7 "I” ~7 1 "" 7 1 '" / ) 0.-. (■*■ -*■} • 

c&c dx dy dy dz dz J 


These are partial differential equations of the first order, 
serving to determine u and v as functions of x, y 7 z. 

But it is not necessary to solve the equations in their 
general form. If or, x, y, and z "being connected by the equa¬ 
tion of the surface, the above equations may always be so 
reduced as to involve only two independent variables. As 
latitude and longitude determine the position of a point on 
the earth, so two co-ordinates of any given species will deter¬ 
mine the position of a point on the given surface, and these 
co-ordinates, when fixed upon, become the independent varia¬ 
bles of the problem. 

Let s and t represent such co-ordinates, and let their ex¬ 
pressions in terms of x, ?/, 3 give 

s = (j ) t (a*, y 7 3 ), t — <£> a (*e, y 7 - 3 ), 

which equations combined with that of the given surface will 
reciprocally determine x, ?/, 3 as functions of 6* and t. Then 
1st the differential coefficients of F which in the equations 
(I), (11), are functions of x*, y, 3 may be transformed into func¬ 
tions of s and t ; 2ndly, we have 


du 

du 

ds 


du 

dt 

dx 

= an 

dx 


dt 

dx ’ 

du 

du 

ds 


du 

dt 

dy " 

= <77 

dy 

+ 

dt 

d'J ’ 

d u 

du. 

ds 

1 

du 

dt 

dz 

ds 

7h 

_ 

' dt 

dz ’ 
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JL. 


and as ~ are known fanctions of cc, y, they also 

are expressible in terms of 5 and t. The result of these sub¬ 
stitutions will then be to convert (I) into a partial differential 
equation in which u is the dependent and s and t the inde¬ 
pendent variables, and this equation being, like (I), of the 
first order and second degree in the differential coefficients of 
u s will be of the form 


'MV 0——+R 

,ds) " ds dt 


/*Y = o 

\dt) 


For v we shall have an exactly similar equation with the 
same coefficients. 

The above equation is, by the solution of a quadratic, 
resolvable into two equations of the form 

dw du _ du -sdu_ 

fa" l dt~~ ' fa ~ *di ~ 


To these correspond the respective auxiliary equations 

dt + \ds = 0 , dt + \fa = 0 . ( 13 ). 

If the integrals of these are 

8=c t , T—c 3 , 

respectively, then we have 

u=4>(S), u==^(T). 

Now v being determinable by an equation of the same 
form as u, it follows that of the above two values of u one 
must he assigned to v, so that the solution of the problem will 
be contained in the system 

u = <f>(S), v = +(T), 

or in the system 

u = cp(T) : v='^r(S). 
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The particular forms of the arbitrary functions cf> and ^ 
will depend solely upon the nature of the problem under con¬ 
sideration. 

One other point remains to be noticed. The first mem¬ 
bers of (12) are essentially positive, being composed of 
squares; so are then the first members of (I), (II); and so, 
if the intermediate transformations are real, is the first 
member of the equartion whose coefficients are P, Q, I£. 
Hence the quadratic determining X 3 will have imaginary 

roots of the form a ± J3 J— 1. Ultimately therefore it will suf¬ 
fice to integrate one equation of the system (13) and then to 

deduce the solution of the other by changing J—l into 
- 1. 


3. Application of the above, formulce when the given sur¬ 
face is an oblate spheroid , such as the earth. 

Let the plane of the equator be that of projection, the 
centre being the origin. Let the co-ordinates x, y pass 
through the meridians of 0 and of 90° respectively, and z 
through the poles. The equation of the surface will be 


X 2 - 4 - i f 
a 2 





1 


( 14 ), 


where a is the earth’s equatorial, b its polar radius. Let also 
the latitude of the point cr, ?/, z he represented by s, the 
longitude by t. We have 


O *» *9 

F ^.±jr + * i. 


(I 


rtb' 2a: d V 2?/ dh 1 _2z 

dx m a* ’ Tfg = a? 9 dz " if ’ 


and substituting in (I), 
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or, if we represent ^ by £ 2 , 




du du 

d^ +y i^ + 



0 



Now as x, y are rectangular co-ordinates in the plane of 
the equator, and x passes through the first meridian, we have 

V 

— = tan t. 
x 


Again, representing in the 
the point P ; or (x, y, z) 
touched by the straight line 
QR in the same plane, we 

have CM—^Ix 2 -\-y\ MP=z. 

Therefore if ^Jx 2 + y 2 — r, the 
equation of the meridian is 



annexed figure the meridian of 



that of the tangent 




r\ z being current rectangular co-ordinates 
Hence 


tan GQR = 


cdz _ 7i?z 

VaT -f y 2 


of the tangent. 


15ut 0 QR = latitude. Therefore finally 


tan 1 


}(?Z 

V x 2 —j- 


t = tan 1 


¥ 


y 

X 



and we must now transform (15) so as to make s and t the 
independent variables. 
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From the above equations combined with (14) we find 
ah cos t ah sin t a tan s 




did 4 - tan 2 5 3 ^ VA, 2 4 - tan 2 s 

and substituting in (15), 

V 


z 


+ tan 2 s 


( 17 ), 


sec 2 s 


Asrain, 


/du\ 2 /du\~\ 

Jx) + fe) + V&) J 

/ . , <At du\ l 

— (cos 2 7 4- sin 15 - 7 -+ tan s -7- 
V oh; a-w dz J 


du 


0 .. 


(18). 


du ds du dt 
dx ds dx dt dx 5 


du 

dy 

du 

dz 


du ds du dt 
ds dy dt dtj 7 

du ds du dt 
ds dz dt dz * 


Now 


di 


r s 


7 «» 

nzai 


<i‘>- jj + y x + f + h**) 

where 11= li‘ H- tiur.v. In like manner 


— sin .9 cos ,9 cos t 
ah 


ds 

— sin .s' cos s 

d !J ~ 

ah 

<h _ 

h cos 2 .s* J11 

dz 

a 

dt 

- .sin tj77 

dx ” 

ah 

dt 

cos t J11 

1 

'1'” 

ah 
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Hence 


du 

dx 

du 

dy 

du 

dz 


JM 

ah 


du 

ds 


sin s cos s cos t —-sin t , 


du\ 

dt) 


Jdrl f . du du' 

— sm s cos s sin t -7- -4- cos t - 7 — 
ah \ ds at j 


ah \ as, 


Substituting these values in ( 18 ), and dividing by the com- 
JS 

mon factor we have on reduction 
arh% 

dD + °°^ s ~ ° os2s )' ! d?) = °> 

which, is resolvable into 

^ — */— I cos s [1 + (7i 2 — 1) cos 2 s] ~ = 0, 


du 


ds 

du 


3J- + J- 1 COS 5 {1+ (A 2 - 1) cos 2 5 }^ = 0, 


ds 


partial differential equations of 'which, the integrals arc in¬ 
cluded in the common formula 


W — </> 


ds 


Now 


1 


cos s {I + (A 2 — 1 ) cos 2 a} 
ds 


+ t tj — 1 


cos ${14- (A 2 —1) cos*$} 


-/ 


ds 


cos s ds 


coss ‘ ^ -»■)/ 

1 -f (A 2 — 1) cos 2 6* 
c ° ss ^ 


A 2 — (A 2 — 1) sin 2 # 
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f ds of COS .9 ds ( . 

. I- e; -I SI 

J COS S J l — G Sin 3 \ 


2 7 2> 

„ or — h 

since e~ =-— 

a 


_ (it s\ e , 1 — e sin s 

log tan (- + -) -f - log - 


1 f e sm s 


loe tan (T + ?U 

^ 1U + o sm sj \4 2/j 


Hence 


u = (j 5 


f/l — g sm .‘A? (7 r ,s' \] , , / 

log i ( -. - tan ( — 4- .) [ ± t J 

|\1 -f g sm sj \-i J/) 


or, changing <f> (t) into c p (<f), 


((\ — e sm ,s*\ -i (rr h\ ) 

u — (f> J( . ) tan ( — + - ) f , 

v (\l -f- c sm sj \1 2/ J 


t; 


(71 — sms\» 
^ jyl 4- c sin vS/ 


(rr s\ r —) 

“ U 4 a) "7 


Let r and # lie the polar co-ordinates of tlint point, in tin* 
llano of projection which corresponds to the point whose 
atitude and longitude on the surface are s and t; and let 



1 


<• s i n s 


l 4- e sin .s y 


tan 



7 


then the complete solution assumes the very simple form 


re 0 V-i ~ (j) t V- 1 ) j /•<£ 


. o v c -T 


yjr ? >).(I I I j 


Of particular deductions tlie most interesting is that which 
arises from the supposition that the, parallels of latitude, are 
projected into circles round the pole. This requires that r 
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should he independent of t, a condition which is satisfied in 
the most general manner by assuming 


we then find 


4> (t) = Ct n t ir (t) = or, 


re 6sr~x — re- 0 ^ = CS n e^ Kt ^ s 

whence, on multiplication and division, 

r 2 = CCS*”, e™ v=l = <=*« V=l ; 

whence, -4 and 5 being new arbitrary constants derived from 
6 Y and C' 

t — AS n , 0^±nt + B. 


If we observe that 6 and t should vanish together, we have 
JB = 0, and the equation 6— 4; nt shews that the surface of 
tlie sphere will be projected into a sector of a circle, the arc 
of which is to the circumference of the circle as n : 1. Thus, 
1 

if ft = the sphere is projected upon a quadrant, and so 
on. 


The other equation gives 


r = A 



1 — e sin s 
1 4- e sin .<? 


©m 



If 5 — 0 we find r—ud, whence j4. is tlie distance of the 
equator from the pole in the plane of projection, and if that 
distance, which is arbitrary, be assumed as the unit, we have 


r = tan 


/7r 5 > \| n /l — e sin s'n s' 

\4 2 J) VI -h e sin s) 


for the distance from the pole of that parallel whose latitude 
is s. We may give to this expression a better form by 
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assuming jp = — + s, and introducing an auxiliary quantity q 

A 

determined by the equation 


e cos p = cosy. 


We have then 



The following table gives the values of r for the sphere and 
for the spheroid whose eccentricity is *08 (which is about that 
of the earth), for eacli ten degrees of polar distance, for the 

1 

values n=l, and n = - * 


Tolar 

Distance. 

n= 

Sphere. 

= 1 

Spheroid. 

n- 

Sphere. 

1 

~4 

Spheroid. 

10° 

*0875 

•osso 

*5439 

*5447 

20° 

*] 763 

*1774 

*6 480 

*04 90 

30“ 

*2679 

*2094 

*7195 

*7205 

40° 

*3640 

*36 5S 

’7767 

Jilt 

50° 

•4663 

*4682 

•8264 

*8272 

(;o° 

*5774 

*579*2 

*8717 

*8724 

7o° 

*7002 

•7017 

*9148 

*9153 

80° 

•8391 

■84 00 

*9571 

*9574 

90° 

1*0000 

J-0000 

1*0000 

1*0000 

100° 

1*11)18 

] 11)04 

1*0418 

1*0445 

] 10° 

1 *42Sl 

1*4250 

1*0932 

1 092G 

120° 

1*7321 

1*7265 

1*1472 

1*1463 

mo" 

24445 

2*1357 

1*2101 

1*2089 

140° 

2*7475 

2*7340 

1 *2875 

1*2839 

) 50° 

3*7321 

3*7114 

1*3899 

1*3880 

i <;o° 

5*6713 

5-6372 

1*5432 

1*5409 

170° 

11*4301 

11*3581 

1*8387 

1 *8358 
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rigor and clarify. 

-1950. 372 p>p. 6x9. $6.00 

VORLESUNGEN UBER ZAHLENTHEORIE 

By E. LAM DA U 

The various sections of this important work 
(Additive, Analytic, Geometric, and Algebraic 
Number Theory) can be read independently of one 
another. 

-Vol. I, Pt. 2. * (Additive Number Theory) xii -+- 1 80 pp. Vol. 

1 I. C Analytical Number Theory 3 nd Geometrica ! Number Theory) 
v"iii 4- 308 pp- Vol. I II. ( Algebraic Number Theory and Format's 
Last Theorem) viii + 341 PP* 5 V 4 x 8 V 4 , =: * ( Vol I, Pt. 1 is issued 
ais Elementary Number Theory.) Orig i n -a 11 y publ. at S26.40 

Three vols. in one $1 4.00 

ELEMENTARY NUMBER THEORY 

By E. LANDAU 

The present work is a translation of Prof. Lan¬ 
dau’s famous E le -merit are Z cihlen th eerie , with 
added exercises by Prof. Paul T. Pateman. 

Part One. Foundations of Number Theory. I. 
Divisors. II Prime Numbers, Prime Factoriza¬ 
tion. III. G.O.D. IV. Number-theoretic Func¬ 
tions. V". Congruences. VI. Quadratic Residues. 
VII. Pell’s Equation. Fart Two. Brum's Theorem 
and Dirichlet’s Theorem. Part Three. Decompo¬ 
sition into Two, Three, and Four Squares. I. 
Farey Fractions. II. Dec. into 2 Squares. III. Dec. 
into 4 Squares. IV. Dec. into 3 Squares. Part 
Four. Class Numbers of Binary Quadratic Forms. 
II. Classes of Forms. III. Finiteness of Class 
NT u rube r. IV. Primary Rep resen tat i on . . . VI. 
Gaussian Sums . . . IX. Final Formulas for Class 
N umber. 

Exercises for Parts One, Two, and Three. 

-1958. Approx. 250 pp. 6x9. $4-.95 

GRUNDLAGEN DER ANALYSIS 

By E. LANDAU 

The student who wishes to learn mathematical 
German will find this book ideally suited to his 
needs. JL&ss than fifty Cx&r-mcxrv words will enable 
him to read the entire book with only an occasional 
glance at the vocabulary! [A complete German- 
English vocabulary has been added.] 

-Orig. publ. or $4.00. $2.95 

EINFUHRUNG IN DIE ELEMENTARE UND 
ANALYTISCHE THEORIE DER 

ALGEBRAISCHEN ZAHLEN UND DER IDEALE 

By E. LANDAU 

-2nd ed. vii + 147 pp. 5'/ 2 x8. 


$2.95 




